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Summary. Let {W(z), t=0} be a standard Wiener process, and let L(x, )
be its jointly continuous local time. Define

T,=inf{t 20; L(0, t) =r}.

The upper and lower class behaviour of inf L(y, T,) is investigated, where
the infimum is taken on an interval, which is an appropriately chosen func-
tion of r.

Introduction

Let {W(t), t=0} be a standard Wiener process and let L(x, ) (— o0 <x< o0,
0=1) be its local time, which is jointly continuous a.s.,
Denote

L¥(f)=sup L(x, t).

Kesten (1965) proved the following results:

L*(¢
lim sup ©

i~ /2t loglogt

* ]/
lim infwzy a.s.
P l/i

The exact value of y was evaluated by Csaki and Foldes (1986), namely y=j, ]/i
where j, is the first positive root of the Bessel function J, (x)=1I, (i x).

=1 as.

Research supported by Hungarian National Foundation for Scientific Research Grant No. 1808



546 A. Foldes

The problem of considering the infimum of L(x, ) over an increasing interval
was raised by Perkins (1981), who proved, with the notation

L.t h(t)= inf L(x,1),
x| <R

the following theorem.

Theorem (Perkins). There is a nonincreasing function 0(a) (2 = 0) such that

t
Ly (t’ V2 log log t)
]/21: loglog ¢t
1
(b) H(a)gﬂ/\l for all «=0,

(©) Bl@=(1 —l/&)z for all u<1.

The above results stimulated the investigation of the following problem.

Denote by T,=inf{r=0, L(0, t)=r}, i.e., the first passage process associated
with L(0, t). What can one say about the upper and lower class behaviour
of inf L(y, T) where the infimum is taken on an appropriately chosen interval.
It is not at all surprising that the above question is strongly connected with
the behaviour of

(a) limsup =0(x) as. forall =0,
t—> 0

¢,= max W(s).

0<s=T,

Theorem 1. Let f(x) be nondecreasing, lim f(x)= + co and let

© dx
L= s
Then
L f0 i L(f)<oo
P{¢,>rf(r)1.o.}-—{1 i I, (f)= .
Denote
b= —OminT W(s)
and

n,=min(¢,, $,).

Theorem 2. Let f(x) be nondecreasing, lim f(x)= + co, and let

° d
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Then

Plnzrf) 1o} ={) TN

Theorem 3. Let f(x) be nondecreasing lim f(x)= + oo, x4 + 00, and

f)

Ii(f)= F@e’f(x)dx.

1

Then

0 if I3(f)<oo
S S et
Remark 1. Theorem 3 holds for #, too.

Remark. Theorem 1-3 can be formulated for simple symmetric random walk
too. Denote by T* the k-th return to the origin of the simple symmetric random
walk S,. It’s easy to see, that

P( max §;<l)= (1~i)k

0<j<T; 21

Based on this observation it’s not hard to prove the random walk analogons
of Theorem 1-3. This observation gives the possibility of proving the above
theorems first for random walk, and get the above theorems via invariance
principle. However we do not know the random walk analogues of the next
two theorems.

Theorem 4. Let f(x) be nondecreasing, lim f(x)= +co. If I,(f)< + oo then

P(lim inf L(x, T)=0)=

roow |xf<rf)

If I,(f)= + o then

P(ﬁ nf LT 1):1.

o0 |x|<rf(r) r

Theorem 5. For any 0<o=1

Ly, T,
P(lim inf inf (y; ')=K(5)]=1
T < zTorg%g—,
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where K(8)=(1 —]/5)2. Moreover, in case 0 =1 we also have

;Lo T,)=0>=1.

r— o r
Iyl < 2 loglogr

P (lim inf in

Remark. As a consequence of Theorem 5 one can get a new proof of Perking’
result (his statement ¢.). However I learnt from Perkins the following precise
result:

Theorem A (Perkins). For all u>0,

fim inf L(x,t)(2tloglogt) *?=(a?+1)"?—a as.

t— oo [x|<a(t/2loglogt)l/2

Remark. On the other hand our theorems imply only the following less precise
results.

Corollary 1. For any n>0
P(lim inf L(y,u)u""?*logu(loglogu)* *"= + o0)=1.
4 oo YISV (logu) ~ 1 (loglogu) =2 -7
Corollary 2. For any n>0

P(lim inf L(y,u)=0)=1.

4= |y| < Yu(logu)~ 1/2(loglogu) =+

Remark. As Theorem A is far more significant than Theorem 4, we omit the
proof of the latter, and incorporate Perkin’s proof of Theorem A.

§ 2. Preliminary Result

In what follows we list some well-known properties of L(x, T,) which will be
used later on (see e.g. Bass-Griffin, Ito-McKean, Knight)

(A) {L(x,T,); x=0} is a diffusion in x on natural scale, started from
2

0
L(0, T,)=r with generator 2x E;c_}zi

® Eexp{—pLe T =exp{ 1 L e

(C) Considering the equation

0%y

2)(3@

=ay a>0 (2.2)
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the increasing and decreasing solutions are V;I 1(J/2ax) and ]/;cKl(|/2cxx),
where I,(-) and K, () are the modified Bessel functions of the first and third
kind respectively.

(D) Denoting by

vy =inf{x=0, L(x, T)=b}, 2.3)
1/7 1,(}/2ar) ¢ r<b
— <
Efexp{—om=| ' [ W20) | 4)

1/£ Ki(207) ¢ >
b K,()/2ab) -

(E) {L(»,T), y<0} is also a diffusion with the same generator as
{L(y, T,), y20}, and the processes are independent from each other.
(F) Scale-change property

d

1
L(xa T;) z L(CX, T;r)

The following statement is also well known. It can be obtained for instance
from Theorem 4.3.6 of Knight.

Lemma 2.1.

P(0r<neixT W(s)<x)=P(L(x, T,)=0)=exp {—%}

Remark 2.2. For any nondecreasing function f(x) for which lim f(x)= + o0

1 21
kglm and i[ xf(x) dx (p>1)

are equiconvergent.
The following lemma is frequently used and its proof is routine. (See e.g.
in Csaki-Erdos-Révész, Lemma 4 and 5.)

k
Lemma 2.3. Let f (x) x>0 non-decreasing and positive, and n, =exp {@} Then

j@[f(x)dx and Y e~
1 k=2

are equiconvergent.

The following Borel-Cantelli type lemma is due to Erdos and Rényi (cf.
Rényi [6], p. 391).
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Lemma 24. If > P(A,)= + 0 and
k

1

Z P(Ak))

lim inf =

n— oo

Il/\
\:—‘

(2.5)

E

then
P(A,i10)=1.

Lemma 2.5. The Laplace transform of

P( inf L(y,T;)>ocr) (iny)is for a=1

0sSysy

L(n)z}oe '”P( mf L(y, T,)>cxr)dy—1< L Ky (l/i) (2.6)

0 l/ Ki()y 2na)
Remark. According to (F)
P( inf L(y, T)>oar)=P( inf L(z, T})>a),
O=sy=yr 0=z=y

hence independent of r.

Proof. Based on the result quoted in (A) and (D) we get

td

L= | e mREena=E ([ dy)= 0B

= 0

which gives (2.6) by (2.4).
For the Laplace transform of the probability

P( inf L(y, T,)Sar) (asafunction ofy)
0sy=vyr

the following estimate holds.

Lemma 2.6. Given any 0<a<1, ¢>0 there exist ¢, and c, depending only on
¢ such that

—“VZ(1—Va)Va ©
¢S = [ e P( inf L(y, T)Sar)dy
0 O=y=yr

4
n l/&
cy e—l/7(1 —Va)vn

e

2.7)

holds if 5> <.
o
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Proof. From (2.6) it is obvious that for 0<a <1

fe P 1nf L(y,T,)<ar)dy— ! K—l(@ (2.8)

n)/ox K1 ()/212)°

From the asymptotic expansion of Erdélyi et al. 1953 (Vol. 2, p. 24, formula

4)
Kl(z)zl/z _Z(Ho(lll)) z— oo, (2.9)

(2.7) follows easy computation.
Let us define the function F(h, ) by

F(h, %) =P(0Si§1£hr Ly, T)san=P( gylf<h L(y, ) = o).

then clearly F(h, «) is monotone increasing in .

1— 2
Lemma 2.7. For any 0<a <1, h>0, such that -OC(—W@>1 we have

F(h0)< 2 exp {—ﬂ} (2.10)
/a

where c, is the constant of Lemma 2.6.

Proof. Starting from the obvious equality

F(hyo)=F(h,a)-ne" { e"™du<ne™ [ F(u,0)e "™du
h h

<ne™ }OF(u, a)e "duZLec, exp{wﬂ(l—l/&) I/;;}‘i_lf_
0 o

by the monotonicity of F(u, a) and (2.7). Computing the minimum of this function

. .. . 1—1/a)?
in 5 we get (2.10), where the minimum is taken for. # :(_2}7@'

Lemma 2.8. For any given £* >0 there is a hy(e¥) such that if (1 —]/&)2/2h2> 1,
0<a<1—e¢* and h<hy(c*), then

F(h,a)=D exp{ l/)2(1 +8*)} (2.11)

where D is an absolute constant.
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Proof. For a given ¢* choose an ¢>0 such that
de<e*, and (1-3¢e)(2e(l+e) '2=1 (2.12)

should hold. Then e=¢(c*) is fixed, when ¢* is fixed. Introduce the following
notations

h(1—¢g) h(1+e) h(2+eg)

Fe"”F(y,a)dy— j + [ + [ + j
o

h(1—¢) h(l+¢g) h(2+¢g)

=Il+12+13+14 (2.13)

1 o 2
Put y =%. According to (2.7)

© y(1—1/0)? 2¢q h? (1-)/2p
expd — Fla)dyz—" expd -~ V74 (2.14)
g { 2h? } (1— l/)ll/ { h }

Denote

D= min

O<a<l1 (1 ‘/’)21/’

to get

j exp{ ‘/)Z}F(y, a)dy=Dh? exp{—(l—_hl[ﬁ}. (2.15)

2h?

In order to get a lower estimate for F(h, a), estimate I, I,, I3 and I, from
above. Based on (2.10)

e h(lj‘ S’Lexp{—(l_l/&)z—(l_l/&)z y}dy_ (2.16)
o

4 2y 2h?

Observe that the integrand in (2.16) is monotone increasing for y <h, implying

1, <7h p{ 1= l[)z(l— +1i )} 2.17)

o
2

1
Now being 1 —eg+——=2+ i ,
1—¢ 1—¢

Il___zcl?h exp{— il %} exp{—%}. (2.18)

1—¢
o
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1—/? ,
From the condition a(—lz/a)~>l we get that ™ Y*<h™ 12 Now being
* 2h
O<a<l—e¢

(1—)/aPz(1—)/1—e*?=5>0. (2.19)

Moreover
82
e, Vh exp{—j-~}<Dsh2

if k is small enough, say h< h, (¢*) (as both ¢ and & is a function of ¢*). Hence

1— 2
I, <Deh? exp{——(wﬁ—} (2.20)
if h<h,(¢*). Being F(y, ®) monotone increasing in y one gets for I,
_ 2
1,22heF(h(1+58), %) exp{—(]—zlh/ﬂ(l—a)}. (2.21)

The estimation of I, is similar to I, by (2.10)

L= "7 exp {_(1_1/;)2_(1_1/;)2 y} o

2y 2h?

1/; h(1+¢)

The above integrand is monotone decreasing in y leading to the estimation

I3§4072h exp{—g_—zl{ﬁ( : +1+8)}.

a 1+

Using the same argument as for I, we get that
1— 2
I,<eh®D exp{—(—h@} (2.22)

if h<h,(e*).
To estimate I, observe that F(y, a) <1 (being a probability). Thus

I, j(io e Mdy= jo”o exp{——(l—_—l/zﬁ}dy
h(2+¢e) h(2+¢) 2h
20 (1=} (1=} o
{— 2h 8} exp{— h }

REC
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According to (2.19) we have

<eh’D exp { — M} (2.23)

if k< hy(e*). Now from (2.15)+2.23) if h< min k(%) we have
12i<3

Dh? exp{—%}é&thz exp{—%}
+2ehF(h(1+¢), a) exp {—(l—_ilhégiz (1 —s)} (2.24)

implying
— _ 2
F(h{i+32), a)ng:EDh exp{—(—lTl/&)(l +s)}.

Denote h(1+¢)=h*, then by (2.12)

Fi*, a)= — 2% p Dexp{— l[)2(1+a)2}

=2e(1+9) 2hF
>h*D exp{~Q;T‘/*&)i(1+s)z}
=D exp{ d 2}2/*—) (1+8)} h* exp{ 2%‘) (1 +e%)— (1+£)2)}

(2.25)
Now again by (2.12) and (2.19)

h*exp{ 2}3{)2 [+ 1+ zep { S Ve (=200}

2h*

£(e*—3¢) &g ge
> h¥ R W = [
2k exp{ 2h* =h eXp{Zh*} h(1+2) eXp{2h(1+8)}>1

when h<h,(¢*) (as ¢ and £ is a function of ¢*). Define ho(s*)— mm h;(e¥).
Then we get from (2.25), that

F(h*,0)=D exp{ u V)Z (1+3*)}

2h*

if h* < ho(e¥) (as h* < hy(e¥) implies that h < hy(e*)) and the lemma is proved.
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In our next lemma we give the well-known upper and lower class results
for T, (see Chung and Hunt, Fristedt).
Lemma 2.9.

T,
ds= + oo then lim —*-=+w as.

1
(a) If j l/h s> 0 h(S)

b)’”l/“ Bim 5

SR S

' =0 as.

§ 3. Proofs of the Results

The proof of the exact lim result is based on the theory of Donsker and Varadhan
(1977); the following proof is due to E. Perkins (letter to the Author).

Proof of Theorem A. Let A={f:(— o0, 00) - [0, c0): f absolutely continuous,
[ fndy=1,  I(f)=% f FOP/Ifpdy=1}

Let p,=(t/loglogt)!/?. Theorem 3.9 of Donsker-Varadhan (1977) implies that
w.p.l the limit points (in the compact-open topology on C(R,R)) of
{x—(tloglogt)~**L(p,x, 1)} is 4, and hence (apply Cor. 3.11 of Donsk.-Var.
with ‘p(g)=| linfﬂ g(x))

lim inf L(x,t)(2t log logt)~ /2

t— o0 x| Za(t/2loglogt)l/2

1
- inf f(2): fed)
/2 SuP{lzlgﬂ

Ec(ocl/i)/]ﬁ. (3.1)

Fix feA and let c= inf f(z), o =0/}/2. Then

Izs[ | (f/’f@dz/ | f(@dz]l | f(@dz (0/0=0)

|z]>a |z] >a’ lz|>a’

24 | If/fIf@dz/ | f@dz}* | f(z)dz  (Jensen)

|z|>a’ 1z > [z]>a
25[( | 1/@d2?) | f(2)dz]
z]>a |z} >a’

Z5Q2cf/1— [ f(2)d2)

|z} <a’
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(Note that | [f'(z)|dz=f ()= c). Hence

12(c?/2)/(1 -2 c)=c>£2—4dco'=c
=20 + (4o’ +2)V? =y (). (3.2)

Therefore sup{I ilnf,f(z):fei__ﬁ_l} < 20+ (42 +2)V2

To prove equality in (3.2) we simply have to find the right f in 4. An
examination of the above argument shows we want f'/f=constant on [y|> o,
f constant on |y| £« and I(f)=1. This leads us to define

Co(e) if x|
f@)=3co@)e 2" if x>ao, B=2co(@)(1—20 co(a)) " *
col@) et FEF D i x o g

A routine calculation shows fe 4 and hence

sup {|ziéfa S@): fed}=co(®).

Therefore ¢(@/}/2)/)/2=(—a}/2+2e?+2)"2))/2= —a+(@+1)"> and (3.1)

gives the result.
Proof of Theorem 1. Convergent part: According to Lemma 2.1

1 1 1
4—<P( max W(s)>rx) l—exp{—z—} P (3.3)

for x>1. Letr,=¢€", k=1,2, .... Then
p (0<max W(s)>r.f(r))=P (0 ma;x W(S)>rk+1 —E (1)
s=T, it <s= " k+1
vy 1 e 1

= 2f() 210

Hence the convergence of I,(f), Remark 2.2 and Borel Cantelli lemma implies
that for k> kq(w)

max  W(s)=rf (r)

0=ssT,
- k+1

implying for r, <r=r.,,

max W(s)<rf(r) (3.4)

0<ssTs

by monotonicity.
Divergent part:
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Letr,=¢* k=1, 2, .... Let us define the events

By= max W(@)>r.f(r), Bf= max W(s)>r.f(r)

0<s<Ty, T, Ss<T»

Then clearly {Bj}, are independent and Bf < B,. On the other hand, observe
that

P(Bf)=P(_ max  W(>rdf ()

"k Te- 1

r
=P(  max W(S)>(rk_rk—1)'—k £ ()
OSs<Ty —r, Fe—Te1

>lr,{——rk_1 I 1e-11
4 n fd 4 e [N

by (3.3). Using again Remark 2.2 and the Borel-Cantelli lemma we get that
if I, (f)=+400

(3.5)

P(Bfio.)=1 hence P(B,ilo)=1.
Proof of Theorem 2. Observe that

P(1,zrx)=P(min(¢,, $,) =rx)
=P( max W(s)=rx, — m1n W(s)>rx)

0Ss<T,
=P( max W(s)=rx, min W(s)< —7X)
0<s<T, 0Ss<T,

=P(L(xr, T)*0, L(—x7, T) +0)=P*(L(xr, T,)+0),
where the last equality holds by property (E). Consequently,

gp(n,grx)=<1—e"7l?>2$i (3.6)

= 4x?

where the left-hand side inequality holds for x>4. Based on (3.6) a repetition
of the argument of the proof of Theorem 1 gives the proof of Theorem 2.

The method of the next proof goes back to the well-known Kolmogorov-
Erdds-Feller-Petrovski integral test. A detailed version of this technique can
be found e.g. in Csaki, Erdés and Révész (1985). Therefore we give only a
brief

k
Outline of the Proof of Theorem 3. Let r =1, r,=exp {1 gk } (k=2,3, ...). Then

according to Lemma 2.3 I3(f) and Y exp{—f(r,)} converge or diverge together.
k

Convergent part:
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Split the indices into the following two sets:
Ap={k;f(r)<Cloglogr,}, B,;={k;f(r)>Cloglogr} (3.7

where C>2 is fixed. Let

1
Dk={ max W(s)< rk“}

0Ss<T,, flris) 2
by Lemma 2.1
POI=exp] ~ S0 (8)
Pt 1
Being
rkrj: ) >exp {—— @i—l-_l)} (3.9)
it is easy to see that
(10g(k+1))g if k+1eB;,
P(Dy)= k+1 . (3.10)
exp{—f(r+1)+C} if k+1eA,.
(3.10) implies our statement by the Borel-Cantelli lemma.
Divergent part:
It is easy to see that without the loss of generality one can assume that
Lloglogn<f(n)<2loglogn. (3.11)
(see in Csaki, Erdds and Révész Lemma 9). Let
Ak=(0 zrslg);r W(s)< 7 k)) (3.12)
By Lemma 2.1
P(4)=exp{—f(r)}. (3.13)

It is easy to observe that for k<!

P(A, A)SP(4,) P( max (s)<—~—) P(4,) exp{—

-
0D 510 : f(r,)}. (3.14)
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Now for fixed k, split the indices ! (k<I<n) into three parts

L,={l: 0<l—kzglogl}
L,={l: log I<l—k<log*l}
Ly={l: log*I<l—k}.

Based on (3.11)—(3.14) one has to show that for arbitrary k> k,

Y P(dy A)<CP(4,) (3.15)
leLy
Y P(4, A)<CP(4y) (3.16)
leL;y

P(4, A)<(1+¢&) P(4,) P(4) for leL,. (3.17)

Clearly (3.15)+3.17) and Lemma 2.4 imply our statement. To see that the above
three conditions are fulfilled, one has to show that for [eL;

ri—rg

fr)zC -k (3.18)

ry

implying (3.15), for le L,

Il o (3.19)
r
which together with (3.11) implies (3.16).
Finally for le L, it is easy to show that

%f(r,)—»O as k— oo, (3.20)
1

implying (3.17) for large enough k and hence the theorem.

Proof of Theorem 5. The §=1 case is a trivial consequence of the divergent
part of Theorem 3. Hence we only deal with 0<d< 1.

Convergent part:

Let r,=p", p>1. For any 0< &< 1 and for an arbitrary small ¢>0 define

ri+10
2 loglogry + 1

Akz{ inf  L(y, T,)<(1—e&) K(5) rm} (3.21)
Iyl <

where K (9)=(1—|/8)2.If ¥ P(4,)< co then for k> ko (w) and any r,<r<r,,
k=1

inf L, T)> inf Ly, T,)>(1—g K(6)r,
rrt 16
1< 2Toglogrics 1

ré
Iyt < 2 loglogr

>(1—g)K(@)r as. (3.22)
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which implies our statement. Thus it is enough to prove the convergence of
e8]
Y. P(4,). To get an upper bound for P(4,) one has to apply Lemma 2.7. With

k=1
the notation of Lemma 2.7 and using property E

P(Ak)§2F( po

By (2.10) if k is big enough, then

P(Ak)gT—cz——exp{_(l— (1—¢) pK(9)°
(1—¢) pK(d) po
<c* exp{_(l —(1 —‘/i?;/;(l —g)?

=C*((k+1) log p) B:2:9 (3.29)

loglogr 1}

loglogr, .+ 1}

where C* is a constant depending on ¢, p and § but not on &, & =1—-]/1—=¢.
What remains to show is, that if p > 1 is small enough, then

B(p, 5, g)=(1_(1_l/i)g/’;(1_8'))2 >1+¢ (3.25)

with some ¢ > 0. But (3.25) is equivalent to

L—(L—}/8))/p(1l—&)Z(1+¥) /03 (3.26)

(with a convenient y > 0). (3.26) holds if

(3.27)

1
ey e

Being 0<d <1, for an arbitrary ¢ >0 one can choose a small enough  such
that the right-hand side of (3.27) should be greater than 1. Thus one can choose

a p> 1 satisfying (3.27), hence (3.25). This implies the convergence of i P(A4,).
Divergent part: o
Let 0<d <1 fixed. Choose an &(0) >0 such that (1 +%5)> K(0)<1.
Let r,=e”*!°¢* where p will be chosen later on. One has to show that for
any £>0, 0<e<eg(d) for the events

Ak={ inf Ly, T,)<(1+¢&) K(0) rk}
vl <

Tk
2loglogri

P(A i0)=1. (3.28)



On the Infimum of the Local Time of a Wiener Process 561

To this end first observe that

inf Ly, T, )

R
s il LT )-LeT)FswLo L) (329)
P+ 1 y

IvI< 2 loglogry + 1

For the second term one can easily show from

P(sup L(y, T,)>rh)=% (h>1) (3.30)
o<y

(which is a simple consequence of property (A)) and the Borel-Cantelli lemma
that for any ¢ >0 and big enough r

sup L(y, T)<r(logr)'*® as. (3.31)

y

First we show that if p is chosen appropriately in the definition of r;, then

£
sup L(y, T, ) Srp4y Pl K(9) (3.32)

y

if k is big enough. To see (3.32), observe that according to (3.31)

sup L(y, T,,) Sri(log ry)' +7 =e?* % (pk log k) ** (3.33)
y
and
rkH—;—K(a)g(eﬂkﬂ)mgk)%K(a) (3.34)
furthermore
(pk log k)“a'g(e"“’g")%K(é):k”%K(é) (3.35)

if p is big enough, implying (3.32).
On the other hand the events

re+10
2 loglogry +1

Be={ 0T )-LO <145 KO k=012
Iyl <

and independent, and

P(Bk)=P( inf L(y,7;M_,k)<(1+§>1<(5)rk+1}. (3.36)

re+19
Ivl< 2 loglogrk + 1
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In order to get a lower estimate for P(B,) we use Lemma 2.8. Using again
property (E) we get that if £ is big enough, then

0 T+

P(Bk)>%F< rk’<1 +—;-) K() ""4“) (3.37)

2loglogrysy Tes1— Fre1 =7y

where F (h‘, «) was defined in Lemma 2.7. Observe first that

Tr+

—**1_—1+n, where 5, —0. (3.38)
Fei1—1%

This implies by (2.11) with a small enough ¢* and k >k, (¢*) that

(1 —1/ (1 —g) (1+1) K((S))Z

o

P(By>Cexp{— (1+&*) loglogry, (3.39)

To see that Y P(B,)=+ oo we have to show that for any 0<d<1 fixed, and
k

for an arbitrary 0 <e<¢(d), one can find a small enough ¢* >0 such that

(1 —1/ (1 +§) A+ K(5))2

0

(1+e%)<1. (3.40)
As 0<d<1 and 5, — 0, it can be easily seen that (3.40) holds if k is big enough
and ¢* >0 is small enough. Thus for k big enough

1
plk+1) log(k+1)

P(B)2 C exp{—loglogr,,}= (3.41)

implying the divergence of ) P(B,). Thus P(B, i.0.)=1. This together with (3.29)
and (3.32) implies (3.28) and hence the theorem.

Proof of Corollary 1. According to Lemma 2.9b, for any #>0, p>0
T, <r*(logr)*(loglog )21 7 p (3.42)

if r>ry(w). On the other hand from Theorem 5 we have, that for every >0,
0<o6L1

inf Ly, T)>K@©@)(1—¢r if r>r(w). (3.43)
[yl < 'Z-k,grl—og,
Consequently

inf  L(y,r*(logr)* (loglogr)***"p) = K(6)(1—e)r.

ré
Iyl < 2 loglogr
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Denoting r?*(log r)*(loglogr)* *"p=u and taking into account that p can be
chosen arbitrary small we get that

1
P(lim inf L(y,w)u *(logu)(loglogu)!*"= +w)=1

u—~ o0 |yl <Vu(logu)~1(loglogu)—2-7

and this was to be proved.

Proof of Corollary 2 is similar to the proof of Corollary 1, the only difference
is that one has to combine Lemma 2.9a, with the convergent part of Theorem 2,
keeping in mind that

{n<x} ={ inf L5, )=0}.
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