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Wold Decomposition, Prediction and Parameterization
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Summary. A discrete time stochastlc process {X,} is said to be a p-stationary
r
process (1<p=<2) if E Z b, tk+h[ —E‘ Y b X, ‘ for all integers n=1,
k=

ty,..., by, handscalars by, ..., b,. The class of p- statlonary processes includes the
class of second-order Weakly stationary stochastic processes, harmonizable
stable processes of order « (1 < < 2), and p* order strictly stationary processes.
For any nondeterministic process in this class a finite Wold decomposition
(moving average representation) and a finite predictive decomposition (auto-
regressive representation) are given without alluding to any notion of
“covariance” or “spectrum”. These decompositions produce two unique
(interrelated) sequences of scalar which are used as parameters of the process
{X,}. It is shown that the finite Wold and predictive decomposition are all that
one needs in developing a Kolmogorov-Wiener type prediction theory for such
processes.

1. Introduction

In recent years there has been considerable interest in developing a prediction
theory for and analyzing data from stochastic processes with infinite variance, cf.
[2-7, 14, 19] and references therein. The notion of covariance and spectral
distribution functions can not be defined properly for such processes. This makes it
difficult to construct a spectral-domain and even harder to establish a correspon-
dence between time and spectral domains. Despite this, there has been attempts to
mimick the procedure of Kolmogorov-Wiener theory in developing a prediction
theory for processes with infinite variance. This is usually done by introducing
(pseudo-) covariance and (pseudo-) spectral distribution function for the process
under study, cf. [3-5, 9, 19].

The success of the Kolmogorov-Wiener theory of prediction for weakly
stationary processes, looking at it in retrospect, can be attributed to two important
properties which seem to be valid only for such processes and are intrinsic to the
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Hilbertian structure of the time-domain. The first property is that the innovation
process {31} is a white noise or orthogonal process, and this is essential in
establishing the Wold decomposition Theorem, cf. Sects. 2, 4 and 5. The second
property is that for such processes the notions of covariance and spectral
distribution function F are defined. Thus, it is possible to define the spectral domain
LI2(F) and establish the Kolmogorov isomorphism between time and spectral
domains, and use the spectral technique (harmonic analysis) in the development of
prediction theory.

The main purpose of this paper is to develop a time-domain theory of prediction
for stochastic processes without alluding to any notion of covariance or spectral
distribution function even when a genuine covariance or spectral distribution
function exists. We rely merely on the linearity of the time-domain and a basic
consequence of the notion of linear independence for vectors in a linear space. The
core of our approach is the observation that for each ¢, the closed linear span of the

past values of the process, i.e. H,= :v;{Xs : s< 1t} can be generated simultaneously by

ths—P;{X'ta Ht—l} =§{StaHt—1} s

for notation see Sects. 2 and 3. This observation combined with a regression-typed
lemma (proved in Sect. 4) give all the results of this paper and they render our
approach a regression analytic outlook; this is in accord with the seminal work of
Wold [22, Sects. 18, 19,20, 26] where the idea of multiple linear regression were used
to obtain structural representations for stationary processes.

The outline of the paper is as follows. In Sect. 2 a summary of known results
concerning prediction of a weakly stationary process is given. The notion of p-
stationary process is defined in Sect. 3. Note that such a process may have infinite
variance when p <2. We show that a p-stationary process has a shift operator U
which is an isometric isomorphism from H(X) onto H(X). Also, the predictor
process {AA’,’ o}, v=1 fixed, and the innovation process {¢,} have the same shift U as
{X,} itself.

In Sect. 4 by using our Main Lemma 4.3 we find (finite) Wold decomposition
(moving average representation) and (finite) predictive decomposition (auto-
regressive representation) for a nondeterministic p-stationary process, cf.
Theorem 4.4.

The second-order properties of a weakly stationary process are determined by
its covariance function {y,} or spectral distribution function Fand as such either of
them provides a natural parametrization for such processes. Of course, for
stationary processes with infinite variance there is not such a parametrization. Due
to the importance of parameterization in statistical analysis of data it is desirable to
have an alternative parameterization for stationary processes with infinite variance.
As a by product of our approach, we associate to each stationary process with
infinite variance two unique (interrelated) sequences of scalars {¢,};%, and {a;};>,
so that each of them can provide a parameterization for the process under study.

The function ¢(z)=1+ Z ¢,z defined, in the open disc with radius 1/2 in the

complex-plane, in terms of the ¢,’s plays roles very similar to the roles of the optimal
factor of the spectral density for weakly stationary processes. Since ¢(0) =130, the
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function 1/¢(z) is analytic in a neighborhood of 0 and has a Taylor expansion with
coefficientsdy=1,d,,d,, ... In Sect. 4, itis shown thata, = —d,, k=1,2,... and that
the coefficients of the v-step ahead prédictor of { X,} can be expressed in terms of the
¢,’s and d’s, cf. Theorem 4.18 and Corollary 4.22. These results confirm the
distinguished role of the sequence {c,} as the parameter of such stochastic processes.
At this point it is important to note that we have obtained all these results for a p-
stationary process and its predictor under the mere assumption that {X,} is
nondeterministic. In this, the Wold decomposition did not play any role, but its
place is taken by finite Wold and predictive decompositions of {X,}.

For weakly stationary processes Wold decomposition plays a crucial role in
characterizing purely nondeterministic processes as a one-sided moving average of
their innovation processes. To obtain such characterization for a purely nondeter-
ministic p-stationary process, the possibility of establishing Wold and predictive
decomposition for such processes is studied in Sect. 5 In Theorem 5 1, a simple

sufficient condition is given for the convergence of Z ;& - and Z @ X,—y In
k=1 k=1
the mean of order p. Theorem 5.2 provides Wold and predictive decompositions for

a nondeterministic p-stationary process under the assumption of convergence of
these series. As a corollary of this theorem, it is shown that a purely nondeter-
ministic p-stationary process has a one-sided moving average representation in
terms of its innovation process, and an autoregressive representation.

Itis certainly of interest to know whether a p-stationary process which has a one-
sided moving average representation in terms of its innovation process is purely
nondeterministic. Although this question has a positive answer, unlike the case of
weakly stationary process, its proof requires a careful analysis of every element of
H,(X) and more powerful tools than Lemma 4.3. Our work on this and some other
related problems will appear elsewhere.

The paper is self-contained and Lemma 4.3 is the only prerequisite for solving
the prediction problem via our approach. When applied to weakly stationary
processes one obtains the most general results about the structure and predictor of
such processes rather quickly without using any standard analytical tools. It should
be noted that the structural results given here are useful for actual prediction in
certain circumstances, for example when the process under study has an auto-
regressive representation, cf. Sect. 5.

2. Summary of Some Results on Prediction of Stationary Processes

In this section for ease of reference and comparison we summarize some of the
known results concerning the prediction of a weakly stationary stochastic process
and explicit computation of the best linear predictors. For more information and
proofs see [12, 21].

Let (Q, F, P) be a probability space and L%(Q)=L*(Q, F,P). A zero-mean,
stochastic process {X,} is said to be a weakly stationary stochastic process if

X,e[*(Q), forall t,



148 A. G. Miamee and M. Pourahmadi

and, for all s, ¢

2.1 cov(X,, X,)=(X,, X,)=EX X,

depends only on s—1. In this case the function {y,} defined by
1=K X)), =0, £1, +2,...

is referred to as the covariance function of {X,}. It is well-known that {y,} has the
spectral representation

22) = | e ®F@L),

-7

and Fis referred to as the spectral distribution function of the processes { X,}. To each
stochastic process {X,} with X,e L*(2) we associate the following important
subspaces:

H(X)=sp {X,: all integers}, time-domain of {X,},
(2.3) H,=H,(X)=sp {X,; s<t}, past and present (up to t) of {X},
H_.=H_(X)={) H/(X), remote past of {X},
t=0
where sp {...} stands for the closed linear span of elements of {...} in the norm of
L*(2). The non-decreasing chain of subspaces H,(X), —oo<t< o0, contains

considerable information about the linear structure of {X,}. It is said that {X,} is
deterministic if

H,_,(X)=H,/(X), for one and hence all ¢.

Otherwise, {X .} is said to be nondeterministic. Thus, for a nondeterministic process
we have

2.4) X¢H, ,(X) or H_,(X)gH/(X).
A nondeterministic process is said to be purely nondeterministic (regular) if
2.5 H_ (X)={0}.

For a nondeterministic process the best linear predictor of X, ,, vZ 1, based on its
infinite past X;, X,_,, ... is denoted by X, , and is given as the orthogonal projection
of X,,, onto the subspace H,(X). Thus, X, ,e H,(X) is such that

(2.6) ElX,,,—X, PSEX,.,— Y]}, forall YeH,(X).
t,

When {X,} is nondeterministic, it is immediate from (2.4) that the error in
predicting X, by X,_, , is non-zero, i.e.

2.7 g=X,—X,_,,+0, forall r,

or
o?=Ele[*+0, forall ¢.

The process {e} is referred to as the innovation process of {X,} and it plays an
important role in the prediction of { X,} as the ¢’s are uncorrelated (orthogonal). We
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note that even though {X,} or a segment of it is directly observable, this is not the
case for the innovation process {g,}.
By the well-known Wold decomposition Theorem, every nondeterministic

process can be written as the sum of two unique uncorrelated stationary processes
{U,} and {V}}, i.e.

2.8) X,=U-+V,, foral ¢,
where {¥,} is deterministic and {U,}, is purely nondeterministic with a one-sided
moving average representation

o0 e}
(2.9) U= ¢&rs =1, Y lgf<ow, o*=Elgf<ow.
k=0 k=0

This time-domain decomposition of a nondeterministic {X,} corresponds to a
unique (Cramer-Lebesgue) decomposition of its spectral distribution function F
into its absolutely continuous and singular parts:

(2.10) F(d\)=f(A)dL+F,(dA).
Thus, if {X,} is purely nondeterministic or equivalently F is absolutely continuous
with density 0=<fe L' and logfe L', it follows from (2.8) and (2.9) that
(2.11) X,=Y &g, o—1, Y laf<w, =Ef <o,
k=0 k=0

and from (2.2), (2.10) and (2.11) that

[ 2
(2.12) f)=c*[1+ ) ™ =d|pf,
k=1
with
2.13) S=1+Y e,
k=1

The function ¢ in (2.13) is referred to as the transfer function of {X,}. It is well-
known that the extension of this function ¢ (also denoted by ¢) in the open unit disc
D={z;|z|]<1} in the complex plane does not have any zeros, i.e.

(2.14) d(@)=1+ Y %0, zeD.
k=1

Thus, its reciprocal 1|¢ () has a Taylor expansion in D with Taylor coefficients d,’s:
(2.15) Hp@)= Y dz*, dy=1.
k=0

The coefficients {c,} and {d.} of ¢ and ¢ ~*, respectively, play important roles in
finding explicit formulae for the predictor of future values of {X,}.

From the definition of )f',,v, vz1, cf. (2.6), and the moving average repre-
sentation of {X,} in (2.11) it follows that

8

(216) Xt,vz Ckst+v—k

It

k=v
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with the variance of prediction error

v—1
(2.17) ElX,ry— X, F=0" Y loP,
k=0

But, since {g} is the innovation process of {X,} and therefore not directly
observable, (2.16) can not be used to compute X, , unless one expresses ¢’s in terms of
the past values X,, X,_,, ... of the process {X,} or equivalently finds an autoregressive
Series representation for the predictor X’t’v in the time-domain, cf. {1, 11, 15, 16, 21].

It is shown by Wiener and Masani [21] that X’t,v has a formal autoregressive
series representation:

(2.18) ) DI
k=0
where,
k
(219) ek’v: Z cv+jdk—j= k=0>1:2>"' (COZdOZ:l)'
=0

The problem of mean-convergence (or any other reasonable mode of conver-
[e¢)

gence) of the infinite series Y e, , X,_, is a formidable analytical problem and it has

k=1
been studied by several authors including [1, 11-13, 15, 16, 21]. It is shown in [16]
that the problem of convergence of the series (2.18) is equivalent to the convergence
of the (apparently simpler) series

(2.20) g~ X+ Y dX,_,.
k=1

In the spectral-domain the latter convergence problem is the same as the
convergence of the Fourier (Taylor)-series of the function ¢ ~! in L*(f).
Rearranging (2.20) one gets

(2.21) X~e+ Y a Xy, a=—d, k21.

k=1

Thus, the problem of finding mean-convergent autoregressive series representation
for X, ,, v=1, is equivalent to finding mean-convergent autoregressive repre-
sentation for the process {X,} itself.

3. p-Stationary Stochastic Processes

In this section, for 0 <p < co, a definition of stationarity for p-th order stochastic
processes is given. It is shown that this is the most natural and useful generalization
of the notion of second-order weakly stationary stochastic processes to the L?(£2)-
setting. Also, it is shown that such stationary processes have shift operators which
are isometric isomoprhism from H(X) onto H(X).
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(3.1) Definition. For 0 < p < o0, a stochastic process { X, } is said to be a p-stationary
process if

X,eL?(Q), for all integers ¢,

and
n r n p
(3.2) E|Y aX, .4 =E|Y aX,| .
k=1 k=1
for all integers n=1, ¢,, t,,...,,,h and scalars a,, a,, ..., a,.

(3.3) Remarks. (a) For p=2, it is easy to check that every weakly stationary
process {X,} satisfies (3.2) and therefore is a 2-stationary process. Conversely, it
follows from the parallelogram law for the Hilbert space L*(Q) that every 2-sta-
tionarity process is a weakly stationary process. Thus our definition of p-stationary
for p=2 coincides with that of weak stationarity.

(b) It is rather easy to show that any p-th order strictly stationary process is a
p-stationary process. This shows that the ARMA processes with infinite veriance
studied by Brockwell and Cline [6] is a subclass of p-stationary processes with p < 2.

(c) For 1 <aZ2, by using the spectral representation of a harmonizable sym-
metric a-stable process, cf. [3, 4], one can show that such processes are p-stationary
for any p <a.

In the following we produce more examples of p-stationary processes which are
important as far as prediction of these processes are concerned.

(3.4) Theorem. Let {sj j+=°°_ « be a p-stationary process and {c ; ;;""_ » @ Sequence of
[=9)

scalars such that the infinite series Y, c;¢; is convergent in the metric of LP(Q).

J
Then, the process {X,} defined by

o

X,= ) «cg_;, forallintegers t,

j==w
is a p-stationary process.
Proof. For all integers n21, ¢,,...,t,, h and scalars q, ..., a, we have from the
definition of {X,} that
n o n m n
Y aXy= Y ¢ Y g =lm Y | Y ae, ;)
k=1 j=—w k=1 mo® j=—m k=1
and
n 9] n m n
Y aXpan= ) € Y @by =1lm Y Cj(Z akstk+h—j>5
K=1 j=—w k=1 mo® j=—m k=1

where the lim stands for the limit in the metric of L?(Q). Therefore,

n

z: akA;k

k=1

P
= lim E

m—* o0

p

(M E

m n
k=1

k=—m
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and
p

m n
> Cj(Z akgzk+h—j> .
k=m

k=1

r
=lm F

m-> o0

Q) E

n
Z 2P, SR
k=1

Since {¢;} is a p-stationary process, it follows that the right hand sides of (1) and (2)
are equal and so are the left hand sides, i.e. {X,} is a p-stationary process. Q.E.D.

(3.5) Corollary. Let {¢;}32 _,, be an independent identically distributed (i.i.d.)

J
sequence of random variables with ¢;e L¥(Q), for all integers j, and {cj} 2, bea
+ w0

sequence of scalars such that the series Y. c;¢; is convergent in the metric of LP(Q).
Then, the process {X,} defined by ~ 1=~=

X,= Y cje—;, forall integers t,

j=—w
is a p-stationary process.

For the prediction of a p-stationary process {X,} we need to, and do restrict p to
the range 1 <p<2. Since for p<1 an element Xe L?(Q) does not have a unigue
projection on a closed subspace M of LP(Q). For 2 < p < o0, the prediction problem
of {X,} is similar to the case p=2.

Let X e LP(Q) be anelement, and M a closed subspace of this Banach space such
that X ¢ M. Then, there exists a unique element X in M which is the closest to X, i.e.

(3.6) E\X—XPP<E|X—Y], forall YeM,

this closest element X is called the metric projection (or simply the projection) of X'
on M. An alternative characterization of X is given by, cf. [18, p. 56],

(3.7) EY(X-X)? V=0, forall YeM,

where for a complex number z, (z)P™1 =|z|P 72z

For a p-stationary process {X,} the time-domain H(X), the past and present
subspaces H,(X), — oo <t < o0, and the remote past H_ (X) are defined as in (2.3)
with the exception that the closure is taken in the norm of L”(Q). Similarly, the
notions of deterministic, nondeterministic, purely nondeterministic and innovation
process can be defined.

To each p-stationary process {X,} we associate an operator U which is an
isometric isomorphism from H(X) onto H(X). To define this operator, consider the
linear map U defined on the linear span of {X,},1.¢. on L(X)=sp {X,; all integers s},
by

n n
U(Z akth>= Z G X1
k k

=1 =1

for all integers n=1, 1,...,1, and scalars a,, a,,...,a,. Then, from (3.2) it is
immediate that U is an isometry from L(X) onto L(X), and therefore by continuity
it can be extended to a unique isometric isomorphism from H(X) onto H(X). We
refer to this extension of U (also denoted by U) as the shift operator of the process.
We note that for a 2-stationary process the shift operator U is a unitary operator.
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For any integer v>1, X’ , denotes the best linear predictor of the future value
X, basedon X, X,_,,..., i. e, X, ,issuchthat||X,,,— X, |, <[ X,.,~ Y|, forall
YeH,(X). For flxed v=>1, { o) can be viewed as a stochastic process. The next
theorem 1is essential for our study of the prediction problems of a p-stationary
process.

(3.8) Theorem. Let {X,} be a nondeterministic p-stationary process with the shift
operator U, innovation process {¢,} and predictor process { o) Then, (a) the > process
{X, 1} is a p-stationary process with shift U. (b) for any v>1 the process { o isa
p-stationary process with shift operator U. (c) the innovation process {st} is a
p-stationary process with shift operator U.

Proof. (a) Since X’t, 1€ H,(X), it can be expressed as

1) X, =lim Y a,.X _,,
n>o k=0
for some scalars a,, ,; k=0,1,2,...,n; n=1,2,.... Thus, by definition of X’,,l, cf.
(3.6),
. p r
2) lim E|\X,,; — Z Ay  Xooy| =EIX 1 — X1

Since {X,} is a p-stationary process cf. (3.2), it follows from (2) that

3) lim E|X

| amdive]

t+2 Z Ay 1 Xip1-k

k=0

<E|X,+2 Y]P, for all YeH,,  (X).

n
Now, since Y a, ,X,_, is convergent, as n— o, and hence Cauchy in H(X), it
k=0
n
follows that  a, , X, is also Cauchy and hence convergent (because {X,} is a
k=0
p-stationary process). Therefore, we get from (3) that

n p
EX,p—lim Y a0 Xy SEX ,—YP,

n=0 £k=0

forall YeH,,,(X), i.e.

n n
Xopa=lim ) a,, X, ,=lim > 4y UX, -y

n—ow k=0 n—ow k=0

=lim U Z Ay 1 X, k_U<11m Z Ay i X, k) UX,,.

n—o0 k=0 n=2w© k=0

The fourth equality holds because U is an isometry and hence bounded. This
completes proof of (a). Proof of (b) is similar to (a), and (c) follows from (a), since
&1 =Xy — X, =UX, — Ux, 1.1=U¢ QE.D.
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4. Finite Wold and Predictive Decompositions

Let {X,} be a nondeterministic p-stationary process, 1 <p <2, with innovation
process {g}. Since {g} is not a white noise process in general the Wold
decomposition of {X,}, even when it exists [3,4], is not as useful in finding the
predictors of the future values of { X,} as it is in the case of 2-stationary processes, cf.
(2.16). In this section we provide finite Wold and predictive decompositions for a
nondeterministic p-stationary process and show that these simultaneous decom-
positions of X, do provide valuable information about the predictor and structure of
such processes. These decompositions are obtained by noting that for any
nondeterministic p-stationary process with innovation {¢,} we have

(4.1) H,=sp{X,H, ,}, X ¢H,_,, foral ¢.
and also
(4.2) H=sp{e, H, .}, e¢H,_,, foral t.

The following basic and important lemma plays a crucial role in bringing out the
geometrical meaning of (4.1), (4.2) and its implications as far as the problems of
prediction of {X,} are concerned. This lemma constitutes the cornerstone of our
approach to the prediction problem of processes with infinite variance.

(4.3) Main Lemma. Let M be a subspace of a Banach space B and let X be an
element of B so that X¢ M. Then, a fixed Yesp {X , M} can be written as

Y=aX+e
for a unique (scalar) a and vector ec M.
Proof. Since Yesp {X, M}, there exists a convergent sequence {Y,} such that
(1) Y,=a,X+e,esp{X,M} and Y=Ilim ¥,.

n—>w
To establish the Lemma we need to show that the sequence of constants {a,} is
bounded. If {a,} is not bounded, then there exists a subsequence {a, } such that
0+a, — o as k—co. But, since from (1)
) Y, =a, X+e

it follows from the boundedness of {¥, } that

. Y, . e . e
X=1lim 2% —lim *=_lim *e¢M,
n-wo y,  noo Gy n-oo Ay,

which is a contradiction. Thus, {4,} is bounded. Since {a,} is bounded, it has (by
Bolzano-Weierstrass theorem) a convergent subsequence {a,,}. Let lim a4, =a.

n—> 00
From (2) it follows that {e,, } is convergent, and by letting e = lim e, we get that
ee M and n— oo
Y=aX+e.
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To prove the uniqueness of a and e, note that if Y has two different
representations;

Y=a,X+e,,
Y=a,X+e,,
then by subtraction we get that
(a, —a)X=e,—e,eM,
which is impossible unless g, =a, and ¢, =¢,. Q.E.D.

In the next theorem by using Lemma 4.3 we obtain finite Wold and predictive
decompositions for nondeterministic p-stationary processes.

(4.4) Main Theorem. Let {X,} be a nondeterministic p-stationary process with
innovation process {s,}. Then, for any integer n=1,
() there exist unique constants a, , ..., a, and a unique p-stationary Process {e, ,}
with e, ,e H,_,_,(X) such that
N n
Xi1a= Z G Xi—Fe
(4.5) .
X,zet—i—kzl a X, te, ,.

(b) there exist unique constants ¢, ..., ¢, and a unique p-stationary-process { V, ,}
with V, ,eH,_,_, such that

Yz—1,1 =Y &t Vins
(4.6) k=1

X,=e,+ Y g+ Vin
k=1

Proof. (a) Since X, ,€Hy=5p {X,, H_,} by applying Lemma 4.3 with X=X,,
M=H_,, it follows that there exist a unique constant a; and e, € H_, such that

(1 y0,1=a1Xo+e1~

By applying the same argument to e, esp {X_,,H_,} and repeating it we get that

(2) XO’1=01XO+612X_1+...+anX1_n+€n,
for unique constants a,...,a, and e,e H_,. Let U be the shift operator of the

process {X,}, by applying the operator U'™* to both sides of (2) it follows from
Theorem 3.8 that

n

Xt—l,l =2 G X te
k=1
where e, ,=U'"'e,e H,_,_,. Furthermore, {e, ,} is a p-stationary process.
The second equation in (4.5) follows from the first by observing that
X, _*Yt-l,l =¢,. Proof of part (b) is similar to (a) by noting that H,=sp {en H,—(}
of. (4.2). QED.
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Since the integer nin Theorem 4.4 is arbitrary and the set of coefficients a,’s and
¢,’s do not depend on #n, and furthermore they are unique, it follows that the two
infinite sequences {a, };%, and {¢,};%, must carry considerable information about a
nondeterministic p-stationary process. It is even more important to note that the
two sequences are closely related, i.c. knowing one it is possible to find the other
uniquely, cf. Corollary 4.7. This suggests the possibility that either of these
sequences be used to parameterize a general nondeterministic p-stationary process.

(4.7) Corollary. The sequences {a,} and {c,} of Theorem 4.4 are related by the

recursion
=1,
(4.8)

-1
Y aa_y=c, I=1,2,....
k=0

Proof. To establish (4.8), we note that for any n>1, «a, ..., a, satisfy, cf. (4.5),

n
Xi—11— Z aX,_veH,_,_4,

k=1

and from (4.6) we have

1) Xt—1,1_ Z @ X, =
K=1

-

-1
(cl - Z Ckal—k>8t~l+Rn,z:
k=0

where R, € H,_,_,. It follows from (1) that X,_; , — Y @, X,_,eH,_,_,, if and
only if (4.8) is satisfied. Q.E.D. k=1

l

When the sequence {c¢, } is known, one can write (4.8) as the following (Toeplitz)
system of equations with {a,} as the vector of unknowns;

1 0 0 0ffa ¢
o 1 0 0f|a ¢,

4.9 =
(49) g ¢ 10 . .

In the following we study two examples where the {ak} sequence is found in terms of
a given sequence {c,}. As usual we assume that {¢,} is the innovation process of the
p-stationary process {X,} and our starting point in these examples are the finite
Wold decomposition of {X,}, cf. Theorem 4.4 (b).

(4.10) Example. Let {X,} be given by
X,=¢—¢_,, forall z,
ie. cg=1, ¢;=1, ¢,=0, k=2. Then, it follows from (4.8) that

a=—1, forall k=1,
and

~

n
Cn=AX—1,1— Z X, = —&—n-1-
k=1



Wold Decomposition of Stationary Processes 157

(4.11)  Example. Let {X,} be given by
X,=¢,—2¢,_,+¢&_,, forall 1,
ie. cg=1, ¢;=—2, ¢, =1, ¢,=0, for all £=3. Then, it follows from (4.8) that

a=—(k+1), for k=1,
and

e n=X—11— ), BXi=—(+2)e, + B+ D, ;.
k=1
In the previous two examples, it is interesting to note that although the {e}
sequences are very similar in nature, this is not the case for their corresponding {a}
sequences. The first one is bounded while the other is unbounded. This difference in
the boundedness property of {g,} plays an important role in studying the

convergence of e, ,, as n—co.

n

(4.12) Remarks. (a) The representation X, _; , = Y @ X, ;+e, ,in(4.5) provides

k=1
a formula for approximating the predictor X,_; ; when only n observations
X, 1,...,X,, from the past are available. The interesting feature of this

approximation is that the coefficients @, do not depend on n, and therefore they do
not change as n increases or as more observations become available. This is in sharp
contrast to the best linear predictor of X, based on # observations X,_,,..., X,_,.
Denoting this by X*,, we have to find g, ,’s such that

EIXt _XtTn|p:E|Xt - Z an,kX't—k|p 3
k=1
1<p<2, is minimized. Finding these g, ,’s is not easy. However, when p=2, i.e.
{X,} is a 2-stationary process with covariance function {y.} thea, s can be found
by solving the following (Toeplitz) system of linear equations

Yo 1o Yn-1{ |9n,1 "1
. a
@.13) oo L=
: AT { S 41 : :
Yu-1 Va-2 Y1 Yo Ay n Yn

Despite some differences between X,_, ; and X, ., 1U is interesting to note that in
computing both )?,_1,1, and X7, (when p=2) one needs to deal with Toeplitz
matrices. For 1 <p <2, there is no simple and clear way to find X*,, but even in this
case X, _ 1,1 can be approximated by solving a finite section of (4.9). This shows the
importance of the sequence {¢,} in determining X, , , and other important
characteristics of a p-stationary process.

In view of the important role of {c¢,} as the parameter of a nondeterministic p-
stationary process it is desirable to have more information about this sequence. For
nondeterministic weakly stationary processes it is well-known that the sequence {c, }
is square-summable and therefore it is bounded. For a general p-stationary process
all we know about the sequence {c,} is that || < ¢, k=1,2, ... for a constant ¢ and
this is proved in the next theorem. Also, this theorem sheds some light on the
meaning of the process {V, ,} appearing in Theorem 4.4(b).
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(4.14) Theorem. Let {X,} be a nondeterministic p-stationary process with innovation
{e}, and {¢,}, {V...}, n21, be as in Theorem 4.4(b). Then, for any n21,

n—1
(a) Vt,n=P (Xt_ Z ckst—k)a
t—n—1 k=0
where P, X denotes the projection of X onto the subspace M of H(X), cf. (3.6).
) e =c2k 1=1,2,... for some constant c.
Proof. (a) From Theorem 4.4(b), since ¥V, ,€ H,_,_, and
n—1
(1) Xt_ Z Cket—n_l/t,nzcngt—nﬁ
k=0
it is enough to show that
EY(c,e,_)?" =0, forall YeH,_ ,_,,

and this follows from the definition of the innovation process and (3.7). (b) It
follows from (a) and (1) above that

@ lewer-ull,=

n—1 n—1
X, — Z Cri—p éHXth+ Z Hck‘gt—ka'
k=0 » k=0

Since
el p=1%: = X[, = 1K)

p®

it follows from (2) and stationarity of {X,} and {g,}, cf. Theorem 3.8, that

leal = Xl 2", n=12,....
Tl

Q.E.D.
Now, by using the unique sequence {c,} associated to each nondeterministic
p-stationary process {X,}, we define a function ¢

4.15) qb(z)=1+§ az*, lz]<1/2,

which is analytic in the open disc with radius 1/2, cf. Theorem 4.14(b), and refer to 1t
as the transfer function of {X,}. It is immediate from (4.8) or (4.9) that the sequence
{ak} of Theorem 4.4(a) can be obtained from

(4.16) a=—d,, k=1,2,...
where the sequence {d,} is the Taylor coefficients of the reciprocal of ¢, i.e.
“.17 ¢ 12)=1+ Y dz*.
k=1
This argument shows that by having the transfer function ¢ of a nonde-

terministic p-stationary process {X,} one can find the two parameter sequences {co}
and {q,} at once. Next, we explore the possibility of finding the coefficients of the v-
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step ahead predictor of {X,}, i.e. the coefficients of X’,N in terms of the coefficients
of the functions ¢ and ¢ ~'. The following theorem which is more general than
Theorem 4.4 and Corollary 4.7 combined, provides the basic ingredients for finding
these coefficients.

(4.18) 'Theorem. Let {X,} be nondeterministic p-stationary process with innovation
{s,}. Then, for a fixed v=1 and any integer n=1,

(a) there exist unique constants ay_,, ..., a, , and a unique p-stationary process
{ernui>— o Withee,, ,eH, ,_(X) such that

n

(419) Xt—l,v: Z ak,vXt—k+et,n,v'

k=1
(Note: For v=1, a; ,=a, for k=1.)

(b) there exists unique constants ¢, ,, ...,c, , and a unique p-stationary process

{Vin 2 - With V,, ,€H,_,_(X) such that
(420) Yt—l,v: Z ck,vgt—k—*—Vt,n,v-

k=1

(Note: For v=1, ¢, ,=¢,, for k=1.)
(c) for afixedv1, the sequences {a, .} and {c, ,} of parts (a) and (b) are related
by the recursion

=1,
1-1
Y =0y, =12,

k=0

where {ck} is the sequence of coefficients of the transfer function of X,, cf. (4.15).

Proof. Since X, ,eH, (X)=sp {X,_,, H,_,} =5sp {&_, H,_,}, proofs of parts
(a) and (b) are exactly the same as those in Theorem 4.4, Proof of (c) is the same as
that of Corollary 4.7. Q.E.D.

This theorem shows that for a fixed v > 1, the two sequences {g, ,} and {¢, ,} are
related via the recursion (4.21). Thus to find the sequence {q, .}, i.¢. the coefficients
of X,_, , one needs to know the sequence {¢.v}- However, in general it is not that
easy to find the sequence {¢; ,}, cf. [3, p. 610]. In the following two important cases
we show that {c, ,} can be found. In fact, for these two cases we show that

Clov=Crev—1, k=1,2,....

(4.22) Corollary. Let {X,} be a nondeterministic p-stationary process with innova-
tion process {st}. If (i) p=2 or (ii) the {st} is an i.1.d. sequence of random variables,
then for a fixed v=1, and any integer n=1,

n

(@) Xoqv= Z Cork—1&—k+ Victavnrv_1>
k=1
where Victtyn+v—1E€H—y-1 .
n
(b) Xt—l,v= Z ak,vXt~k+et,n,v= et,n,VEHt—n—l

k=1
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and
k—1

G, =Y, Couidh_js k=12, (co=dy=1).
j=o

Proof. (a) For any integer m=1 and fixed v, m=v =1, we have from the second
relation in (4.5) that

v—1 m
(1) Xiiev=8-14vF ) CbicievoiT 2 kEmtav-kFH Vict4vms
k=1 k=v
v—1
With ¥, 4y m€H,—1 4 y—m—1-Sinceforp=2,6,_,,,+ Y. €1&-1+,-xis orthogonal
k=1

to H,_,, it follows from (1) that

m
Xy ,v= Z Co&—tavrtVici4vms

k=v
or equivalently
m-—v+1
(2) X;—l,v= Z Ck+v—181—k+l-/t—l+v,m
k=1

n
= 2 Chrve18kt Vicituvniv-1>
k=1

where n=m—v+1 and V,_ 4, ,ry-1€H,_,_;. Comparing (2) with (4.20) it
follows, from the uniqueness of {¢, ,}, that

Chy=Crey—y, forall kz=1,v=1.
(b) follows from Theorem 4.18 (a), (¢) and the fact that ¢, ,=¢;,—;. Q.E.D.

This shows that even for v-step ahead prediction of some p-stationary processes
one actually does not need the full power of Wold decomposition in finding the
coefficients of the v-step ahead predictor. Only the finite Wold decomposition
suffices and in this the orthogonality (independence) of the random variables of the
innovation process {¢} plays a crucial role. The latter case is important in the
statistical analysis of data from processes with infinite variance, cf. [2, 7].

5. Wold and Predictive Decompositions

The role and importance of Wold decomposition in prediction and characterization
of purely nondeterministic weakly stationary processes are well-known. An
important factor in establishing Wold decomposition for such processes is the
orthogonality of the random variables of the innovation process. Since for p-sta-
tionary processes, 1 < p < 2, the innovation process is not an orthogonal process, it is
natural to see if there is any kind of Wold decomposition for such processes. In this
section we study nondeterministic p-stationary processes for which one can find
Wold and predictive decompositions. Our starting point is Theorem 4.4 where finite
Wold and predictive decompositions for such processes are given.
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In view of Theorem 4.4, existence of a Wold or predictive decomposition for
{X.} depends very much on convergence properties of the processes { ¥, ,} and {e, ,}

asn— o0, and in turn is related to the covvergence properties of the series Y. ¢;¢,,
) k=1
and ) a,X,_,inthe norm of L?(Q) or in the mean of order p. Thus, the key problem
k=1
in establishing such decomposition is the problem of norm-convergence of these series,
and as such the degrees of difficulty of establishing Wold decomposition, and predictive
decomposition for stochastic process are the same in general. There is the simple and

most important special case of weakly stationary processes for which the problem of
o0

norm-convergence of Y ¢,¢,_, is asimple consequence of the orthogonality of {¢,}.
k=1
In this case since {82} is a white noise process, it follows from (4.6) that

n
0 Y |l SE|XF<oo, foral n,
k=1

0 [}
and therefore )’ |¢,|* < co, which implies that the series ) ¢, is convergent in
k=1 k=1
the mean of order 2. Note that for such processes the problem of norm-convergence

of the series i @, X,—, 1S quite complicated, since the X,’s are not uncorrelated,
cf. [11-13, 1;,:36, 21].

For other p-stationary processes it is difficult to find conditions for the mean-
convergence of the series i cx&—i, let alone i @, X,_,. The next theorem
provides a simple sufficientk;(:ndition for the me;;—lconvergence of these series.

(5.1) Theorem. Let {X .} be a nondeterministic p-stationary process with innovation
{&,}. Then,
e o) 2]

(@) Y a,X,_ is convergent in the mean of order p, if ), |a]< 0.
k=1 k=1
9]

(b) > cp&—y Is convergent in the mean of order p, if
k=1

o0
Y led <o
k=1

Proof. It is immediate from the fact that for all m<n,

H

<%, X la.

p k=m

Z T, S

=m

Q.E.D.

The next theorem provides Wold and predictive decompositions for such

o

0
processes under the assumption that 'y a,X,_,and Y ¢, _,areconvergentinthe
mean of order p. k=1 k=1
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(5.2) Theorem (Wold and predictive decompositions). Let {X,} be a nonde-

terministic p-stationary process with innovation {&,} and {a,}, {c,}-as in Theorem 4 4.
oo}

@) If 3. a,X,_, is convergent in the mean of order p, then there exists a unique p-
k=1
stationary process {e,} with e,e H_ ,(X) such that, for all t,

o o]
X,=¢+ Y a@X,_,+e. (Predictive decomposition).
k=1

a0
) If Z Ci&:_ 1 IS convergent in the mean of order p, then there exists a unique

p- stattonary process {V,} with V,e H_ (X) such that, for all t,
X,=t,+ ) g+ V,=U+V,, (Wolddecomposition).
k=1

where the p-stationary process {U,} is a one-sided moving-average of {e}, i.e

el
U=+ ) &

k=1

Proof. (a) We have from (4.5) that, for all n=1,

(1) et,n:Xt_gt— Z akXt—kEHt—n—l(X)'
k=1

Since the series ). a,X,_; is convergent in the mean of order p, it follows from (1)
k=1
that, for each t, e, , converges to an element e, in the norm of order p, and

furthermore e, € (| H,_,-(X)=H_ ,(X). Now, the result follows by letting n— oo
n=1

on both sides of (1). Proof of (b) is similar to that of (a).

Animportant consequence of Wold decomposition for nondeterministic weakly
stationary process {X,} with innovation {g} is the characterization of purely
nondeterministic processes: A nondeterministic weakly stationary process {X,} is
purely nondeterministic, if and only if

o)

o0
X, = Z Cpés Co=1, Z Ick|2<00,
K=1

k=1

i.e. X, is a one-sided moving average of its innovation process. In proving this the
orthogonality of {e}, or {U} and {¥;} plays an important role. Lack of
orthogonality of {¢,}, or {U,} and { ¥}, cf. Theorem 5.2(b), makes it difficult to find
such characterizations of pure nondeterminism for p-stationary processes, 1 <p < 2.
Only a necessary condition for this is given in the following Corollary, part (b).

(5.3) Corollary. Let {X,} be a purely nondeterministic p-stationary process with
innovation {&} and {a,}, {¢,} as in Theorem 4.4.
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(@) If Y aX,_, is convergent in the mean of order p, then for all t,
k=1

©
A/t=8t—i— z akXt—ka
k=1

ie. {Xt} has an autoregressive representaiton.

(0) If Y. cp— is convergent in the mean of order p, then for all t,
k=1

[>e]
X,=Y c&_r, C=1,
k=1

ie. {X,} is a one-sided moving average of its innovation process.

Proof of this corollary is immediate from Theorem 5.2 since H_ ,(X)= {0}, and

therefore ¢,=V,=0, for all «.
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