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1. Introduction and Summary

Suppose x, ..., x, are n independent identically distributed observations on a
random variable X which has one of two possible distributions P or Q.
Assume that a simple hypothesis P is to be tested against a simple alternative
0.

If for a given number f, 0< <1, which does not depend on n, a test o=
® (xy, ..., x,) has the guaranteed power B, E2 ¢ = f, then

lim inf [Ef @] > exp (— K(Q, P)), (1.1)
where K(Q, P)=E%log(dQ/dP) is the information number (see Chernoff 1956
or Bahadur 1971). The equality sign in (1.1) is attained by the most powerful
likelihood ratio test of P versus Q.

Suppose now that the distributions P and Q are not known exactly but
only up to a finite-valued nuisance parameter o, =1, ..., . For instance, there
are | measurement types and for each fixed (but unknown to the statistician)
type a the measurements have one of two alternative distributions P, or Q.
Another example is the transmission of a message in one of ! possible lan-
guages which use the same alphabet. Assume that the message in unknown
language is sent n times over a noisy channel and the choice has to be made
between two possible messages or rather between two probability distributions
which correspond to them. Thus, one has the hypothesis P, to be tested against
Q, for each value of a.

We call a test ¢, such that E2 ¢, = g for all «, to be adaptive if for any o

lim [E7 ¢,1""=exp (— K(Q,, B))=exp(—K,). (1.2)

n—w

In other terms an adaptive test is asymptotically optimal for any value of
the nuisance parameter in the following sense: within the class of tests which
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have the guaranteed power it asymptotically minimizes the probability of the
first kind error.

The existence of adaptive tests has been investigated by the author (Rukhin
1982). A necessary condition and a sufficient condition for the existence of such
test were obtained. In this paper in Sect. 3, we show (Theorem 5) that an
adaptive test exists if and only if the information numbers for members of one
family do not exceed the information numbers for distributions in any two
different families. In other terms an adaptive test exists if and only if the
testing problem for any value of the nuisance parameter is “at least as dif-
ficult” as the testing problems for distributions corresponding to different
values of this parameter. This condition is deduced from a study of tests of a
hypothesis ) w,F, against an alternative Y, u,Q, for some positive weights u,
and w, which is performed in Sect.2. In Sect.4 we give an example which
illustrates the main result in the case of an exponential family.

Notice that the existence of adaptive test is related to the structure of finite
hypothesis {6, ..., 0,} and {#, ..., n,} for which there exists a test ¢, such that
for all k=1,...,l E, ¢,=p and

lim [E,, ¢,]"" = max exp { —K(B,, B,)} =exp { —K(B,.. B,)}.

n—w C1gisl
In other words ¢,, which is a test of composite hypothesis {0,, ..., 0,} versus
{ny,...,m}, is asymptotically as good as the most powerful test of a simple

hypothesis 0, against #, for any k. It is easy to see that ¢, is an adaptive test
in the testing problem of 6, versus #,. In this setting for any k

K(p, . R)=minK(B,, ),

-
so that according to Theorem 5 such test ¢, always exists.

These notions of optimality have “non-local” character, ie., exponential
convergence to zero of the significance level is examined. Somewhat different
but related concepts for composite hypotheses have been considered by Ba-
hadur (1960), Brown (1971), Hoeffding (1965) and Tusnady (1977).

2. Asymptotic Behavior of Tests for Mixtures
We start with the following result which is proved with the help of a multi-
variate version of Chernoff's Theorem (Groeneboom et al. 1979).

Lemma. Let c,, n=1,2,... be a sequence of positive numbers such that
n~'logec, converges to a finite limit L. Assume that p,, g;, i=1,...,1 are strictly
positive measurable functions, w,=exp (nb))/[ Y exp (nb,)], where b; are real con-

k
stants, u; are positive probabilities, i=1, ..., |, which do not depend on n, and for
all positive probabilites v;, i=1, ..., 1,

Pr {3 v;[log(p(X)/q(X))—b;1>L}>0
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for all k=1, ..., 1. Then
1/n
im [Pe{ S [Tnipze, DT )}]
i/n
= lim [Pr {Z U, H Pelx Zk; Wy l:[ qk(xj)}]

=max inf exp{— Z si(b;+ L—max b )} E [T [p(X)/q,(X)T*
1=k=Zl 51, ....5120 i i

The proof of this lemma is essentially contained in Rukhin (1982) (with
functions g, being replaced by g, e%).

We introduce now the following notation. Let f,, k=1, ..., denote the
density of O, and g, denote the density of F,. We assume throughout the paper
that these densities (with respect to some o-finite measure) exist and are strictly
positive. Also let

Pulbs. by D= max inf exp{—Y s,(b+ L} EF [T LAX)2(X)

1=2k=1 81,...,5120
Now let ¢ be the most powerful test of the simple hypothesis Y, w, [] g,(x;)
n k 1
against the simple alternative Y u, [ [ fi(x)-
k 1

Theorem 1. For fixed positive probabilities u,, k=1, ..., | and positive probabili-
ties w; of the form w,=exp nb-)/[z exp (nb,)] assume that the test ¢, has a fixed

power B, 0<,8<1 and u, = max [,8 L — B where m is defined by (2.1). Then for
any o, o=1, ..., 1
lim [Ef ¢, 1""=p,(by, ..., b;, L),

n—oe

where

L=min [K(Q,, P)~b;]=min [K(Q,,. ) -b]. @.1)

Proof. Tt is well known that for some constants ¢, and 7,, 0=y,<1 test ¢, has
the form

LY uklflf;(x,->>c,.zwkﬁgk<xf),

D 1=\"Vn> Z”klzlfk(xj)zcn;“’kﬁgk(xj)a (2.2)

0 TullAt)<eTmllab)
It follows that
Y0, (Tu [1 A>Tl eix)
<p g;quk(z Hf(x &L Hg,x>) (23)
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Also notice that for any fixed m
0u (S TTAx)>e, T T aix))
=0, (mkax [ukzj:fk(xj]>c lmax [ H g;(x )])

gmax Qm (le ka(x‘j)>cnlwi Hgi(xj)’ l=19 e l)
k 1 1

and

0 (SullAe)ze, T[T atr))
0., (l max [uk 1 fux; ]>cn max [wi ]—:] gi(xj)])
g; (luk I:[ filxp=e, miax [wi 1?[ gi(xj)])

IIA

<lmax g, (ukka(xj)gc,,i"1 w []g:xpi=1, ..., l).
4 1 1

Since u,,= f, formula (2.3) implies that

lim sup maxQ (uk [T Ale)>c lw, [T glx)i=1, ..., l) <1,
i 1

n—

and because of the inequality u,, 21— f one has

n—+oo

For a fixed k let Y/ =log[ fi(x))/g,(x)).i=1,....1, j=1,2, ..,

lim 1nfmaxQ (uk [T AGe)>e, 7 w, [T glx) i=1, ..., 1) >0.
1 1
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(2.4

(2.5)

v,=n"'(logc,+logl—log)y e™), v,=n"'(logc,—~logl—log} e")

Since n~* Z Y] converges in Q,-probability to EZlog[f(x)/g(X)]=e;, one

has j=

lim sume(n_1 YYisb+y,i=1,.., l):l
1

if forall i=1,...,1
b+ lim inf y, <e;.

n— oo

Also
limianm( -1 Zy’>b to,i=1, ...,l)=0
if for some i
b,+ lim sup v, > e;,.

n—
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It follows now from (2.4) and (2.5) that for any k there exists i such that

b,+ lim infn~'logc, 2 e;, + maxb,,

n—w

n= lk

and there exists k such that for all i

b, + lim supn~'logc, <e;, + maxb,.
n— o0

Therefore

maxmm[elk b,]+maxb, = lim infn~'loge, < lim supn~'loge,

R0 n— o

<max min[e;, —b;]+maxb;
k i i

We have proved that the sequence n~'logc, converges and
L=limn 'logc, —max 1n1n[e;k b,]+maxh,=min[K(Q,,, ) —b]+ maxb

R— O

=min[K(Q,. Pi)—b,-] +maxb,.
k,i i
For all positive probabilities ¢; and any k

L= Z q;(K(Qy, B)—b)),
so that l
EZ Y q;(log Lfi(X)/g(X)]-b)= L

and for any k
0 a:(log [/ (X)/g(X)]—b)>L)>0

Since all measures B, and Q, are assumed to be mutually absolutely con-

tinuous,
B2 q,(log [£(X)/g(X)]—b)>L)>0,

and our lemma is applicable.
This lemma entails

lim [f; (; ", [11 fil) >, 3w, E[ gk(xj))] 1/"

n n 1/n
=lim max [}; (H flxy>e,w, [1glxy) i=1, ... l)]
1 1

n—->ow 15k=1
:pa(bl’ cens bl’ L),
and Theorem 1 is proven.

Corollary 1. If ¢ is a test such that E2o=p for all k=1, ..., 1, then for all real
by, ..., b, and L defined by (2.1)

max {e" lim inf [EF ¢ ]'"} 2 max {e** p,(b,, ..., b;, L)}.
k

n-> o0
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Indeed @ as a test of Y w, || g (x,) versus Y w, ] fi(x;) has power B and
k 1 k 1
therefore cannot have a significance level smaller than that of @,.

Theorem 2. For all real numbers by, ..., b, there exists a test ¢, such that
E2@,2p forall k=1, ..., and

lim [EF @,]'"=p (b, ..., b,, L) (2.6)

where L is defined by (2.1).

Proof. For any o, 1 <a <!, define the constant ¢, (x) so that for a test ¢ of
form (2.2)
E2 (p(a)___ ‘3

As in the proof of Theorem 1 we see that
lim n~" log c,(¢)=max min [E2 log (;(X)/g,(X)) ~b;]
n—r o k i
:mﬁn [K(Qou E)—b;]'
Now let the test ¢, of the form (2.2) be determined by ¢,=min c,(®). Then
limn~'logc,=L |

n—o0

and for all «
Eg‘Pzgﬁ-

The conclusion of Theorem 2 follows now from lemma.

Corollary 2. For any a and all real b, ..., b,
pa(bla ---ath)geXp{—Ka}' (27)
This corollary follows directly from (1.1) and (2.6).

3. Conditions for the Existence of Adaptive Tests

We prove in this section our main results.

Theorem 3. If an adaptive test exists then for all real by, ..., b,

max exp (b, K,)Z max [exp (b,) p,(b;. --.., by, L)]. (3.1)

If for some b, ..., b,
eXp(—Ka);pa(blﬂ ”-Jbls L) (32)

for a=1, ..., 1, then an adaptive test exists.
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Proof. Assume that ¢, is an adaptive test. Then because of Corollary 1 one has

max {e’ lim [Ef ¢,1*"} =max {exp (b, — K;)}
k

n— oo

gm;ax Lexp(by) p,(by, ..., by, L],

so that (3.1) is proven.
If (3.2) is met for some b, ..., b, then the test ¢, of Theorem 2 is adaptive.
Indeed (3.2) and (2.7) imply that for any «

lim [E” ¢,]""=exp(—K,)

and
Eo? @, zp.

Corollary 3. If for some 8, y f;=g, then an adaptive test does not exist.

Indeed put b, =...=b,=0. Then

L=m1nK(Qk> E)ZK(Qﬂa Py):O
k,i

and

pyy, ..., b, L)=max inl EJ [](fuX)/g(X))*

15kEl sy, ..., 5120 i=1
!
> inf >OE;’ [1(g,(X)/g(X)y=1,
S1y cees ST i=1

[
since all partial derivatives of the convex function E? H (8,(X)/g,(X))" at the
origin are nonnegative:

Ef log(g,(X)/g(X)=0, i=1,...,L

py(blz ety bl: L):

Thus
and (3.1) cannot hold.
Theorem 4. An adaptive test exists if and only if for any a=1, ..., 1

pzx(Kl""’Kl’ LO):eXp(_Ka)7 (33)
where
Ly=min [K(Q,, P)~K]. (3.4)
k, i

Proof. If an adaptive test exists then

1 =max exp(K,— K )=2max exp(K,) p,(K;, ..., K;, Lo).

But because of (2.7) for any o
exp (K, p Ky, .-, Ky Loy 1.

Therefore (3.3) holds.
If condition (3.3) is met then test ¢, of Theorem 2 is adaptive.
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Theorem 5. An adaptive test exists if and only if L,=0, i.e., for all ik
K(Qw R)2K,=K(Q;, B). (3.5)
Proof. Assume first that L, =0. Then
polK 1, oo, Ky, 0) Smax inf e~ EX[,(X)/g,(X)I' Sexp(~ K,).

But because of (2.7)
P (Ks ..., K, 0)2exp(—K,)

so that (3.3) is met and an adaptive test exists.
Because of Theorem 5.1 of Groeneboom et al. (1979) we have

(K, ..., K;, Ly)= max exp { — inf K(Q, )},
15ks! Qe
where

2,={Q: E?log (f(X)/g:(X)ZK;+ Lo, i=1, ..., I}.
The definition of L, implies that Q,e.2, for all k. Therefore
P Ky, .., Ky Lg)2 maxlexp {—K(Q,, B)}. (3.6)

15k
Now if an adaptive test exists then (3.3) holds and for any i=1,...,1 (3.6)
implies that
exp(—K;)= max exp {—K(Q,, B)}
1=ksl

or
Ki é min K(Qka I)l),
k

which is equivalent to (3.5).

Thus an adaptive test exists if and only if the discrimination K(Q;, P)
between members of one family does not exceed the discrimination K(Q,, P),
ki, between members of two different families.

It is easy to see that if condition (3.5) is met then the test with critical
region of the form

{max Y log f,(x;) 2 max [nKa + Y log ga(xj)] —n max Ko}

is adaptive. This is a modified maximum likelihood ratio test with weights of
the values of the nuisance parameter « proportional to exp (nK,).

Notice that the traditional maximum likelihood ratio test with critical
region of the form

max ) log f,(x)=c maleoggm(xj)}
a1 a1

does not have to be adaptive. Moreover it can fail to be adaptive even when
adaptive tests exist.
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4. Example

Let distributions F, and Q, be members of an exponential family over Eu-
clidean space, i.c., the densities f, and g, have the form

Sl =exp {&, x - X ()},
gi)=exp {mx—X(m)}, k=1,...,1

An easy calculation shows that

K(Q,, B)=X(n)— X () +(&—n) VX(E,),

where VX denotes the vector of partial derivatives of the function X. In
particular
Ka = X(”Ia) - X(éa) + (éa_ 1’]“), VX(‘:'Z)

Thus an adaptive test exists if and only if

X(n,)— X () + (& —n) VX(E) =mkin [X () — X&) +(&—n) VX(E)] (41

forall =1, ..., 1L
For instance, if f, and g, are multivariate normal densities with means 0,
and u, respectively and common covariance matrix X, then

X()=22¢/2
Condition (4.1) means that

min [(&,—7) 2(&—n) = (&= 2(E—n)1=0,

where &, =2710,, n,=2"'p,. Thus an adaptive test exists if and only if for
any i

(0w 2710, — ) =min (B, — ) T~ (B~ ).

As another specification of (4.1) let us consider the case when f, and g,
are univariate normal densities with parameters 0,, o, and y,, 7, respectively.
Then ¢, =(o7 % 0,0, %), n,=(t7 % w7 ?) and for E=(v,z), v>0

x(&)=[z*v""—(logv)]/2.
An easy calculation shows that (4.1) means that for all a=1,...,!

[, >~ 620, )2 —log(o,/r,) — o2(0; 2 — 77 D)2 46207+ 15 2)— 6,41,/
=min[( 7,070 2)/2~log(a,/7) — 63(0} —, 2)2
L0200 e, )= O,/
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