Probab. Th. Rel. Fields 72, 425-462 (1986) PrObabi]ity
he()ry e

© Springer-Verlag 1986

Periodic Behavior of the Stochastic Brusselator
in the Mean-Field Limit

Michael Scheutzow*

Fachbereich Mathematik, Universitidt Kaiserslautern, D-6750 Kaiserslautern,
Federal Republic of Germany

Summary. We prove a “propagation of chaos” result for the mean-field
limit of a model for a trimolecular chemical reaction called “Brusselator”.
Then we show that the pair of nonlinear (i.e. law-dependent) stochastic
differential equations describing the evolution of the concentration of the
molecules at a given site in the mean field limit has a solution with a
periodic law (in t). Finally we identify the limit and establish a central limit
theorem for the periodic law in the case where the noise tends to zero.

1. Introduction
The “Brusselator” is a model for the trimolecular reaction

A—-X
X+B—->Y+C
2X+Y—-3X
X—E

describing the evolution of the concentration of the molecules of type X and Y.
The concentrations of 4 and B are assumed to be constant in time (and space).
Deterministic and stochastic (ordinary and partial) differential equations as
well as Markov jump processes have been used to model the reaction. A
nonexhaustive list of papers on such models includes [2, 4, 7,9, 12, 15, 22].

The name “Brusselator” is due to J.J. Tyson [22] and honours the pioneer-
ing work of a group of scientists from the Université Libre in Brussels (among
them Prigogine and Nicolis).

* Part of this work was performed while on leave at the Department of Mathematics and
Statistics, Carleton University, Ottawa, Canada and supported by NSERC operating grants of
M. Csbrgd and D. Dawson
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In the well-stirred case and if stochastic fluctuations are neglected the
evolution of the concentration of the reactants X and Y can be described by

dii(t(t)za—(m 1) X(8)+ X2(0) Y(¢)
(1)
dz—t(t)sz(t)—Xz(t) Y(r)

after some appropriate scaling, where a and b are positive constants. (1) has a
. . . b ... .
unique steady state solution given by X(t)=a, Y(¢t)=— which is asymptotically
a

stable for a?=b—1 [22] and unstable for a?<b —1. Furthermore if a®><b—1
there exists a unique stable limit cycle surrounding the steady state [15].
Numerical simulations in that case have been carried out by Lefever and
Nicolis [9]. The PDE generalization of (1) which models the spatial distribu-
tion in addition to the temporal evolution was extensively studied in the book
of Nicolis and Prigogine [12]. They point out that the Brusselator is the
simplest type of a chemical reaction model exhibiting a certain “interesting”
(cooperative) behavior and therefore assign to it the same significance as to the
harmonic oscillator as a prototype model. Apart from the PDE model, Nicolis
and Prigogine also treat the Markov jump model.

As an alternative to the Markov jump approach, Dawson [2] proposed the
following stochastic model in the well-stirred case:

dX(t)=(a— b+ X+ X?(1) Y(®) dt+g,(X()dW,(t) @
dY())=bX @) —X*(1) YO)) dt +g,(Y(£)) dW,(2).

Here W, and W, are independent Wiener processes. To include the spatial
distribution in the non-well-stirred case without having to study stochastic
PDEs Dawson suggested the following model

dX; xO)=(a—(b+1) X, y(O+X 5@ Y, y(0) de+g,(X; 5() dW; (2)

+D, (—1- _in’”(t)—X"’N(t)) dt

N-1 -
- (3
dY, y(O)=0bX; §(O) = X7 §0) Y, (1) dt+2,(Y, 5 (0) dW, (1)
I3 y )
+D2(ﬁ:—1_ .zly;,N(t)_)’j,N(t)) dt, l:1,...,N
i=
j¥Fi

where X; y and Y, y denote the concentration of X and Y in the i-th out of N
cells (small volumes), D, and D, are nonnegative constants modelling the
diffusion between different cells and W, ,, W, ,, i=1,..., N are independent
Wiener processes. Here it is assumed that the proportion of molecules leaving
cell i per time unit is proportional to the number of molecules in that cell and
that they distribute equally over all other cells. We want to point out that this
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last assumption is a rather crude approximation in general, but it seems to be
the more realistic the more nearest neighbors a fixed cell has i.e. the higher the
dimension of the state space.

In this paper we study Eq. (3) in the limit N7 oo (called the mean-field limit
or McKean-Vlasov limit). First we will establish a “propagation of chaos”
result for (3) ie. if (X,(0), ¥,(0)) i=1, 2, ... are iid, R?-valued random variables
with Z(X(0), Y,(0))=u, (£ denoting the law), then for any fixed k (X, y(*),
Yy n()s oo (X, n(%), Y, n(+)) converge in law in the space of probability mea-
sures on C([0, o), R*¥) to k independent copies of the unique process (X(*),
Y(+)) satisfying the equation

dX(O)=(a—(b+1) X0+ X2 Y(©) dt+g,(X(©) dW,(6)+ D, (EX(t) — X () dt
dY()=(bX (1) —X2(1) Y1) dt +g,(Y (1) dW, () + D,(EY(t) — Y (1)) dt 4)
Z(X(0), Y(0))=p.

Equation (4) is called “nonlinear” because (contrary to (3)) the corresponding
Fokker-Planck equation is a nonlinear PDE. A number of propagation of
chaos results have been proved in the literature [3, 11, 13, 19-217, but none of
them covers Eq. (3). It turns out however that Sznitman’s method can be
extended to prove the result in our case. The hardest part of the proof is the
pathwise uniqueness of the solution of Eq. (4) for which we require certain
assumptions on the functions g, and g, as well as on the tails of the initial
distribution p. This is not too surprising since a number of nonlinear equations
with coefficients satisfying a local but not a global Lipschitz condition have
been shown to have more than one solution [17].

Theorem 3.4 states the main result: under certain assumptions on g,, g,,
Dy, D,, a and b there exists an initial law p such that the law of the solution
(X (@), Y(t)) of (4) is strictly periodic in t. This shows that chemical reactors
interacting according to Eq. (3) are capable of cooperative behavior in the limit
N — o0, whereas it is known that for finite N (3) can never have a periodic law
as long as g, and g, are nondegenerate on (0, o) [6]. Simple examples of
periodic behavior of nonlinear diffusions can be found in [16]. Writing a factor
&> 0 before the functions g; and g, in (4), we study the limiting behavior of the
periodic solutions as ¢}0. We identify the limit as the deterministic periodic
solution and establish a central limit theorem for the fluctuations. This shows
that the Brusselator is a physically motivated example, where noise and peri-
odic behavior are simultaneously present. Even though the model treated here
is a particular example, it seems that most of the results are true and can be
proved in a similar way for a large class of two-dimensional systems for which
the ODE has a stable limit cycle. Furthermore for the Brusselator, all proofs

X
go through if the noise term (gl( (t))dWI(t)) is replaced by G(X(z),
AW, (1) g, (Y(©)) dW, (1)
Y(t) ( dWI (t)) provided the Matrix G satisfies a Lipschitz condition and suit-
2

able boundary conditions and G is bounded.
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2. Propagation of Chaos

Throughout the paper we will assume the following: a and b are (strictly)
positive constants, g, and g, satisfy a Lipschitz condition with constant K, g,

is bounded,
£:(0)=g,(0)=0, D, D,=0.

Theorem 2.1. Let u be a probability measure on [0, o0) x [0, o0) such that
fIx*du(x,y)<oo and [[exp(yy?)du(x,y)<oo  for some y>0.

a) For every Nz2, NeN (3) has a unique strong solution with initial law
u®" This solution is global (i.e. exists for all t=0) and concentrated on ([0, o)
x [0, o).

b) Equation (4) has a unique (pathwise and in law) nonnegative solution

t

(X (1), Y(2)) satisfying £(X(0), Y(0))=p and [ EX(s)+EY(s)ds< oo for all t=0.

0
c) (Propagation of chaos.) For every kelN

(X v () Yy N s (X n(6), Y (D)

converge in law to k independent copies of solutions of Eq. (4) as N— oo in the
space of probability measures on C([0, o0), RZ¥).

Proof. a) Since the drift and diffusion coefficients are locally Lipschitz con-
tinuous there exists a unique strong local solution of (3). We show that it is in
fact global i.e. cannot explode in finite time.

Z; x(0):=X; y(O)+ Y ()
satisfies

47,50 (a=X, 10 +D, (7 Z X, 40— X, 4(0)

JjFi

#0, (55 2 Vn0-T,500) ©)

JFi

+g, (X, ¥() dW, () + g, (Y, 4 () dW, (D).
For meN define f,: R* — [0, c0) by

xty if x|, [y|<m

S, y)={

bounded, Lipschitz, nonnegative otherwise
and g; ,, (i=1,2) by
g:(x) O0=x=z=m
gi, m(x) =

bounded, Lipschitz otherwise

and let (X, (1), Y;"%(¢)) denote the unique global (see [1]) solution of (3) with
the terms X7 \(f) Y, (1) replaced by f,,(X; x(t), ¥; (1)) and g, replaced by 8
=1,2). It is easy to see that one can approximate (X{™, Y,%%), i=1, ..., N) by
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a sequence of Markov chains with state space [0, oc)?" which satisfy the
assumptions of Theorem 11.2.3 in [18]: let the initial distribution of the
Markov chain be u®" and the transition probabilities m,(z, *), h>0, ze[0, c0)*¥
1 . C .
for |z| gﬁ be the product of 2N uniform distributions with mean z
+h - Drift(z) and variance hg2(z,) for i odd and hgZ(z,) for i even unless this
would lead to jumps out of [0, 00)* with positive probability in which case
one makes a jump to zero in the corresponding component. Furthermore, for

1
all || z| >E define =,(z, *)=e¢, (unit mass in z). Theorem 11.2.3 in [18] says that

the law of the (linearly interpolated and time-scaled) Markov chains converge
to the solution of the martingale problem associated with the diffusion (X{},
Y%). Hence P{X{ ()20, Y(£)=0 for all r20}=1. It is well-known [10]
that the forth moments of X' and Y exist and are bounded on finite

intervals and hence sup (Z™(t)* < oo for every T>0. Using (5) with an index
0=<t=T

m attached to all variables and applying [t&’s formula, we get
E(Z{M,(0)? SE(Z{(0)) +2 j aEZ{",(5)

1
+(D,+D, )~— Z EZ{™(s) 29 (s) ds
N j=1
jFi

+ [ E@HXI(5) + g3 (V% (5)) ds.

Due to the fact that the law of (X{™(r), Y,'R(1)) is symmetric w.r.t. i=1,...,N
we have ;
EZ7y0) SE(Z5(0)* +2 [ a(l + E(Z{"y(5))%)
0

+(Dy+D,+K?) E(Z{x(5) ds.
Applying the Lemma of Bellman and Gronwall (see e.g. [1]) we get
E(Z7(0)? SE(Z74(0)* +2at

t
+2(a+D,+D,+K?) [ et Pt Dt KNG=s)(E(ZM) (0))%+ 2as) ds.
0

Since E(Z{"y(0))>=EZ} y(0) and (X{"y(), Y{™(*)) converge weakly to
(X4, ~(), Y} y(+)) as m— oo [18] it follows from Fatou’s lemma that

sup sup E(Z, y@®)y’<oco forall T>0 (6)

Nz2 0=t=T
and also that P{X; y(t)=0, ¥; x(1)=0 for all £>0}=1 proving part a) of the
theorem.
b) Existence of a solution of (4) will follow from the proof of ¢), so we only

show uniqueness. A similar problem has been treated in [5], but the results do
not cover Eq. (4).
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T
Let (X(¢), Y(1), t=0 be any nonnegative solution of (4) satisfying | EX(s)
0

+EY(s)ds<oo for all T>0 (otherwise (4) does not make sense), let a(t):
=EX(t) and b(t):=EY(t) and let (X, ¥,) be the solution of (4) with EX(¢)
and EY(t) replaced by a(t) and b(z) respectively and with &, (g, (X (?))) instead of
g2,(X (1)), where, for a>0

h(x):= {z :i: iz, xeR.
Define B
Z{t):=XO)+Y(@®)
and
Z(fx} (t) = X(a) (t) + 1,(oc)(t)'

P{X )20, Y, (t)=0} follows as in the proof of part a). Then
t
Z,O=Z0)+at—| X, (s)ds
(¢}

+D, }a(s)— X, (s)ds+D, j b(s) —Y,(s)ds

© ey =

+ g h,(g1(X, () dW;(s)+ (f) 82 (Yy(5)) dW,(s)
and

t t
EZ,()<EZ(0)+at+D, fa(s)ds+D, [b(s)ds,
0 0

sosup sup EZ(t)<oco and hence
>0 0St=T

t t
EZ () +D, [ EX(s)ds+D, [ EX(s)ds
0 0
t t
<EZ(0)+at+D, [EX(s)ds+D, [ EY(s)ds.
Y 0

Since, for a— o0, (X, (), Y,(+)) converge in law to (X(-), Y()) in the space of
probability measures on C([0, o0), R2) according to [18], Theorem 11.1.4, it
follows from Fatou’s lemma (or dominated convergence) that EZ(t)<EZ(0)
+at.

For the pathwise uniqueness proof it suffices to show that there exists some
£>0 and some 7 >0 such that

sup Eexp(JY2(t))<co and sup EZ*(t)< oo (7)
0=t£1 0=t=1

for all solutions of (4) and that the solution is pathwise unique on [0, ¢]:
Define t as the supremum over all ¢ such that the solution is pathwise unique
on [0, t]. Since the sample paths are continuous, pathwise uniqueness holds on
[0, t]. Assuming <1, £ (X(1), Y(7)) satisfies the assumptions on the initial law
in the theorem (once we have shown (7)) under which we will prove pathwise
uniqueness on [t, T+¢"] which is a contradiction. By iteration we get pathwise
uniqueness on [0, ).
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Step 1. First we show that there exists some >0 such that

sup Eexp(Y?(t))< o0

0<t<1

uniformly for all solutions of (4). Theorem 4.7 in [10] states this result for
onedimensional diffusions with linearly bounded drift and bounded diffusion
coefficient. Although the drift of Yis

bX(t)— X 2 (t) Y(t)+D,(EY(t)— Y(t))

v (xovTO- 1/—

2

_4Y()

) +D,(EY(t)—Y(1))

——+D,(EZ(0)+at)

which is unbounded near 0 and even though the drift of Y depends not only on
Y, almost the same proof as Liptser-Shiryayev’s works here. Applying Itd’s
formula to Y" we get

Y (t)=Y"(0)+ } nY" Ys)(bX (s) — X2(s) Y(s)+ D,(EY(s)—Y(s))) ds

[ nm=1) L s s
+ [ nY"7Hs) g2 (Y(s) AWy (5) +-—; §Y" 2 g3(Y(s)ds
0 9]
Defining 7,:=inf{t=0: Z(t)=a}, B:=sup g5(y) and
yz0

Y@ D)= Y"(t A tT,)
we get

(a, 1) n e n—1 bz
EYCROSEYO)4E [ Yo <4Y(S)+D2(EZ(O)+ocs))ds
+4"(";1)B E | Y2 ds

Assuming, by introduction, sup EY*(tf)<oo for all 1<k<n—1 and using
0<ts1
Fatou’s lemma for o — 0o, we get sup EY"(f)< oo and
0=t=1

2

EYZ"(t)§EY2”(O)+2niEYZ"‘l(s)( b
[4]

4Y(S)+D2(EZ(0)+a)) ds

T
+Bn(2n—1) [ EY?""2(s)ds.
0

_ b*\}/2 i .
Defining K::max{(B—i——z—) , DZ(EZ(O)—i—a)} and using Y?"" 'Y 41 it

follows that (for n>1)
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_ _ t _ t
EY?*"(t)SEY?*"(0)+2nK +4nK [ EY?"(s)ds+ K*n(2n—1) [ EY>"~2(s) ds
0 0

which is Eq. (4.142) in [10]. The rest of the proof of Step | (comparing the
moments EY?"(t) with the moments of the solution of

dY(t)=2KY(t)dt+KdW(t)
is exactly the same as that of Theorem 4.7 in [10] and is therefore omitted.
Step 2. We show that sup EZ*(t)<oco uniformly for all solutions of (4). Let
0=<t=1

X(t), Y(t) be any solution of (4). As before, let 7,:=inf {>0: Z(¢t)=«}. Then,
fori=2,3,4and 05t <1

Z(t)=Z'(0)+1i j Z s a—X(s)+ D, (EX(s) — X (s))+ D, (EY(s)— Y(s))) ds
)

+ g 127 1(s) g, (X () Wy (s) + E‘) iZ'1(s) 82(Y(s) AW, (s)

+3i(i —1)gZ"‘Z(S)(g?(X(S))+g§(Y(S))) ds

and, for Z*9:=Z(tAt,), and assuming sup EZ*(s)<oo for all k<i—1 by
induction 0Ss=1

EZ* f)(t)gEzi(0)+4fEzi—l(s)(a+(D1 +D,)(EZ(0)+a)) ds
+6K? jf EZ®™P(s)ds

due to the general assumptions stated at the beginning of this section. Using
Gronwall’s lemma and then Fatou’s lemma for «— oo, it follows by induction
over i that

sup EZ*(t)< .

0=t=1
Step 3. Let us now prove pathwise uniqueness on some interval [0, ¢] with
0<e<l1. Let (X(t), Y(t)) and (X(t), Y(¢)) be two solutions of (4) on the same
probability space with the same initial condition. We already proved that

sup (EX*()+EY*(t)+ EX*(t)+ EY*(t)) < 0.

0=
Let c(s):=EY(s) — EY(s),
d(s):=EX(s)—EX(s), X@E)=X(s)—X(s), Y(s)=Y(s)—Y(s)
and Z(s)=Z(s)—Z(s). Unfortunately the usual proof via Gronwall’s lemma
cannot be employed here due to the lack of a global Lipschitz constant.

Instecad we will formulate and use a “nonlinear” Gronwalltype estimate.
Applying 1t&’s formula we get
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dY?()=2Y(1) dY (1) +(g,(Y() — g, (Y(1)))* dt
=2Y(O (X () +X2(t) YO)—X2(1) Y(1)) dt
+2Y (1) (g, (Y(0) —g,(Y (1) dW, (1)
+2Y(t)(D, c(t)—D, Y(t) dt
S +(g,(Y(1) — g, (Y (1)) dt.
(6]

EY2(t)<b j‘ EX?(s)+EY?(s)ds+ 2} EY(s)(X2(s) Y(s)— X2(s) Y(s)) ds

+2D, jcz(s)ds 2D, j"EY2 ds+K2jEY2(s)ds

Now ~
() SEY?(s)
and therefore

EY*(t)<(b+K?) i EX*(s)+EY?(s) ds+2§" EY(s)(X?(s) Y(s)— X 2(s) Y(5)) ds
0 0

Now for x, X, y, =0

G=PEF=x* )= =N~ =7 ¥ +2&—x) xJ+ (X —x)* 7]
— =3P (x =
y=y
§()~C_X)Z'M2,
where M:=max {y, }. Hence

[ -x2

E?Z(t)g(b—l—Kz)iEX2(5)+E?2(s)ds+2§EX'2(s) M?(s)ds,
0 0

where M (s)=max {Y(s), Y(s)}. Furthermore

dZ?()=2Zt)[ - X (1) dt+(g, (X (1)) — g, (X () dW, (1)
+(g,(Y(2) —gz(Y(t))) dW,(1)
+(D,dt)+D,c(ty—D, X(t)—D, Y()) dt]

+ (g1 (X (@) =22 (X )+ (g (Y (1) —g(Y()*] dt.

Therefore

EZ*(n< —ZjEEXZ(s)ds—ﬁEY(s)X(s)ds
0 0

+2D, de(s) ds+2(D,+D,) § d(s) c(s) ds

-

+2D, ~fcz(s)ds 2D jEX2 ds—2(D,+D,){EX(s) Y(s)d
0

—-2D jEY2 ds+K2jEX2(s)+EY2()d

433

t
<(-1 +2D1+2D2+K2)jEX2(s)ds+(1 +2D,+2D,+K?*) [EY?*(s)ds.
0 0
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Denoting ~ ~
D(s):=EX?(s)+EY?(s)
we have

D(t)=E(Z(t)—Y(0)*+EY?(t)S2EZ*(t)+ 3EY?(t)

<x, fD(s)ds+6}EM2(s) X2(s)ds

where K, =2+4D,+4D,+5K?*+3b.
1 L1 . .
For n>0 define g=1+4- and p=n+1. Then —+-=1. Using Holder’s in-
n P q
equality twice yields for s <1
EM?(s) X?(s)=EM?(s) X?4~Dla(s) X2/ (s)
S(EM??(s) X2 (5) P (EX>(s))'
S(EM*P(s) 2P (EX*(s) /P (EX (s)) '/

<K, 0, (EX?(s)"
where

Ky:= sup (EX*)'?+1<oo and «,:= sup (EM*?(s))V2.
0<s=1

0=<s=1

We need the following lemma, the proof of which is similar to that of
Gronwall’s lemma (sec e.g. [10], Lemma 4.15).

Lemma. Let 1>m>0, A20, T>0 and f:[0, T]->IR be a nonnegative con-
tinuous function satisfying

f(t)gAif”‘(s)ds for all tef0, T].
Then f(t) S[A(1 —m) 1Y =™ on [0, T].
Proof. Define z(t):if"’(s)ds. Then

<z, z0=0

Let v(+) be the maximal solution (because of nonuniqueness at 0) of

dv(?)
dt

=(dv(@)”,  v(0)=0. (8

Then for all te[0, T]
2() S v(t) = (1 —m) Am )L =m
which implies

70=(Z2) " s 4z 2 av0 =140 -my1 0=

which proves the lemma.
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We proved for t€[0, 1]
T

D(t)<Sk, [ D(s)ds+6x, ocpi(D(s))ﬁT ds.

0

D(+) is continuous since the forth moments of Z and Z are bounded on [0, 1].
Choosing 1=¢,>0 such that D(s)=<1 for se[0,¢,] and applying the lemma

with m=

1 t
we ge
n+1 8

1 n+1
0§D(t)§[(x1+6xzo¢n+1)mt] for 05t=e,.

Obviously there exists some &, 2&,>0 and a sequence (1)~ 7> o such that

the upper bound converges to 0 as n, —» oo uniformly in t€[0, &,] iff

.. K.+6xk,0
lim inf —2———2"n+1
n—ao }’l+1

This is true exactly if

liminfrn=! sup (EM?*"(s))*"< 0.
n— o 0=s=Z¢e

Under the assumptions of the theorem, using Chebychev’s inequality, for
5€[0, ¢,

P{M(s)20} SP{Y(s)2 6} + P{¥(s)2 6} Sxze 7
where
ky= sup Eexp(JY*(t)+ sup Eexp(FY2(t) < co.

te[0, £2] tel0, &3]
Hence for neN

L EM (=
n

which is bounded since n!<n” for neIN. So we have proved pathwise unique-
ness on [0, ¢,] and hence on {0, ).

Step 4. Let us show that pathwise uniqueness implies uniqueness in law. Let
X(t), Y(t) be a solution of (4) on some probability space and denote af(t):
=EX(t), b(t):=EY(¢). Since the coefficients are locally Lipschitz continuous it
follows that the solution is strong i.e. it is measurable w.r.t. the filtration
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generated by the Wiener process. The results of Yamada and Watanabe [24]
show that (X (¢), Y(¢)) is the only weak solution of (4) satisfying EX (f)=a(t) and
EY(t)=b(). If (X, Y) is a solution on some other space with EX (f)=a(:), EY(t)
=Db(¢), then it is also a strong solution which can be realized on the same space
as (X,Y). It follows from Step 3 that a(t)=d(t) and b(t)=5h(t) and therefore

uniqueness in law.
N

1
¢) For the solution X, y, ¥, y of Eq. (3), let us study N 2 Z Ex, v Yo w(e)

which we look upon as a random element of the space M:=M (C([O ), R2))
of probability measures on the space C(J0, ), IR%) equipped with the to-
pology induced by the metric

© 1 Sup () —s()l

0=t=n
PUB= 2 iy sup 70500

0=t=n

which makes C([0, cc), R%) and hence M (in a canonical way) a Polish space.
Here ¢, denotes the measure

1 aed
A)=
() {0 otherwise.

1 N
Let P, denote the law of — Z Ex, n(-), Yo w()- SO By is a probability measure on
the space M.

Step 1. {Py, NeN, N =2} is relatively compact. Due to Lemma 3.2 in [19] and
the remark following it, it is enough to show that (B,:=% (X 1Lv Y W)Nea s, .
is a tight family of probability measures on C([0, o0), R?%). Since 3( .0,

Y; x(0))=pu is independent of N it remains to show [18, Theorem 1.3.2] that
for every T>0 and p>0

lim sup B { sup |X(0)~X(5)+]Y())~ Y(5)|> p} =0.

810 Nz2 0Zs<t=sT

Define e

_ 1 X — 1

XN(t)==ﬁ ZXi,N(t)a Yy(t):=—
i=1

N,

|IM2

,N(t) and  Zy(0):=Xy(2)+ Yy (o).

To get estimates on the tails of sup Z(t) let us show that
0=t<T

~O+ i Zy(s)ds
0

is a submartingale. Obviously

-

Zyt)=Z, +j"a —Xy(s)ds+ j

0

gZ(Yi, ~(s) sz, i(8).

X; w(s) dW, (5)

IIMz

1
N

M= e

+

D oy

1

]
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Since the second moments of the integrands of the stochastic integrals are
bounded on [0, T] it follows that

Z'N(t)~Z_N(0)—jfa—XN(s)ds
o

is a martingale and hence

Zy(t)+ jt" Zy(s)ds

s a nonnegative submartingale. The submartingale inequality [18] yields for

R{ sup Z‘Nmza}é&{ sup (ZN<r)+§ZN<s>ds)za}

0<tET

1 (- T
< E (ZN(T)+ g ZN(s)ds>

gé ((T+ )EZy(0)+a (T+I2i>)’

where the last expression is independent of N. Furthermore

t 1 N
Zl,N({)_ZI,N(O)-E’;a_Xl,N(S)+D1 (NTf __szi,N(S)_Xl,N(S))

1 N
+D, (m R Yi,N(S)_ YI,N(S)) ds

is a martingale which implies that
t
Zy yO+(1+D,+D,) [ Z, y(s)ds
0

is a nonnegative submartingale. As before it follows that

By{ sup ZI,N(t)ga}
0=tsT
2

gé ((1+T(1+D1+D2))E21,N(O)+a(T+I2— (1+D1+D2))).

So we have shown that for every T>0

lim sup PBy{ sup Zy(t)=za}=0 9)
atow N22 0StsT
and
lim sup Fy{ sup Z, y(t)=a}=0. (10)
atos N22 0st<T
Define

T, v=inf{t20|Z (=0 or Z, y(O)=o)



438 M. Scheutzow

and 1, y=o0 if such a ¢ fails to exist. Obviously for any T>0, p>0, 6>0 and
a>0
B{ sup [X@O—-X@I+IYO-YE)|>p}SB{t, y=T}

0<s<1<T
t—s<9

+FB{ sup |X1,N(tATu,N)_X1,N(S/\Ta, 9l
Oss<t<T
t—s<d

Y nEAT, N =Y w5 AT, MI>p)
Let ¢>0 be given. Due to (9) and (10) we can choose some o>0 such that
P{t, y< T}<§ for all Nz2. So it suffices to prove that the laws of the

processes (X; y(tAt, y), Y; y(tAT, y) are tight, but this follows immediately
from Theorem 1.4.6 in [18] since the drift and diffusion coefficients of the
stopped processes are uniformly bounded for all N =2.

Step 2. Since (By)ys» 18 a tight sequence of probability measures on M it has a
limit point P, on M. We show that there exists a set M = M such that P, (M)
=1 and every meM solves the (nonlinear) martingale problem associated with
Eq. (4). Since we already proved pathwise uniqueness and uniqueness in law, it
follows that M has exactly one element [18, Corollary 8.1.6]. The idea of the
proof is taken from [20], but it requires some modification because our
assumptions are different.

Let feCy(R?), peN and g, ..., g, be continuous and bounded functions
from R? to R and let 0<s,<...<s; Ss<t. Define

Mg:={meM: sup |x(w,u)+y(w,u)dm(w)<ow}
Osust

and for meM,
Fm):= <m (f(x(t), Y(0) —f (x(5), ¥(5)
_£ j

Il

Jj=1

LA e( ), v ), x(0, 1), y(@, 1) m(d ) du)
Z(

H(x (e, 8, ¥(0, sj))>
where
! ’ af 2 ’
Lf(x,y,x, y)=a (e, a@a—b+)x+x*y+D;(x ~—x))

a 2
a—f (x, Y)(bx—x*y+D,(y’ —y))+-;— gi(x) 77 (x, )
y

+ 0x?

L Ly
2g2y ayz > Y

Let (Ny_1,,,... be a sequence such that By, —— P, weakly. Obviously F 2< 0
on M, and the By, are concentrated on the set M. Also P (My)=1 due to (9).
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Defining
1 N
Xw=g LX) and V= z ¥, )
ki=

it follows that
X (o0, o)1, X6

{ F*(m)dBy, (m) ENk(
—fo(Xi(u), Yi(u), X (u), ?(u))du) _l_gll g;(Xy(s)), Y,-(S,»))>

, Y (1)) —f(X,(s), Yi(s))

- S T (e
—J LA (), %), X (), F(w) du) [12,(X45). Y(s)))

1
s B (000 V)00, %)
—ij(X (w), Y, (u), X (u), Y(u)du) f[ Y, (s; )) .
The last (quadratic) term 1s o(1) as k— co. Furthermore, for 1 <i< N,
H;(7): =f(X (1), ¥(7)) —f(X;(0), ¥;(0)) —-i Lf(X (), Yi(u), X (u), Y (w)) du

° 0 - i
e1 oL 0n, Y 0, (Y0 - ¥ X0)

k

JFi
9 (xw), V@)D (Y(u)- Loy u)) du
ay i L] 2 Nk_ P
jFi
are By -martingales and (H;, H ;»=0for i=*j. Using
_ 1
XW)-~—7 Z v X1 —X @)
k

(the corresponding eguality holds for Y too) and the fact that the second
moments Ey (X (u)+ Y(u))*> and Ey (X ;(u)+ Y, (u))* are bounded on [0, t] uni-

formly for all N>2 (see (6)) it follows that
lim | F*(m)dB, (m)=0.

k= My

We want to show that | F?(m)dP,(m)=0. This does not follow directly since F

M
is neither bounded nor continuous on M. For o> 0 define &,: [0, 0) > R by

X xZa
ho=r 5
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and F,(m) like F(m) but with x' and y replaced by h,(x) and h,()) respectively
in the definition of Lf. Note that F, is bounded and continuous on M. We will
proceed as follows:

(i) lim [ F?*(m)dPy (m)=0

k=00 Mo

(i) lim sup| | F2(m)dPy, (m)— j F?(m)dPy, (m)|=0

a0 kM

(i) lim [ F}?(m)dPBy, (m)= j Fz(m)dP (m)

k—>w M
(iv) lim { F}(m)dP,(m)= f F*(m)dP,_(m).
a0 M
We already proved (i). (iii) follows from the definition of weak convergence.
Note that for me M,

F,m)=F(m)+ < H L (e v, )
- D, ({0, )~y Gxle, W) + 6’; (<, ), y(-, 1)
(4@ 1)~y (yto, w) dmi)du T] Ex(-,5), (- s,-))>

which implies (iv) due to Fatou’s lemma.
A calculation similar to the one before shows (ii) provided one is able to

prove that

lim sup sup Ey, (X, (u (u) = ho (X, W)* =

a~rw OSust
and the corresponding result for Y, (all other required estimates reduce to
these if one exploits the symmetry of the law and Hélder’s inequality). To show
this, note that sup sup EZ% n(u)<oco which we did not prove, but which

Nz2 0sust
follows in the same way as the corresponding result for the second moment in
the proof of part a) of the theorem if, in addition, one employs a stopping

argument like in Step 2 of the proof of part b). Then
X3 (u)
0(2

1
o2

E(X,)—h,(X )’ <E

1) = h, (X, W)* =5 EXT(u)
which proves (ii).
()—1ii) imply
lim | F}?(m)dP,(m)=0.

as o M
So (iv) gives [ F?(m)dP,(m)=0 and hence F(m)=0 P -as.
M

Note that P -a.s. the projection of m at t=0 is equal to u by the law of
large numbers. Therefore P -a.a. m solve the nonlinear martingale problem
associated with (4). By Lemma 3.1 in [19] this implies propagation of chaos
and so part ¢) is proved. [
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Remark. The theorem remains true if the initial laws u, of (3) are not nec-
essarily u®", but only assumed to be symmetric and “gu-chaotic” ie.

k
<NN:¢1®-~-®¢1¢®1~-®1>W I:[l s D

for all ¢, ..., ¢, C,([0, 00} x [0, 00)) and if the marginals u™ satisfy the mo-
ment conditions of Theorem 2.1 uniformly in N. Note that the only place we
made use of the independence was the very last part of the proof, which is
obviously true for symmetric and p-chaotic initial conditions uy.

3. Periodic Behavior of the Brusselator

Our next aim is to show that (4) has a strictly periodic law in ¢ if a*><b—1 (in
this case Eq. (1) has a stable limit cycle) for a suitable initial law pg*. The main
idea of the proof will be an application of Tihonov’s fixed point theorem. For
this we have to find a suitable weakly compact subset .# of the probability
measures on [0, cc)? such that for any solution (X(z), Y(t) of (4), £(X(0),
Y(0)e# implies L(X(t), Y(t)e# for certain t>0 to be defined later. This
requires uniform estimates of the moments of the solution of (4) which will be
established in the following lemmas. We will always assume that initial laws u
satisfy the moment conditions stated in Theorem 2.1.

Lemma 3.1. Fix T>0, ¢>0, >0, w,; 20, w, 20 and define

Z(ty:=g(X )+ Y
where
M:=¢+aT+1
and
M 0Zx£M-1

g(x):={x x=2M+1 J
arbitrary otherwise, but such that ge C*[0, o) and 0§d~g§1.
x

Then for all neN

M= sup sup sup sup sup EZ™(t)< .

n o
EZ(0)=¢ EZ"(0)<c D120 wiD(+w22D220 0Zt=sT

Proof. By 1t&’s lemma, for 0<t<T
dZ"(O)=nZ""*()dY (1) + g (X (1) dX (1) +38" (X (1) g3 (X (1)) d1)
+3n(n—1) Z" (1)@ (Y (1) + ¢ (X (1))* g1 (X (1)) dt.
Assume EZ"(0)<c and EZ(0)<¢C.
Let t®:=inf{t>0: Z(t)=«} and let

0 if sup Z(s)=«a
1a(t)=={

0=s=t

1 otherwise
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and
Z(a)(t): = Z(t A Tcz)'
Then
EL1,() Z"(2) éEZNZ'“)(t) =EZ"(0)+n ;" ELl(s) 2"~ (s)
0

[bX(5)—X?(5) Y(5)+ D, (EY(5) = Y(s) + &' (X ()@ — (b +1) X (s)
+X%(s) Y(s)+ Dy (EX (s) — X (s)) + 38" (X (5) g1 (X (s)] ds

+3n(n—1) [ E1,() 2"~ *(5)(g3(Y () +¢' (X (9)* g1 (X (5)) ds. (11)

Case I. D, 2D,. B
Substituting D,(EY(s)—Y(s)) by —D, Z(s)+ D, g(X(s))+ D, EY(s) we get

El(t) Z"(t)=EZ"(0)—nD, j" El,(s)Z"(s)ds+ f R(s)ds+R,(f) (12)
0 0

where all remaining terms and the (negative) difference of the right and the left
hand side of (11) are collected in the functions R and R, respectively. Solving
this integral equation and assuming M,_, <o by induction (note that M, <M
+c+aT) we get

t
Ela(t) Z”(Z)§Q—D2m (EZ"(O)+5R(S) eDzns dS)
0
t
_S_EZ"(O)—F_[(C1 D,+c,)e P29 dg
0
t
+n(n—1) K? [ E1,(5) Z°(s) e~ """ ds
0
Cy ) t S
§c+7+cZT+n(n——1)K [ E1,(s) Z"(s) ds
0

where ¢, and ¢, are constants not depending on D, D, and N but possibly
depending on ¢, ¢, n and T and where we used the fact that

02D, g (X(SEX(s)—X(s)=D; g (X(sHEX (s) — X(s),
since g'(x)+0 implies
EX(s)—x=c+aT—(M-1)=0 for 0=s=T

Applying Gronwall’s lemma and then Fatou’s lemma for «a— oo we get the
result under the additional restriction D, = D,.

Case 2. D,=zD,=0and D,sw, D, +w,.
In (11) add the term

O0=—nD, jEla(s) Z"(s)ds+nD, jl"Elm(s) Z' Y sHY (s) + g(X (s)) ds.
0 0
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Then we have

t t
E1,(t) Z"t)=EZ"0)—nD, [ E1,(s) Z"(s) ds + | R(s) ds+ R,(1). (13)
0 0
Similarly as before it follows that

E1 ([)Z"(t)§ )+.§.(El D1+EZ)€_D1n(t_s)dS
0
—l—n(n—l)szEla(s)Z"(s) ds

0

where ¢, and ¢, are constants independent of D,, D, and N but possibly
depending on ¢, ¢, n, T, w, and w, and where we used

D,(EY(s)=Y(s)S(w, D, +w,)EY(s)—D, Y(s).
The rest of the proof follows as in Case 1. [

Remark. The lemma is also true if Z is replaced by Z because Z—M<Z<Z.
The reason for introducing Z will become apparent in the proof of the next
lemma which is not true if Z is replaced by Z.

Lemma 3.2. Let the assumptions of Lemma 3.1 be satisfied. Fix neIN\{l},
%,_1>0 and N>K2(n 1). There exists a number M, such that if

o >EZ"0)=M,, EZ"" Ho)<a, _; and EZ(0)<c, then EZ"(t)g_EZ”(O) for all
tel[0, T] and all D}, D, satisfying NSD,<w,D +w, and D, ZN.

Proof. Assume EZ"(0)< oo and EZ"*(0)<w,_,. Using (12) and (13) and noting
that the remainder terms R(s) and R(s) can be estimated by

IR(s)| En(n—1) K2 E1,(s) Z"(s)+¢, D, +¢,
and ~ ;
|R(s)|=n(n—1) K> E1,(s) Z"(s)+¢, D, +¢,

where ¢,, ¢,, ¢, and ¢, are chosen as in the proof of Lemma 3.1 and
independently of EZ"(0), we get for any o> 0:

E1,() Z"1) < EZ"(0)+ f BD+y—n(D—K*(n—1) E1,(s) Z"(s) ds

where D=min {D, D,} >N and >0 and y>0 are constants not depending on
D,, D, and EZ"(0) but possibly depending on w,, w,, T, n and «,_,. For T

EZ"t)<EZ"(0)+ } BD+y—n(D—K*(n—1)) EZ"(s)ds.
More generally:
EZ"t)SEZ™u)+ jt~ BD+y—n(D—K?*(n—1) EZ"(s)ds (14)

whenever 0Su<t<T
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Define
o BNty i Kn—D\\
".—n(]\_]—Kz(n——l))_(ﬁ (1 N >)
Y ~__ BD+y
n(l\_f—Kz(n—l)):n(D—KZ(n——l))'

+

Let EZ"(O);]VI,, ~and assume there exists some =T with {EZ"(t)>EZ~"(O). Let
u:=sup {1=t: EZ"(t)S EZ"(0)}. Because of EZ"(s+h)—EZ"(s)<(fD+y)h for
all 0<s<s+h=T it follows that u<t and EZ"(u)< EZ"(0) which contradicts

(14). 0O

The following lemma states, that the function (EX(¢), EY(z)) stays close to
the solution of Eq. (1) with the same initial condition provided D, is large.

Lemma 3.3. Fix w,; 20, w,20, T>0 and c¢>0. Then there exist constants Cz0
and 0= 0 such that for any 6>0

(EX(6)=f10)* +(EY(O) —-f,()*<Cd
for all 0<t<T and all initial conditions satisfying EZ*(0)<c and E(X(0)
—EX(0))*<£9d, provided 0<D,<w,D;,+w, and D, =max {0, %—(b + 1)},
where (fy, f,) is the solution of (1) with f,(0)=EX(0), f,(0)=EY(0).

Proof. Define
A@):=X()—EX(t), B@):=Y()—-EY(®)

By Itd’s lemma,
dA*(t)=(—2(D;+b+ 1) A2() + 2A()(X2(t) Y(1) —EX*(t) Y (1))
+g1(X (@) dt+2A(t) g, (X (1)) AW, (2).

Assuming EZ*(0)<c¢ we know from Lemma 3.1 and the remark following it,
that all of the following expected values, as well as EA%(t) g2(X (¢)) are bounded
on [0, T]. Hence, taking expectations and solving the integral equation for
EA*(1),

EAz(t):EAZ(O) e~2(D1 +b+ 1)t
t
+ [ em 2Pt D= A(s) X *(5) Y(s)+ Eg}(X (5))) ds.
0

According to Lemma 3.1 (and the remark following it)

a:= sup  Sup sup sup 2E|A(s) X*(s) Y(s)+ g7 (X (s))| < 0.
EZA(0)<c D120 O0=D2=wiDi+wz2 OSssT
Therefore
o
EA2()<EA2(Q)e~2@i+b+Diy " (] p=2Di+b+ D1
()=EA°(Q)e +_2(D1+b+1)( e )

< max {EAZ 0), ZD—L;LT)} (15)
1
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Assuming EA%(0)< 6, we get EA?(t)<6. Now

(EX(t)—fl(t))2=£2(EX(S —f1 (= b+ DEX(s)—f;(s))
+EX*(5) Y()—f7(5) f2(s) ds
(EY(1) —f(0)*= f 2(EY (s) =/ (sN(B(EX(s) =11 (5))

—(EXZ(S) Y(s)=f(s) f(s)) ds.
Defining D(¢): =(EX (t) —f, (t)* +(EY (t) — f,(t))* we have

D(t) g} 20+ IEX(s)—f,(s))* +bD(s)
0

+2(IEX () =1 ()| +|EY (s) —f5(5)) [EX?(5) Y (5) —f1(5) £>(5)| ds.
Now
EX*(t) Y(t)=E(A(t)+ EX (0))>(B(t) + EY (1) = EA(t) B(t) + EA>(1) EY (1)
Y 2EA() B(H) EX (1) +(EX (1)) EY ()
and
(EX () EY(®)—f1(0) 20|

=[EXOP(EY(0) —f,0)+O(EX (©)> =/ @)

S(EX(@0) IEY®) —£,(01+ @) (EX (0)+£, () |EX (£) £, ()]
Writing h(t): = EA*(f) B(t)+ EA*(t) EY(t)+ 2EA(t) B(t) EX(t), and noting that

f1,/2, EX and EY are uniformly bounded on [0, T] for all initial conditions
satisfying EZ*(0) <c, there exists some C, =0 such that for 0<t<T

b =C, f D(s)ds +2£ (EX(S) =f1()+EY(s)=f2(s)) [R(s)| ds

T T
<C,[D( ds+2jD )ds+ [ h*(s)ds
0

¢

By Gronwall’s lemma

b=

O ey =

h2(s)ds +(C +2)fe(c‘+2)(t 9 (W(u)du) (16)
Using
|h(u)| =|EA(u)(Aw) B(u)+ A(u) EY(u)+ 2B(u) EX (1))
<(EA*(u))'"*(E(A(u) B(u)+ A(w) EY () +2B(u) EX (u))*)'* < C, 617
for some constant Cj;, the assertion follows. []

Remark. Note that only the variance of X (0} is required to be small, not the
variance of Y(0)!
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We are now in a position to formulate a theorem on the periodic behavior
of the solution of (4). Recall that (as mentioned in the introduction) (1) has a
unique stable limit cycle whenever a®><b —1.

Theorem 3.4. Assume a*<b—1. For fixed w, >0, and w,=0 there exists a
number N* such that for all D, 2 N* and 3K*+1<D,<w,; D, +w, there exists
a probability measure p* on [0, co) x [0, co0) and some t* >0 such that if £(X(0),
Y(0)=p*, then L (X (%), Y(t*)=u* but L (X(s), Y(s)=*u* for 0<s<t* ie. (4)
has a periodic distribution.

Proof. The main idea of the proof is an application of Tihonov’s fixed point
theorem [8] on a certain weakly compact and convex subset of the probability
measures on [0, co) x [0, o0).

Let (f%f;¥) be the unique periodic solution of (1) with initial condition

fif(0)=a, fz*(0)>§ (see [15]). Fix
c2>f2*(0)>cl>g
and define
T:=2 max min {u>0:f1(u)=a,f2(u)>g,
f1(0)=a, f,(0)=c and (f}, f,) solve (1)}

ie. T is twice the maximal time a solution of (1) starting on the line segment
f10)=a, f,(0)e[cy, ¢,] needs to return to that segment (because the limit cycle
is stable). Let (f{, /i) be the solution of (1) starting at f(0)=a, f(0)=c,, i
=1, 2 and define

t:= min min{ugO:fl(u)=a,f2(u)<§,

f10)=a, f,(0)=c, (f;, f>) solve (1)}

ww= min { (00 -0+ (102 )

2= dist ({(a, o) Sgcgcl}, (0. 10 0): 75 TY)
ey:=dist({(a, ¢); cze,}, {(fIP (), 7 (0); tSe=STH).
¢, >0 because {(f{V(), fiV(1)), 0<t<T} is a compact set which does not
contain (a, Z) due to the uniqueness of the solutions of (1). ¢, is the distance

between two compact sets. We show that ¢,>0 ie. the two sets are disjoint.

X
Note that for the solution (X, Y) of (1) %{—>0 if X=a and Y>é. Assume for
a
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_ b
some t<t<T f{M(t)=a and ngz(”(t)gcl. Take the smallest such ¢. Then the

(closed) set enclosed by the curve {(f{*)(s), f3V), 0<s<t} and the line segment

a
does not contain the limit cycle (/7 f5¥) which is impossible, since the limit
cycle is globally stable (except for the steady state) (see [15]), so &,>0. An
analogous reasoning shows that ¢;>0.

For n=2,3,4 successively choose values M, satisfying the conclusion of
Lemma 32 with o, ,=M,_,, n=3,4 and a,=¢+aT Define c:=M,, let C
and C, be the constants in Lemma 33 and fix 6>0 satisfying
(CH)'V? <min {e,, 6,,¢5} and 5% C,<a’c,—ab. Now let N*Z N be so large
that

. . . . . b
{(@,u), c,zu=fV(#)} is invariant under (1), not identical with {(a, —)} and

@:= Sup sup sup sup 2E(A(s) X*(s) Y(s) +g2(X (s)))
EZ4(0)Sc D120 0SDyZwiDy+w; 0Ss<T
<2(b+14N¥)6,

From (15) it follows that sup EA%(t)<EA%(0) if EA*(0)=d, EZ*(0)<c and
0StET ) _ _
D,=N* Lemma 3.2 implies that sup EZ*()<c if EZY(0)<M,, i=2,3,4 and
O=t=T

EZ(0)<é+aT We will show that there exist constants y>0 and 7> 1 such that
sup Eexp(yY?(t))<n whenever Eexp(y Y2(0))<#. Let .#,([0, ©0)?) be the set

0<t<T
of probability measures on [0, o0)* and define

M= {pedt ([0, 0)): E, X(O)=a, ¢, SE, Y(0)Sc,, E, A*0) <0,
E,Z"(0)£M, for n=2,3,4 and E, exp(yY*(0) <}

and for ue #

r(,u):——-inf{t>0: E,X()=a,E, Y(t)>é, 1t2s20: E, Y(s)<é}
a a
and
S: M — A ([0, 0)?)

S(=ZL(X(x(w), Y(x()-

Since every uc.# satisfies the assumptions of Theorem 2.1, there exists a
unique solution with initial condition u. Obviously .# is convex and weakly
compact. Furthermore it follows from the first condition on é and Lemma 3.3
that 0<t(u)<T and that ¢, E, Y(t(u))<c,. We want to show that S: .4 — .4
and that S is weakly continuous. Once we have established these facts it
follows from Tihonov’s fixed point theorem [8] that S has a fixed point u*e.#
which is the initial law of a solution of (4) such that £ (X (1), Y(?)) is periodic
with period (u*).

To prove that § maps .# into .# all that remains to show is that there
exist constants y>0 and n>1 such that sup Eexp(yY?(t))<n whenever
Eexp(yY*(0) =7 o=t
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N -
Define  B:=supgi(y), 7: =15 and assume EZ*(0)<c¢ and
yz0
Eexp(yY2(0))<co. As in Step 1 of the proof of Theorem 2.1.b it follows that

sup EY?"(t)< oo for all n=1 and for M:=c*
0=t<T

EY?*"(t)<EY*"(0) +n§EY2" 2(3)( +@n—1)B )

+ 2D2(MEY2" s)—EY?"(s)) ds.
Therefore

EY y—#@exp(ﬂl(@))

2

+ Z jEan(S) ((b (2n+1)B) y—nDz) ds

N ')) t _
+ ¥ 5 IDynEY*H(s)2M ~Y(s)) ds
n=1 0
bz ,})N+1 b2
+y 7+B)t ¥ ( +(2N+1)B)jEY2N(s)ds

N D
Because of y=—-< the first integrand is negative for sufficiently large .
4B=4B g

The second integrand is at most D, n(2M)*" and
N
) V—‘ D,n(2M)*"t<yD,(2M)*t exp (y(2M)>?).

Therefore the right hand side of (17) is bounded as N — oo (uniformly for all
0=t<T) and, writing the sum of the second and forth term on the right hand
side of (17) as

b2 N ,ynt yn—l B
(7+B) v ZO n—!iEYZ"(s)dsw(sz—Dz) ; E— EY?"2(s)- Y%(s)ds

and using 2By —D, < —3D,, we get
bz t
Eexp(rY2()SE exp (Y2 O0)+ (5+B) 7 [ EexprY2(5) ds
0
t
—3vD, [EY*(s)exp(yY2(s)) ds+4yD, Mt exp (y(2M)?).
0

Obviously EY? exp(yY?) —aE exp(yY?)—» o0 as Eexp(yY?)— oo for any a>0
and uniformly for all distributions of Y2 Hence it is possible to choose #>1
such that

b? - -
ID,EY?exp(yY?) — (7+B> Eexp(yY*)>4D, M? exp(y(2M)?)
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whenever E exp(yY?)=# uniformly for all D,>N. The same argument as used
at the end of Lemma 32 for Z"(s) instead of exp(yY?(s)) shows that
sup E exp(yY?(1))<n whenever Eexp(y Y?(0)<n.

T

a=t=

It remains to show that § is weakly continuous. Pick a sequence p,e.#
converging to ue.# and let v, and v be the laws of the solutions of (4) on
C([0, T], R?%) with initial conditions u, and p respectively. Since the forth
moments are uniformly bounded, the functions E, X(1) and E, Y(t) are con-
tinuously differentiable and equicontinuous on [0, T

So there exists a subsequence (u, ),_, , . and continuous functions a(t),

b(t) such that
(E,, X, E, Y(©)-a@),db)

uniformly on [0, T]. According to Theorem 11.1.4 in [18] v, converge weakly
to the solution ¥ of the martingale problem associated with Eq. (4} with (EX (1),
EY(t)) replaced by (a(t), b(1)). Obviously a(t)=E, X (1) and b(t)=E, Y(t) which
implies V=v and v,——— v weakly.

Moreover, Theorem 11.1.4 in [18] shows that the mapping (u, )— .2, (X (t),
Y(r)) is (jointly) continuous on .# x [0, T, where £, (X (t), Y(¢)) denotes the
law of the solution of (4) with initial condition £ (X (0), Y(0))=p.

So once we have established that v: .# — [0, T] is continuous, it will follow
that S is weakly continuous on . We show that 7: .# — [0, T] is continuous:
For ye

d
7 EXCw)=a—(b+1) EX (v(u) + EX?*(x(w)) Y(z(w)
= —ab+E(A(r(u) +a)* Y(z ()
= —ab+a® EY(c(p)+ EA(1())(A(x () B(x(w)

+ At (W) EY (z()) +2B(z(p) a)
> —ab+a’c,—6Y2 Cy=: 0.

Fix pe.# and choose t,>0 such that ;—IE”X(t)>§ for all te[t(u)—t4, t(u)

+1,). Fix 0<8§§ to, let p,——u (w,€4) and choose n, such that
2

sup |E, (X(t)) —E (X))l <e for all n=n,(e). Then IT(#)—f(#,.)I_ﬁ_E e(=t,) for

0=5tsT

n=ny(e) which shows that ¢ is continuous on .4 and hence the theorem is
proved. [0

Corollary. Assume a><b—1, w, 20, w, >0, and let (D, ,, D, ,),n be a sequence
such that D, , and D, , satisfy the assumptions of Theorem 3.4 for every neN
and D ,——— co. Then there exists a sequence u; of probability measures on
[0, o0) x [0, c0) such that (4) with D,:=Dy ,, Dy;=D, , and Z(X(0), Y(0)=u}
has a periodic distribution and

a) (E. X(1), E. Y(1))——— (f*(1), £ (1)) uniformly on compact intervals

n—aos

b) yu:(X('))mﬁfT()
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Proof. In the proof of Theorem 3.4 let ¢, =c,(n) and ¢, =c,(n) converge to
f7*(0) in such a way that D, ,=2N*=N*(n). Then 6=4(n) converges to zero
and part a) follows. Furthermore,

dA@)=(—(D1 ,+b+1) A+ X>(8) Y1) —EX>(1) Y1) dt + g, (X (1)) d W, (¢)

and hence, solving for A(f) (see [1], p. 142, the proof given there also works for
nondeterministic coefficients),
t

A)=e % A(0)+ [ e %=X 2(x) Y(s) ~EX? Y(5)) ds

0
i

+[ eI (X () AW, ()

0

with the abbreviation K, =D, ,+b+1, and so using Chebychev’s inequality

P{OSS?ET|A(I)]§3R}éP{|A(0)|ZR}
—I—P{f e Knl=9 X2 (5) Y(s) —EX2(s) Y(5)| dng}
0

+P{ sup Ijt" e_K"“‘S)gl(X(S))dWl(S)IéR}

0st=T o

1 1
< Ol %*P{OZ‘SET‘H"“)‘ >R}
where
H,(t):= g e K= g (X (5) AW, (5)

and

B= sup E|X2(t) Y(t)—EX?%(t) Y(1).

0<t=T

Since o

E|A(0)| S(EA*(0)"2 £5"2(n)~—>0
all we have to show to prove part b) is
P{ sup |H,®)]ZR}——0 for every R>0.
0<t=T n= o

Again by [1], p. 142 it follows that
dH,()= —K,H, () dt+g,(X(0)dW, (), H,(0)=0.

_fx* |x|sR*
J)= {bounded, C*(R)

Hence, for

f(Hn(l))JrKngf'(Hn(S)) H,(s)ds —% gf”(H,,(S)) g1(X(s) ds

is a martingale w.r.t. the filtration induced by (W,, W,). Defining the stopping
time
:=mnf{r=0: |H,t)|=R} AT,
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we have, by Chebychev’s inequality
1
P{OSUPTIHn(t)@R} =P{f(H,(1))=R"} Sgr EfH L)
st<

=% E [}) 6HZ2(s) g2(X (s)) —4K, H2(s) ds.

For —R*<x<R*,

6x2 g%(X(S))—4KnX4= __4Kn (X2 _3g%(X(S)))2 9g1(X(S))

4K, 4K,

and therefore

9g1(X(5))
4K,

6R® g3 (X(s))—4K,R'® if g3(X(s))>REK,

it Q2(X()SRPK,
6x2 g%(X(s)) —4K, x*<

which implies

R 9g1(X(s)
P{ SUPTlHn(t)|§R}§§z E(j) Lgaensroxy” 4K,

0tz
6 4
+ l{gg(X(s>>>R8Kn} K g1(X(s) dST_',;j) 0
T n
since sup E | g1(X(s)) ds<oo. [J
o0

Remarks. In the Corollary we do not require that D, , converges as n— co, so
the corresponding processes Y,(+) need not converge. If however lim D, ,=D,

and g,(x)>0 for all x>0, then it is easy to see that (Y (+)) converges in law to
the unique solution of

dY (O)=bf*O)— (fF ) YO+ Do () — Y1) +8,(Y (1) dW, (1)

having a periodic law. The uniqueness can be established by considering the
irreducible and ergodic Markov chain Y,:=Y(kt), where 7 is the period of
(F¥, 1)

A heuristic explanation of the corollary is the following: If D, is very large,
then, because of the term D, (EX (1) —X(t)), there is a strong force driving the
solution X of Eq. (4) towards its expectation, so in the limit D; — o0 X becomes
deterministic.

4. Small Noise Limit and Fluctuations

We will now study the behavior of the Brusselator for fixed D, and D, as the
noise converges to zero. First {Theorem 4.1) we identify the periodic solution of
(1) as the limit of the periodic solution of the stochastic Brusselator as the
noise converges to zero, then (Theorem 4.3) we study the fluctuations. Finally
(Lemma 4.5) we derive the asymptotic difference of the expected value func-
tions of the periodic solutions and the deterministic periodic solution.
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Theorem 4.1, Let the assumptions of Theorem 3.4 be satisfied. There exist
numbers N, and N, such that, if in addition D, ZN, and D,=N,, then for all
1=¢&20, there exists a probability measure p, on [0, 00)? such that

dX(O)=(@a—b+1)XO+X*O) YO +D(EX (1) —X (1) dt +eg, (X (2) dW, (1)
dY()=(bX (1)~ X*(1) Y())+ D, (EY () — Y (1)) dt +e2,(Y () AW, (0),

L(X(0), Y(0)=u, has a periodic distribution with sup supEuSZS(t)< 0,
12620 t20
c;2E, Y(0)2¢,, E, X(0)=a and period at most T, where c;,c, and T are
defined as in the proof of Theorem 3.4.
Furthermore, denoting a periodic solution of (18) with these properties by
(X, Y), (X,, Y)—— (f15 f5) weakly on C([0, c0), R?).

Proof. The first part of the theorem is obvious, since all estimates in the proof
of Theorem 3.4 depend on g, and g, only through an upper bound K of their
Lipschitz constant and an upper bound B of g3. The proof of Theorem 3.4

shows only sup EZ*(t)< oo but, using Lemma 3.2, one can easily see that there
tz0
exists a periodic solution satisfying sup EZ8(t) < co.
120

Now let ¢,]0. Since EX, (0)=a and EY, (0)<c,, the family {g, },. is tight.
The same proof showing that S is weakly continuous in the proof of Theorem

34 can be employed to show that there exists a weakly comvergent sub-
sequence of (X, , Y, ) converging to a solution (X, Y) of

XO=a-b+DXO+X*O)YO+D,(EX(H)—X(t), EX(©0)=

Y(©)=bX(1)—X2() YO)+D,(EY(®)— Y (1), c,ZEY(0)=c,. (1)

Let 7, be the period of (X, Y,) and, for a given sequence g,l0 (0<e,<1), take a
subsequence &y k=1,2,3, ... such that Z (X, > Y, ) converges to a solution of
(19) such that = limr ex1sts Theorem 11. 14 in [18] implies that the map-
ping (u, &, )=, (X(t) Y(t)) from .# x [0,1]x {0, T] to 4 (C([0, T],R2)) 1s
(jointly) continuous where Z, (X (t), Y(t)) denotes the law of the solutlon of
(18) with Z(X(0), Y(0))=p at t.

Hence, denoting u:=klim He, > it follows that &, ,(X(7), Y(r))=p ie. the
limit (X, Y) of the periodic processes (X, g Y, ) has a periodic law. Note that
it cannot be constant since its expectatlon “is nonconstant. To prove the
theorem, it is enough to show that the only solution of (19) with a periodic
distribution is (f}% f,F). Note that the randomness enters the dynamics of (19)
only via the initial condition. Defining Z(t):=g(X (1)) + Y(t), 0<t<T with g
defined as in Lemma 3.1 with ¢:=a+c,, it follows that

dZ
0= —X*(O) Y1 —g' (X (@) +D(EX (1) - X (1) g'(X (1))
+hX (@)1 =g (X (1) —g (XWX (1) —a)+ D, (EY (1) — Y (1))
ShX (00 —g' (X (0) —g (XX D) —a)+ DEY () — Y (1)) (29)
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since g'(x)=0 for all x< sup EX(t)<c+aT The right hand side of (20) is
Q=t=T
negative provided ecither X or Y is sufficiently large ie. there exists some y>0

dz .
such that I (t)<0 whenever Z(t)>=7, showing that the support of £ (X (1),
Y (1)), being periodic, is contained in

{6 ) x20,y20,x+y=7v}
for every t=0.
Writing 4:=X —EX and B:=Y—EY we have (dropping t)

X2Y=(A+EX)*Y=A(AY+2YEX)+ Y(EX)

Therefore, since (w.p.1) 0=X+Y<y and hence 0SEX, EYZy and —y<ZA,
B<y,
- EAX?Y<3y*EA’+y? E|AB| <3y EA>+1y" EB’

EBX?Y > —372E|AB|2 —3y*EA*—3y* EB?
and hence
%EAzz —2(b+1+D,)EA®>+2EAX*Y
<(-2(b+1+D,)+7y*)EA*+y*EB?
% EB*= -2D,EB*+2bEAB—2EBX*Y
S(h+3y)EA?+(-2D,+b+3y) ER?

d
which implies o E(A%(t)+ B*(t)) <0 whenever E(A%(t)+B*(t))>0 provided D,

and D, are large enough (note that y may depend on w; and w,, but not on
D, and D,). Since EA*(f) and EB?(t) are periodic, it follows that
EA?(t)=EB*()=0 ie. (X(t), Y(t)) is deterministic. The assertion follows since
(1) has only one periodic solution with X(0)=a and Y(0)=c,. [J

Our next aim is to study the fluctuations of the periodic solutions as ¢|0.
To prove the main result, we need the following lemma.

Lemma 4.2. Assume a><b—1 and fix nonnegative numbers w,, w,, ws, wy =0.
Then for D,<w, D +w, and D, SwyD,+w, and D, and D, sufficiently large
sup Ve o 00, where
0<g=1 €

Ve =¢€sup {(EA:(I))lma (EB;L(t))lM}’
t=0

A0 =e" (X, ()—EX, (1), B,(0):=¢""(Y,() —EY.(t))
and (X,, Y,) is a periodic solution of (4) with the properties stated in Theorem 4.1.

Proof. Note that sup 7,<co and 11m y,=0 according to Theorem 4.1. It

O<e=1
remains to prove y,=O0{g) for ¢]0. Let us define a family of Lyapunov-type
functions

Vi, 9) = 2(x +9) b6 ) (LA 4 )W 3), %, 92 —-tf
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where M:= sup (EX () + EY,(2),
12e>0,120, D, D;y
o0 y)=x*+y%  Y(x)=17(x+y)%
dA 1 v=l
2 isfies ~— < = =
Ae C*([0, o0), R) satisfies dv:O and A(v) {0 22
and

A W)= tev), where a=M  max{w,,w,,1}.
Our aim is to prove that

sup sup EV,(4,(t), B,(1)}< o0

t20 12e>0
from which the assertion follows easily. Let L, be the generator of the
diffusion (4,, B,). Then
L, V(6 V) =2 Ly, +(1 =)L, p+0" edi(p—Y)(—~(D; +1)x =D, )
+3a 28t A (¢ Pl FE) T e (D V) 8T (D, V) 83):
where we have dropped the arguments x+y of A, (x, y} of ¢ and ¢, ex+ EX (7)
of g2 and ey+EY,(¢) of g3 for notational simplicity.
2 N
Let us first consider the case x+ y§~£E which implies 4,=0 and hence

L, V(e =L, Y(x )

o
In case x+y=—
g

L, W »)=4(x+p)>* (=D, +1)x—D, )
+6(x+y)(gilex+EX (1) +g5(ey + EY, (1))
S4x+ 9 (=D, +1)x =D, y)
+6(x+y)* K2((ex+ M)? +(ey + M)?).

M o
Now, for x, y= ——, x+ygg and D,>1
&

: M M
D1x+(D2—1)ygmm{D1 <~—£-)+(D2~1) (x+y+?),

D, (x+y+%)+(Dz —1)(~%{)}

2¢e” "min { ~ (w3 D, +w,) M4 (D, ~1)(a+ M),
D(a+M)—{(w, D, +w,—-1)M}
=¢ 'min {(D, - o+ M —w, M) ~M(w;+w,),
D(a+M—-w M)—Mw,—1)}
0

v
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if D, and D, are sufficiently large. Hence
—D+1)x—D,y< —~(x+).
Furthermore, since ex+ M >0 and ey+ M =0,
6(x+ )2 K*((ex+ M) +(ey+M)*)<6(x+y)* K2 (ex+M+ey+ M)?

<6(x+y)> K*(e(x+y)+2a)?
<6(x+y)* K> 96> <(x+y)*

for all x+ygz and ¢ <(54K?%)~ Y2, Therefore
€
—117Lt, A lp(xa Y) é - 3(x + y)4: —%lﬁ(x’ y)
if ¢ 1s sufficiently small.

2a
Let us now assume x+y<—. Then
g

Lt,a¢(x7 y):4x3(_(D1 +b+1)x+h(8: X, ¥, t))+4y3(bx—D2y—h(s, X, Y, t))
+6x?gl(ex+EX, (1) +6y? g5(ey+EY, (1)
S —4(D,+b+ 1) x*+4bxy® —4D, y* +4(xI +1yP°) h(e, x, y, ¢)

+6(x2+y*) K?*Qa+2M)?, (21)
where

hie, x, y, ):=e""((ex+ EX (1)’ (ey + EY,()) — EX] Y,(1))
=87(x?y —EA}(t) B,(t) +eEY,(t)(x* — EAZ(t)
+2¢EX () (xy —EA.(t) B,(1))
+2xEX (1) EY,(6) + y(EX (1) (22)

There exists a constant ¢, such that
(xI® +1yP)(e? x? [yl +eM x> +2e M |x y| 4+ 21x| M? +[y| M?) S5 (x* + y*).
Furthermore, defining y,(t): =& max {(EA%(t))*/*, (EB(t))*'*},
2 E|A2(2) B, (D=2~ E(e4,()*(¢|B, (1))
<! (e 02 (E B 02 <70 23)

In the same way it follows that

5O g 26E140 B0 <2 e

eEAZ (1)<
£ e

(24)

which implies

(x1* +1y1°)(e? E|42(t) B,(0)| + e EA? (1) + 26 E| 4,(t) B,(2)])

<4 =0 gty 12 (4 L@)4
¢ 3

if £ i3 so small that y,<1.
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Furthermore,
—4(D; +b+1)x*+4bxy® —D, y* + 6(x*+ y*) K* Qo+ 2M)*
< —(des+4+2)(x* +yH +ey

for D, and D, sufficiently large and c, a suitable constant.
Together we have shown that there exist constants ¢, and c5 such that

L, S —2(x*+yH+es75 (e ey

provided D, and D, are sufficiently large and ¢ is sufficiently small.

We still have to consider the three remaining terms in L, , V,(x, y) which
contain derivatives of 4.

Since 1'<0, —(D, +1)x—D, y <0 whenever A,+0 (as shown before) and

M* M
Bl =335 [~ )+ (v ya ] S e
Sty for zxtyz”

(note that for fixed z,x*+(z—x)* attains its maximum on an interval at the
boundary) we have a= e (¢ —¥)(—(D, +1)x—D, y) 0.
Furthermore, since gZ(ex+EX,(¢)) and gi(ey+EY,(t)) are bounded on x

200, .
+y <— uniformly for all ¢>0, there exists a constant ¢4 such that the last two
€

terms of L, , can be estimated by min(x*+)*, 17(x+y)*)+cs provided ¢ is
small enough. So we have shown that for ¢,:=c, +¢,
L, V%, )£ =24, (x+y) ¢(x, ) =3(L = A, (x + ) ¥ (x, y)
+min (¢(x, ), Y(x, y) +cy+eg+esyp () e
S =Vx,y)+cs+esy2(t)e?

4

M
for all x, y= ——. Hence
g

Ed; EV,(A4,(5), B,())=EL,,, V,(A4,(1), B,(t))
< —EV,(4,(t), B,(0) +c; +c5 7! max {EA(t), EB; (1)}
< —EV,(4,(8), B(t) + ¢, +c5 77 EV,(4,(0), B,(0).

Since EV,(A4,(1), B,(¢)) is periodic and lim y#=0 it follows that
el0

sup sup sup EV,(4,(0), B,(1) <o

12£20 t20 Dy,D>

provided D, and D, satisfy the assumptions above and are sufficiently large.
This implies the assertion of the lemma. [
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Theorem 4.3. Let the assumptions of Lemma 4.2 be satisfied. Then for D, and D,
sufficiently large, as |0, (4,, B,) converge weakly to a Gaussian process (4,, By)
which is the unique solution of

(40) (<D b A SATOR OR ) (0
dB,(1) b—=2f7* (1) f3*(0) —D,—(f*(®)*) \B,(1)

(81 (fiF@)aw, (t))

g2(f55 (1) AW, (1)

with a periodic or time-invariant distribution. (Note that (25) is equation (4)
linearized around the periodic solution of (1)).

(25)

Proof. Lemma 4.2 implies that for any sequence ¢,|0, the sequence £ (4, (0),
B, (0)) is tight. Furthermore

dA()=(—(D; +b+1) A, () +h(e, A, (1), B,(¢), 1)) dt +g(eA4,(t) + EX (1) dW, (1)
dB,(t)=(—D, B,(t)+bA,(t) —h(e, A, (1), B,(t), ) dt +g,(eB,(t) + EY, (1)) dW,(2)
where h is defined in (22). Now

sup 2 EA2(t)|B,(t)| +eEA2(t)+2¢ E|A,(t) B,(t)} =0(1) as &l0

(20

due to (23), (24) and Lemma 4.2. Using again Theorem 11.1.4 in [18], (4,, B,)
converge weakly to the solution of (25) provided we can show that (25) has at
most one solution satisfying £ (A4,(7), By(7)=L(4,(0), B,(0)) for some 7>0
{cf. the proof of Theorem 4.1).

Any solution (4,, B,) of (25) with these properties can be represented in the

form A, (1) 4,07 AW, (s)
[5eio) =20 [[320) #1207 20 (dwg))]

(see [1]), where
a(fFe) 0
0= (*V )
0 g, (/5(s)
and @(¢) is the fundamental matrix of the corresponding deterministic system,
which, according to Floquet’s theorem ([23], p. 194), can be represented in the
form ¢(r)=P(r) e, where P(t) is a matrix-valued function satisfying P(t+1)
=P(t) for all =0, 7 is the period of (f7 f,¥) and C is a constant 2 x 2-matrix.
We assume that D, and D, are so large that the ecigenvalues of C (the
characteristic exponents) have negative real parts. L
Define A (1):=A,(t+n7), BY(t):=B,(t+n7), 120, and let W=(W,, W,) be
a pair of independent Wiener processes on R with W, (0)=W,(0)=0. Then
(AP, BY) converge in law in the space .#,(C[0, o), R?) to the process
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G(t)= ¢>(t)‘f d(s)” 1 Q(s) AW (s)

=P(1) j et P=1(s) Q(s) dW(s)
=P(t+n7:)tifmec(‘+”‘_s) P~ 1(s)Q(s) dW(s —nt)

=®(+nt) | ¢ *s)Q(s)dW (s —n) (26)

which is a process having a periodic Gaussian law as can be seen from (26).
Since the law of (4,, B,) is (not necessarily strictly) periodic for all nelN, it
follows that Z(A,(t), By(1))=L(4,(0), B,(0)) and hence the laws of (4%, BY)
and (4,, B,) coincide which implies that also the laws of (4,,B;) and G
coincide proving uniquencss of a solution of (25) with a (not necessarily
strictly) periodic law. [

Remark. 1f g, and g, vanish on the range of f* and f;* respectively, then
Ay (t)=B,(t)=0.

Theorem 4.3 describes the fluctuations of the periodic processes (X,, Y,)
around (EX,,EY) as &l0. We know from Theorem 41 that
(EX,, EY)—(f¥, f5) as €]0. Hence one may pose the question whether in the
limit ¢|0 the fluctuations around (f7¥, f5*) are the same as around (EX,, EY)).
This question is closely related to the rate of convergence of (EX,, EY)
towards (f}¥, f5*) which will be established in Lemma 4.5. To do this however
we need to know that the solutions of the deterministic system (1) converge to
the periodic solution with exponential speed, which we will show in the
following Lemma.

b
Lemma 4.4. Let f© be the solution of (1) with f{?(0)=a, fz(c)(0)=c>5 and

7,:=min {t >0: f9(t)=a, fz(‘)(t)>g}.

Then there exists some 6>0 and 0<g<1 such that

1f39(c) £ ) = qle —f5F(0)|
whenever |¢ —f,5(0)| < (i.e. [* is “exponentially stable”).

a

Proof. Ponzo and Wax [15] used the transformation X =m, t

_1\1/2
:EL—*C which maps the solution (X, Y) of (1) to the solution of the

equation

X 1

1
¢ - ' =0 =(B—1%/4, i=—)
x+,u[2x 1+y2(x+l)2]x+x+/1 , p=(B-1) B_1
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which is equivalent to the “Lienard” system

; . (x
S T ——gu) @)
where F(x)=x%—x+ ! [l . ] and (x)——x Uniqueness and stabilit
B Wl x4+ ST d Y

of a limit cycle are established in the appendix of [14]. Denoting the unique
periodic solution by f with the initial condition f,(0)=0, f,(0)>0, choosing
A< B both sufficiently close to f,(0) and defining A:=f{?(z,) and B:=f" (1),
where f“ and f® are the solutions of (27) starting in (0, 4) and (0, B)
respectively and 7 :=min {t>0: f(?()=0} and ty:=min {>0:f{P()=0},
Ponzo and Wax show that

B*—A*<B?—A*>-2M ,(B— A+ A-B), (28)

where M >0 is the value of fi?(t) at the (unique) intersection of 4 with the
curve y=F(x) for 0<t<t,. Since B—A>0 and A —B>0 it follows that B2
—A?<B?—A? and, because the same arguments can be repeated for the next
“half-revolution™ they get stability of the limit cycle. We show that their proof
can be extended to prove even exponential stability: (28) implies

B?—A4? o 2My
B?— 4> B+A

Sq,<1

for all 4,B in a suitable neighborhood of f,(0). Defining A:=f{*(z),
B:=f®(1,) with T,=min {t>1,: f*)(t)=0} and T,=min {t>15: [P (£)=0} we
get, for a suitable constant g, <1

B -4 _(B-A)B+4)
L= 2T B A) B+ A)

and hence B—A<q;(B—A) for a constant ¢;<1 and 4, B close to f,(0), since
(B+A)(B+A)~! is close to one in small neighborhoods of £(0). Transforming
back to the original coordinates, the assertion follows. []

Lemma 4.5. Fix w,, w,, ws,w, =0 and a*<b—1. Let 0<e=<1, D,<w, D, +w,
and D, =w;D,+w, and D, and D, be sufficiently large and define
EX.(0)—f*(®) _EY.®)-f*®)

a0 G ()im

& &

¢1,g(t)’:

Then (¢, _,, ¢2~8)W (¢4, ¢,) uniformly on compact intervals, where (¢, ¢,) is
the unique periodic (or constant) function satisfying

do, (1)
dt ) _ (—b~1+2f1*(t)fz*(t) (fiF @) >(¢1(t))
do,(1) b=2fF0 0 — (1)) \,(0)

dt

( ko (6) 31 () + 2k, (1) £14(2) ) (29)

_k1(t)f2*(t) _2k2(t)f1*(f)
with ¢, (0)=0, where k, (t)=EA2(t) and k,(f)=EA(t) By ().
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Remarks. k,(t) and k,(¢) can be calculated by solving a linear system of three
ordinary differential equations with periodic coefficients provided (f7*, 1) is
known explicitely (see [1]).

Note that the homogeneous part of (29) (i.e. for k, =k, =0) is the same as
Eq. (1), linearized around the periodic solution (f*, f,*).

Proof. Since the homogeneous part of (29) is exponentially stable because of
the last remark and Lemma 4.4, uniqueness of a periodic or constant solution
follows as in the proof of Theorem 4.3. Obviously

Eid_z ¢1,.0)=—b+1)¢, (O)+e 2EXZ) V(0 (fF ) 1)

=—0b+1)¢, ()+e 2 E(eA4,(t)
+EX,(1))*(eB,(t) + EY,(t) — (f{* (1) f5*(1)

=—(b+1) ¢, () +eEAZ({) B,() +(EY, (1) EAZ(2)
+2EX,(t) EA,(t) B,(t)+¢ 2(EX (1) EY,(t) ~ (f*(0)* £ (1))-

Now
e 2(EX, (1) EX,(t) —(f*(6)* (1)

_x o TR0 L0 g EXOP 070

=(EX,(1)* 2, .(0) + [ (OEX (O +17(0) ¢,

Since (EX (1), EY,(t))— (f*(1), f5*(t)) uniformly on compact intervals, and be-
cause of Lemma 4.2 and Theorem 4.3, all we have to prove to apply Theorem
11.1.4 in [18] is lim sup|¢, ,(0)| < c0.

el0

From (16) and Lemma 4.2 it follows that there exists a constant ¢, such

that
SupT((EX ) =11, (O HEY, () =1, (1)) PS8’

ost=<

for all 0<e<1, where (f; ,,f, ) is the solution of (1) with f; (0)=a, f, ,(0)
b

=EY,/(0). Let 7:("‘)==inf{t>0: fi.0=a, f, E(t)>-} and let 7, be the period of
’ ’ a

EX.(t). According to Lemma 4.4 there exists some g<1 such that, for ¢
sufficiently small,

1
195, ,0)1=112,,(0) = (0)| = |2, &) =13, .(0)]

IIA

T (s 2= EXE) 41 2=, (5N

lIA

- (coe®+ciolt,—19)

[l

where ¢, is an upper bound of the derivative of the second component in (1)
in the bounded set {(f; ,(t), /5 (1)), 20, 0<e=1}. There exist constants ¢,

d .
6,>0 such that Efl,g(t)>51 if a—0,=f, (t)<a+J, uniformly for all



Periodic Behavior of the Stochastic Brusselator 461

0<e¢=<1. Hence

1
[r,—t9<— sup |EX,()—f, ()<= &2
o) T ’ o)

1 052 1

for ¢ sufficiently small. Consequently limsup|¢, ,(0)<oco and the assertion
el0

follows from Theorem 11.1.4 in [18]. [

Corollary. Let the assumptions of Lemma 4.5 be satisfied and define

lp1,s(t)==w, wz,a(t):—_—w_

& &

Then as ¢|0, (¥, ,, ¥, ;) converge to (A,, B,) i.e. the same limit as (A,, B,).

Proof. This follows immediately from Lemma 4.5 since

l101,a(t):lLlfz(t)“}—g(bl, s(t)i lpZ, s(t):Bs(t)+ 8¢2,s(t)

and (e¢, (1), e, ()= (0, 0) uniformly. []
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