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Abstract. We research on the possible orientations patterns of a grid
graph G, and propose a method for counting certain combinatorial struc-
tures over the class of orientations of G. For example, our method can
be applied for counting sink-free orientations of G, as well as it can be
applied for solving the #2SAT problem for grid Boolean formulas.

Our proposal extends the classical transfer matrix method used for
counting the number of independent sets in a grid.

Keywords: Grid Computing, Transfer Matrix Method, #2SAT
Problem.

1 Introduction

Many important combinatorial problems are modelled as constraint satisfaction
problems. Constraint satisfaction problems form a large class of combinatorial
problems that contains many important ‘real-world’ problems. An instance of
a constraint satisfaction problem consists of a set V of variables, a domain D,
and a set F of constraints. For example, the domain may be {0, 1}, and the
constraints may be clauses of a Boolean formula in Conjunctive Normal Form
(CNF). The objective is to assign values in D to the variables in such a way that
all constraints are satisfied.

In general, constraint satisfaction problems (CSP) are NP-hard; and consider-
able efforts, both practical and theoretical, have been made to identify tractable
classes for that class of problems [7].

One application of the CSP has been for recognizing combinatorial patterns
on graphs and to apply techniques developed for the CSP problem for solv-
ing different combinatorial problems on graphs. For example, given an undi-
rected graph G = (V,E), we can associate a monotone 2-CNF formula FG with
variables V , and where FG =

∧
(u,v)∈E(u ∨ v), a conjunctive normal form FG

is called monotone when each variable of FG occurs with just one of its two
signs.

A set I ⊆ V is called an independent set if no two of its elements are joined by
an edge. Let SI = {vj : j ∈ I} be an independent set in G, then the assignment
defined by xi = 0 if i ∈ I or xi = 1 otherwise, satisfies FG. The reason is that
in every clause (xi ∨ xj) (representing the edge {vi, vj} of G) at least one of
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the variables is assigned to 1, since otherwise the nodes vi and vj are in the
independent set SI and then there are not an edge in G.

Other interesting problem to be modeled using 2-CNF’s is about the ori-
entation of a graph. Considering again, an undirected graph G = (V,E), an
orientation of G is an assignment of exactly one direction to each of the edges
of G. Then, an orientation of {u, v} ∈ E is (u, v) denoted as u → v or (v, u)
denoted as u→ v. For an oriented edge u→ v, u is called the tail and v is called
the head of the edge. The number of edges where u is a head is the in-degree of
u and its out-degree is the number of edges where u is the tail. A node u ∈ V
with out-degree zero is called a sink of the graph.

An orientation O of a graph is sink-free if no node is a sink in O. There
are important and classic problems related with recognize patterns and count
combinatorial structures on the orientations, like: decision, construction, unique,
listing, counting sink-free graph orientations and the acyclic orientations of the
graph [5,3]. For example, the decision problem SFO on instance G is to deter-
mine whether G has a sink-free orientation, and the #SFO problem is to count
the number of sink-free orientations of G.

Notice that an oriented edge u → v can be represented by the constraint
(¬u ∨ v) and then, problems related to oriented graphs can be considered as a
restricted class of the CSP. In fact, Russ [11] has shown that the SFO problem
is equivalent to determine the satisfiability of Boolean Conjunctive Formulas
where each literal appears exactly once, problem knowing as Twice-SAT.

In this work, we consider a more general case of the patterns of orientations
of an undirected edge. Given an undirected graph G = (V,E), we associate to
each edge {u, v} ∈ E an ordered pair (s1, s2) of signs assigned as the labels
of the edge. The signs s1 and s2 are related to the signs of the literals u and
v respectively. For example, the clause (¬x ∨ ¬y) determines the labeled edge:
“x− −y”.

Then, we have four different orientations for any edge {u, v} ∈ E; when
(s1, s2) = (−,+) the edge is type u→ v, if (s1, s2) = (+,−) the edge is v → u,
both cases are called ordinary edges. The cases where (s1, s2) = (+,+) denoted
as v ↔ u, and where (s1, s2) = (−,−) denoted as v →← u are called skews
edges.

This type of orientations generalize the class of problems which could be mod-
eled and solved through methods applied in the area of Constraint Satisfaction
Problems. We present a new matrix method for recognizing and counting the
number of sink-free orientations of a planar grid graph G under this class of
orientations, for solving its related constraint satisfaction problem; to count the
number of models of a 2-CNF on formulas whose constrained graph is a grid
graph.

The constraint satisfaction problem has been a helpful language to model
processing on Grid graph which is one of the most important physical graph
topology for modeling parallel and distributed computing.
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2 The Transfer Matrix Method and the #2SAT Problem

An undirected planar grid graph of size m× n is a graph Gm,n with vertex set
V = {0, ...,m} × {0, ..., n} and edge set E = {{u, v} : u, v ∈ V ∧ ‖u − v‖ = 1}.
where ‖· ‖ is the euclidean norm ofR2. Let I(Gm,n) be the number of independent
sets of Gm,n. There is a large volume of literature devoted to recognize and count
structures in a grid graph, e.g., spanning trees, Hamiltonian cycles, independent
sets, acyclic orientations, k-coloring, and so on [1,4,8,6].

In other line research, the transfer matrix method is a general technique which
has been used to find exact solutions for a great variety of problems. For example,
Calkin [4] used this method for computing the number of independent sets over
a grid graph Gm,n.

Shortly, we describe the method used by Calkin as follows. Let Cm be the
set of all (m + 1)-vectors v of 0′s and 1′s without two consecutive 1′s (the
number of these vectors is Fm+2, the m + 2-th Fibonacci number). Let Tm be
an Fm+2 × Fm+2 symmetric matrix of 0′s and 1′s whose rows and columns are
indexed by the vectors of Cm. The entry of Tm in position (u,v) is 1 if the
vectors u,v are orthogonal, and is 0 otherwise, Tm is called the transfer matrix
for Gm,n. Then, I(Gm,n) is the sum of all entries of the n-th power matrix T n

m,
i.e., I(Gm,n) = 1tT n

m1, where 1 is the (Fm+2)-vector whose entries are all 1′s.
For example, if m = 2 and n = 3 we have that C2 = {(0, 0, 0), (1, 0, 0), (0, 1, 0),

(0, 0, 1), (1, 0, 1)},

T2 =

⎛

⎜
⎜
⎜
⎜
⎝

1 1 1 1 1
1 0 1 1 0
1 1 0 1 1
1 1 1 0 0
1 0 1 0 0

⎞

⎟
⎟
⎟
⎟
⎠

and T 3
2 =

⎛

⎜
⎜
⎜
⎜
⎝

17 12 13 12 9
12 7 10 8 5
13 10 9 10 8
12 8 10 7 5
9 5 8 5 3

⎞

⎟
⎟
⎟
⎟
⎠

therefore I(G(2, 3)) = 1T 3
2 1 = 227.

The study of I(Gm,n) is closely related to the “hard-square model” used in
statistical physics and, of particular interest is the so-called “hard-square entropy
constant” defined as limm,n→∞ I(Gm,n)1/m·n [1]. Applications also include for
instance tiling and efficient coding schemes in data storage [10].

Given a monotone Boolean formula F in 2-conjunctive normal form (2-CNF),
we can associate an undirected signed graph GF = (V,E), called its constrained
graph, where V is the set of variables of F and two vertices of V are connected
by an edge in E if they belong to the same clause of F . We say that a 2-CNF
formula is a cycle, path, tree, or grid formula if its constrained graph is a cycle,
path, tree, or grid graph respectively.

It is known that the number of independent sets of GF is the number of
satisfying assignments (models) for monotone formulas F [9]. The number of
models of a Boolean formula F is denoted as #SAT(F ). The computation of
#SAT(F ) for formulas in 2-CNF is a classic #P-complete problem [3].

In order to extend the transfer matrix method for considering any kind of
2-CNF’s, we have to deal with grid graphs with signed edges.
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3 Oriented Grids

For each undirected edge e = {u, v} ∈ E of an grid graph Gm,n, we consider
four types of orientations for e: (+,+), (+,−), (−,+) and (−,−) (see figure 1).

(+,+) (-,+) (+,-) (-,-)

Fig. 1. Types of orientations

An oriented grid graph is a triplet G = (V,E, ψ), where (V,E) is a graph
(grid graph), and ψ is a function with domain E and range {+,−} × {+,−}.
The evaluation ψ(e) is called the orientation of the edge e ∈ E.

Let e = {u,v} be an edge of an oriented grid graph, if the vector u − v is
parallel to the vector (0, 1), e is called column edge, if u − v is parallel to the
vector (1, 0), e is called a row-edge.

A k-column of an oriented grid graph Gm,n is the vertex-induced subgraph
by the nodes

xk0, ..., xkm

where xij = (i, j). The vertex-induced subgraph by the nodes

xk0, ..., xkm, x(k+1)0, ..., x(k+1)m

is denoted by Gm,k,k+1(see figure 2a).
From the k-columns and �-rows of an oriented grid graph Gm,n we define the

vectors sk, rk,
−→r k,
←−r k ∈ {+,−}2m defined by

sk = (s′0k, s1k, s
′
1k, ..., sm−1k, s

′
m−1k, smk)

rk = (r′0k, r1k, r
′
1k, ..., rm−1k, r

′
m−1k, rmk)

−→r k = (r0k, r1k, r1k, ..., rm−1k, rm−1k, rmk)
←−r k = (r′0k, r

′
1k, r

′
1k, ..., r

′
m−1k, r

′
m−1k, rmk)

The k-column nodes of Gm,n induces a vector xk ∈ {0, 1}2m given by

xk = (x′k0, xk1, x
′
k1, ..., xkm−1, x

′
km−1, xkm)

(see figure 2b).
The vector sk is called the k-oriented vector induced by the column nodes from
Gm,n. xk is called the k-vector induced by the column nodes from Gm,n and the
pair 〈sk, sk+1〉 is called the sign vectors induced by xk and xk+1.
A valuation of the nodes xij is a function ϕ with domain {0, ...,m}×{0, ..., n} and
range {0, 1}. We define the operation · : {+,−}×{0, 1} → {0, 1} as +0=0,+1=1,-
0=1, and -1=0. The operation

� : {+,−}2m × {0, 1}2m → {0, 1}
is defined by (si)� (xi) = (si·xi).
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Fig. 2. a) Vertex-induced subgraph Gm,k,k+1 b) Vectors sk, rk
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Fig. 3. Grid graph G2,2

4 A Novel Matrix Method for Processing Grids

Let Fm be the set of all 2m-vectors v of 0′s and 1′s, and let Cm ⊂ Fm be the
set of all 2m-vectors v of 0′s and 1′s, such that v does not have two consecutive
1′s. The cardinality of Cm (denoted by |Cm|) is F2m+1 (the 2m+1-th Fibonacci
number), while |Fm| = 22m. Given s ∈ {0, 1}2m, we define

Fs
m = {e ∈ Fm : s� e ∈ Cm}

Following the idea proposed in [4], we define a matrix Tk = Tm,k, the transfer
matrix of Gm,k,k+1 as follows. Tk is an | Fsk+1

m | × | Fsk
m | matrix of 0′s and 1′s

whose rows and columns are indexed by vectors (v,u) of Fsk+1

m ×Fsk

m . The entry
of Tk in position (v,u) is 1 if the vectors −→r k �u and ←−r k+1 �v are orthogonal,
and is 0 otherwise.

Notice that if −→r k and ←−r k+1 have positive entries, then Tk is the transfer
matrix used in the transfer method [4]. For example, ifG2,2 is the grid graph with
labeled edges as illustrated in figure 3. For G2,0,1, we have that s0 = (+,−,+,+),
s1 = (−,−,+,+) and −→r 0 = ←−r 1 = (+,+,+,+), then Fs0

2 = {u1, · · · ,u4} and
Fs1

2 = {v1,v2,v3,v4}, where u1 = (0, 0, 0, 0), u2 = (0, 1, 1, 0), u3 = (0, 0, 0, 1),
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u4 = (1, 1, 1, 0), v1 = (1, 0, 0, 0), v2 = (0, 1, 1, 0), v3 = (1, 0, 0, 1) and v4 =
(1, 1, 1, 0). The transfer matrix T0 = (aij)4×4, is a 4 × 4 matrix determined, for
1 ≤ i, j ≤ 4, as aij = 1, if (←−r 1�vi) · (−→r 0�uj) = 0 and aij = 0 otherwise. Since−→r 0 =←−r 1 = (+,+,+,+), then ←−r 1 � vi = vi and −→r 0 � uj = uj . Then,

T0 =

⎛

⎜
⎜
⎝

1 1 1 0
1 0 1 0
1 1 0 0
1 0 1 0

⎞

⎟
⎟
⎠ (1)

We have s1 = (−,−,+,+), s2 = (+,+,+,+), −→r 1 = (−,−,−,+) and ←−r 2 =
(−,+,+,+), then Fs1

2 = {μ1,...,μ4} and Fs2
2 = {ν1,...,ν5}, where μ1=(1,0,0,0),

μ2=(0,1,1,0), μ3=(1,0,0,1), μ4=(1,1,1,0), ν1=(0,0,0,0), ν2=(1,0,0,0), ν3=(0,1,1,0),
ν4=(0,0,0,1) and ν5=(1,0,0,1). Then,

{−→r 1 � μ : μ ∈ Fs1
2 } = {(0, 1, 1, 0), (1, 0, 0, 0), (0, 1, 1, 1), (0, 0, 0, 0)}

and

{←−r 2 � ν : ν ∈ Fs2
2 } = {(1, 0, 0, 0), (0, 0, 0, 0), (1, 1, 1, 0), (1, 0, 0, 1), (0, 0, 0, 1)}

The transfer matrix T1 = (bij)5×4, is such that, for 1 ≤ i ≤ 5 and 1 ≤ j ≤ 4,
bij = 1, if (←−r 2 � νi) · (−→r 1�μj) = 0 and bij = 0 otherwise. Then

T1 =

⎛

⎜
⎜
⎜
⎜
⎝

1 0 1 1
1 1 1 1
0 0 0 1
1 0 0 1
1 1 0 1

⎞

⎟
⎟
⎟
⎟
⎠

(2)

Remark 1. When we compare our method with the Calkin’s method, if −→r k

and←−r k+1 have positive entries, then Tk = T for all k = 1, ..., n, and then T will
be the classic transfer matrix used in [4].

In the case, not necessarily monotone, of a formula F having a constrained an
oriented grid graph Gm,n and transfer matrices T0, . . . , Tn−1, is straightforward
to conclude that the sum of all entries of the product matrix Tn−1 · · ·T0 is the
number of satisfying assignment of F . This fact is expressed in the following
theorem.

Theorem 1. Let F be a grid formula such that its constrained graph is an ori-
ented grid graph Gm,n (1 ≤ n), then the number of satisfying assignments of F
is given by the sum of all of the entries of the product matrix Tn−1 · · ·T0, where
Tk is the transfer matrix of Gm,k,k+1, k = 0, ..., n− 1.

Before detailing the proof, we consider the following example.
Example: Let F = (x0∨y0)∧ (¬y0∨¬z0)∧ (z0∨z1)∧ (z1∨z2)∧ (z2∨y2)∧ (y2∨
x2)∧ (x2 ∨x1)∧ (¬x1 ∨ x0)∧ (x1 ∨ y1)∧ (¬y1 ∨ z1)∧ (¬y1 ∨¬y0)∧ (y1 ∨ y2). The
constrained graph of F is the oriented grid graph G2,2 with depicted in Figure
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3. Then, from last example, T0 and T1 are the transfer matrices given in (2) and
(3) respectively. Now, we have that the product matrix T1T0 is the following

T1T0 =

⎛

⎜
⎜
⎜
⎜
⎝

3 2 2 0
4 2 3 0
1 0 1 0
2 1 2 0
3 1 3 0

⎞

⎟
⎟
⎟
⎟
⎠

therefore, #SAT(F ) = 30.
If Fm,n denotes a grid formula having as constrained graph a grid Gm,n, for

n > 0, we can write

Fm,n = (
n∧

i=0

Ci) ∧ (
n−1∧

�=0

R�) (3)

where

Ci =
m−1∧

k=0

(s′kixki ∨ sk+1,ixk+1,i) (4)

s′ki, sk+1,i ∈ {+,−},

R� =
m∧

j=0

(r′j�xj� ∨ rj,�+1xj,�+1) (5)

r′j�, rj,�+1 ∈ {+,−}. Here, the formulas Ci and R� are called column-formula
and row-formula respectively. Notice that for m,n > 0

Fm,n = Fm,n−1 ∧Cn ∧Rn−1, Fm,0 = C0, F0,n = R0. (6)

For i = 0, ..., n− 1, we define

Fm,i,i+1 = Ci ∧ Ci+1 ∧Ri (7)

Note that

Fm,n =
n−1∧

i=0

Fm,i,i+1 (8)

If φ : {x0i, . . . , xmi} → {0, 1} is an assignment of values for the variables of Ci

(partial assignments of the variables of Fm,n), is denoted by the (m+ 1)-vector
(φ(x0i), ..., φ(xmi)). Also, observe that can be considered as a partial assignment
on the nodes of a k column induced vector from the oriented grid graph Gm,n .

xk = (x′k0, xk1, x
′
k1, ..., x

′
k,m−1, xkm)

where φ(xki) = φ(x′ki) for i = 1, ...,m−1. That is, an assignment for the variables
of Ci can be seen as a vector in {0, 1}2m.

To prove theorem 1, first, we characterize the partial assignments of the vari-
ables of Fm,n, such that satisfy each column-formula Ci (lemma 1). Second, we
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characterize the pairs of assignments that satisfy the formula (8), i.e. satisfy
two consecutive column-formulas Ci, Ci+1 and the respective row-formula Ri

(lemma 2). Finally, we prove that all matrix of partial assignments derived from
the lemmas 1 and 2, satisfies the formula Fm,n. Next, for simplicity, we omit the
index i of vji, xji, sji, rji, s

′
ji and r′ji.

Lemma 1. The vector x ∈ {0, 1}2m satisfies the formula (4) if and only if
x ∈ Fs

m, where x = −x and s is the sign vector of Ci.

Proof. If we assume that x = (x′0, x1, x
′
1..., x

′
m−1xm) satisfies the formula (4) and

s = (s′0, s1, s′1, ..., s′m−1, sm), then (s′�x� ∨ s�+1x�+1) = 1 for all � ∈ {0, ...,m− 1},
that is equivalent to (s′�x�, s�+1x�+1) �= (1, 1).

It is straightforward to verify that the vector

(s′0x0, s1x1, s
′
1x

′
1, ..., s

′
m−1xm−1, s

′
mxm) = s� x

does have no two consecutive 1’s, since any case is implied by conditions φ(xki) =
φ(x′ki) for i = 1, ...,m− 1 and (s′�x�, s�+1x�+1) �= (1, 1). Therefore, x ∈ Fs

m.
Suppose that s� x ∈ Cm, for � = 0, ...,m then (s′�x�, s�+1x�+1) does not have

two consecutive 1′s. The vector x satisfies the column-formula Ci (equation (4)),
otherwise, there is � ∈ {0, ...,m−1} such that s′�x�∨s�+1x�+1 = 0, then s′�x� = 1
and s�+1x�+1 = 1 (contradiction). �

Lemma 2. The pair (x,y) ∈ {0, 1}4m satisfies Fm,i,i+1 if and only if (x,y) ∈
Fsi

m ×Fsi+1
m and (←−r i � x) · (−→r i+1 � y) = 0.

Proof. Suppose that x = (x′0, x1, x
′
1..., x

′
m−1, xm) and y = (y′0, y1, y

′
1..., y

′
m−1, ym)

are such that (x,y) satisfies Fm,i,i+1. From lemma 1, x ∈ Fsi
m and y ∈ Fsi+1

m ,
we must prove that (←−r i � x) · (−→r i+1 � y) = 0.

By hypothesis (r′ijxj∨ri+1,jyj) = 1 for all j = 0, ...,m, then r′ijxj∧ri+1,jyj = 0
for all j = 0, ...,m, therefore (←−r i � x) · (−→r i+1 � y) = 0.

If x ∈ Fsi
m and y ∈ Fsi+1

m , from lemma 1, x satisfies Ci and y satisfies Ci+1.
Now, if (←−r i � x) · (−→r i+1 � y) = 0, then r′ijxj · ri+1,jyj = 0 for all j = 0, ...,m,
hence (r′ijxj ∨ ri+1,jyj) = 1 for all j = 0, ...,m. Therefore (x,y) satisfies the
row-formula Rj (equation (5)) for j = 0, ...,m. �
Remark 2. Notice that if Fsi

m = {xi
0, ...,x

i
ri
}, then the sum of the entries of the

matrix Ti = (ai
kl)ri+1×ri where ai

kl = 1 if (−→r i+1 � xi+1
k ) · (←−r i � xi

l) = 0 and
ai

kl = 0 otherwise, is #SAT (Fm,i,i+1), that is, there is a bijection between the
set of non zero entries of Ti and the set of satisfying assignments of Fm,i,i+1.
Therefore, from previous lemma we have that 1tTi1 = #SAT (Fm,i,i+1), where
Ti is the transfer matrix of the column i to the column i + 1 of Gm,n (the
constrained graph of Fm,n). Finally, we prove the theorem 1.

Proof (Theorem 1). From equation (8), it is clear that the vector (x0, ...,xn)
∈ {0, 1}2m(n+1) satisfies the formula Fm,n if and only if (xi,xi+1) satisfies
Fm,i,i+1 for i = 0, ..., n− 1. By lemma 2, (x̄i, x̄i+1) ∈ Fsi

m ×Fsi+1
m and

(←−r i � x) · (−→r i+1 � y) = 0
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for i = 0, ..., n− 1. Let ai
li+1li

be the entry of the transfer matrix Ti in position

(x̄i+1, x̄i) ∈ Fsi+1
m ×Fsi

m

Then, by definition of Ti and previous analysis,

(x0, ...,xn) ∈ {0, 1}(2m)(n+1)

satisfies the formula Fm,n if and only if

(x̄0, ..., x̄n) ∈ Fs0
m × · · · × Fsn

m and an−1
lnln−1

· · ·a0
l1l0 = 1

Therefore #SAT (Fm,n) is the cardinality of the set

{(x̄0, · · · , x̄n) ∈ Fs0
m × · · · × Fsn

m : an−1
lnln−1

· · · a0
l1l0 = 1}

Taking into account all the terms an−1
lnln−1

· · ·a0
l1l0

= 0, we obtain

#SAT (Fm,n) =
∑

(l0,...,ln)∈I0×···×In

an−1
lnln−1

· · · a1
l2l1 · a0

l1l0 = 1tTn−1 · · ·T01

where Ik = {0, ..., tk}, tk =| Fsk
m | for k = 0, ..., n. �

In [2] we show a possible application of our method for modeling a distributed
work among a team formed by 16 remote collaborators, and which is represented
by a network grid. Some constraints are defined on the orientations which dis-
tribute the flow of tasks among the members of the team. Our method is applied
for counting the number of different paths of the oriented grid where such paths
violate the defined constraints.

5 Conclusions

We have considered the different pattern orientations of an undirected edge, and
applying those pattern on a grid graph G, we develop a new matrix method for
recognizing and counting the number of sink-free orientations of G for solving
its related constraint satisfaction problem; to count the number of models of a
2-CNF on formulas whose constrained graph is a grid graph.

The type of orientations considered here generalize the class of problems which
could be modeled and solved through methods applied in the area of Constraint
Satisfaction Problems.
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5. Gärtner, B., Morris, W., Rüst, L.: Unique Sink Orientations of Grids. Algorith-
mica 51(2), 200–235 (2008)

6. Golin, M.J., Leung, Y.C., Wang, Y., Yong, X.: Counting Structures in Grid
Graphs, Cylinders and Tori Transfer Matrices: Survey and New Results. In:
ALENEX/ANALCO, pp. 250–258 (2005)

7. Grohe, M., Marx, D.: Constraint Solving via Fractional Edge Covers. In: Soda’06,
Miami (2006)

8. Reinhardt, E.: The Fibonacci Number of a Grid Graph and a New Class of Integer
Sequences. JIS Journal of Integer Sequences 88(2), 1–16 (2005) Article 05.2.6

9. Roth, D.: On the Hardness of Approximate Reasoning. Artificial Intelligence, 273–
302 (1996)

10. Roth, R.M., Siegel, P.H., Wolf, J.K.: Efficient Coding Schemes for the Hard-Square
Model. IEEE Trans. Inform. Theory 47, 1166–1176 (2001)

11. Russ, B.: Randomized Algorithms: Approximation, Generation, and Counting, Dis-
tinguished dissertations. Springer, Heidelberg (2001)

12. Vadhan Salil, P.: The complexity of Counting in Sparse, Regular, and Planar
Graphs. SIAM Journal on Computing 31(2), 398–427 (2001)

13. Valiant, L.G.: The complexity of enumeration and reliability problems. SIAM J.
Comput. 8(3) (1979)


	A Novel Method for Counting Models on Grid Boolean Formulas
	Introduction
	The Transfer Matrix Method and the #2SAT Problem
	Oriented Grids
	A Novel Matrix Method for Processing Grids
	Conclusions



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




