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Abstract. Learning in multi-agent systems (MAS) is a complex task.
Current learning theory for single-agent systems does not extend to
multi-agent problems. In a MAS the reinforcement an agent receives
may depend on the actions taken by the other agents present in the
system. Hence, the Markov property no longer holds and convergence
guarantees are lost. Currently there does not exist a general formal the-
ory describing and elucidating the conditions under which algorithms
for multi-agent learning (MAL) are successful. Therefore it is important
to fully understand the dynamics of multi-agent reinforcement learning,
and to be able to analyze learning behavior in terms of stability and re-
silience of equilibria. Recent work has considered the replicator dynamics
of evolutionary game theory for this purpose. In this paper we contribute
to this framework. More precisely, we formally derive the evolutionary
dynamics of the Regret Minimization polynomial weights learning al-
gorithm, which will be described by a system of differential equations.
Using these equations we can easily investigate parameter settings and
analyze the dynamics of multiple concurrently learning agents using re-
gret minimization. In this way it is clear why certain attractors are stable
and potentially preferred over others, and what the basins of attraction
look like. Furthermore, we experimentally show that the dynamics pre-
dict the real learning behavior and we test the dynamics also in non-self
play, comparing the polynomial weights algorithm against the previously
derived dynamics of Q-learning and various Linear Reward algorithms
in a set of benchmark normal form games.

1 Introduction

Multi-agent systems (MAS) are a proven solution method for contemporary
technological challenges of a distributed nature, such as e.g. load balancing and
routing in networks [13,14]. Typical for these new challenges of today is that
the environment in which those systems need to operate is dynamic, rather than
static, and as such evolves over time, not only due to external environmental
changes but also due to agents’ interactions. The naive approach of providing
all possible situations an agent can encounter along with the optimal behavior
in each of them beforehand, is not feasible in this type of system. Therefore to
successfully apply MAS, agents should be able to adapt themselves in response
to actions of other agents and changes in the environment. For this purpose,
researchers have investigated Reinforcement Learning (RL) [15,11].
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RL is already an established and profound theoretical framework for learn-
ing in a single-agent framework. In this framework a single agent operates in
an uncertain environment and must learn to act autonomously and achieve a
certain goal. Under these circumstances it has been shown that as long as the
environment an agent is experiencing is Markovian, and the agent can try out
sufficiently many actions, RL guarantees convergence to the optimal strategy
[22,16,12]. This task becomes more complex when multiple agents are concur-
rently learning and possibly interacting with one another. Furthermore, these
agents have potentially different capabilities and goals. Consequently, learning
in MAS does not guarantee the same theoretical grounding.

Recently an evolutionary game theoretic approach has been introduced to pro-
vide such a theoretical means to analyze the dynamics of multiple concurrently
learning agents [19,17,18]. For a number of state of the art MAL algorithms, such
as Q-learning and Learning Automata, the evolutionary dynamics have been de-
rived. Using these derived dynamics one can visualize and thoroughly analyze
the average learning behavior of the agents and stability of the attractors. For
an important class of MAL algorithms, viz. Regret Minimization (RM), these
dynamics are still unknown. The central idea of this type of algorithm is that
after the agent has taken an action and received a reward in the learning pro-
cess, he may look back at the history of actions and rewards taken so far, and
regret not having played another action—namely the best action in hindsight.
Based on this idea a loss function is calculated which is key to the update rule
of an RM learning algorithm. To contribute to this EGT backbone for MAL,
it is essential that we derive and examine the evolutionary dynamics of Regret
Minimization as well, which we undertake in the present paper.

In this paper we follow this recent line of reasoning that captures the dy-
namics of MAL algorithms and formally derive the evolutionary dynamics of
the Polynomial Weights Regret Minimization learning algorithm. Furthermore,
we perform an extensive experimental study using these dynamics, illustrating
how they predict the behavior of the associated learning algorithm. As such this
allows for a quick and thorough analysis of the behavior of the learning agents
in terms of learning traces, parameters, and stability and resilience of attrac-
tors. The derived dynamics provide theoretical insight in this class of algorithms
and as such contribute to a theoretical backbone for MAL. Moreover, we do not
only investigate the dynamics in self play but also compare the derived dynam-
ics against the dynamics of Linear Reward-Inaction and Linear Reward-εPenalty
Learning Automata. It is the first time that these MAL algorithms are compared
using their derived dynamical systems instead of performing a time consuming
experimental study with the learning algorithms themselves.

The remainder of this paper is structured as follows. In Sect. 2 we intro-
duce the necessary background for the remainder of the paper. More precisely,
we introduce Regret Minimization and the Replicator Dynamics of Evolution-
ary Game Theory. In Sect. 3 we formally derive the dynamics of RM, and we
study them experimentally in Sect. 4. Section 5 summarizes related work and
we conclude in Sect. 6.
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2 Preliminaries

In this section we describe the necessary background for the remainder of the
article. We start off by introducing Regret Minimization, the multi-agent learning
algorithm of which we want to describe the evolutionary dynamics. Section 2.2
introduces the replicator dynamics of Evolutionary Game Theory.

2.1 Regret Minimization

Regret Minimizing algorithms are learning algorithms relating the history of an
agents’ play to his current choice of action. After acting, the agent looks back at
the history of actions and corresponding rewards, and regrets not having played
the best action in hindsight. Playing this action at all stages often results in a
better total reward by removing the cost of exploration.

As keeping a history of actions and rewards is very expensive at best, most
regret minimizing algorithms use the concept of loss li to aggregate the history
per action i. Using the loss, the action selection probabilities are updated. Several
algorithms have been constructed around computing loss.

In order to determine the best action in hindsight the agent needs to know
what rewards he could have received, which could be provided by the system.
Each action i played, results in a reward ri and the best reward in hindsight r is
determined, with the loss for playing i given by li = r− ri: a measure for regret.

The Polynomial Weights algorithm [2] is a member of the Regret Minimization
class. It assigns a weight wi to each action i which is updated using the loss for
not playing the best action in hindsight:

w
(t+1)
i = w

(t)
i

(
1 − λl

(t)
i

)
, (1)

where λ is a learning parameter to control the speed of the weight-change. The
weights are now used to derive action selection probabilities by normalization:

x
(t)
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w
(t)
i∑

j w
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j
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2.2 Replicator Dynamics

The Replicator Dynamics (RD) are a system of differential equations describing
how a population of strategies evolves through time [9]. Here we will consider
an individual level of analogy between the related concepts of learning and evo-
lution. Each agent has a set of possible strategies at hand. Which strategies are
favored over others depends on the experience the agent has previously gathered
by interacting with the environment and other agents. The collection of possi-
ble strategies can be interpreted as a population in an evolutionary game theory
perspective [20]. The dynamical change of preferences within the set of strategies
can be seen as the evolution of this population as described by the replicator
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dynamics. The continuous time two-population replicator dynamics are defined
by the following system of ordinary differential equations:

ẋi =xi

(
(Ay)i − xT Ay)

)

ẏi =yi

(
(Bx)i − yT Bx)

)
,

(3)

where A and B are the payoff matrices for player 1 (population x) and 2 (pop-
ulation y) respectively. For an example see Sect. 4. The probability vector x
(resp. y) describes the frequency of all pure strategies (also called replicators)
for player 1 (resp. 2). Success of a replicator i in population x is measured by the
difference between its current payoff (Ay)i and the average payoff of the entire
population x, i.e. xT Ay.

3 Modelling Regret Minimization

In this section we will derive a mathematical model, i.e. a system of differential
equations, describing the dynamics of the polynomial no regret learning algo-
rithm. Each learning agent will have his own system of differential equations
describing the updates to his action selection probabilities. Just as in (3), our
models will be using expected rewards to calculate the change in action selection
probabilities. Here too, these rewards are determined by the other agents in the
system.

The first step in finding a mathematical model for Polynomial Weights is to
determine the update δx

(t)
i at time t to the action selection probability for any

action i:
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This shows that the update δxi to the action selection probability depends on the
weight as well as the probabilties. If we want the model to consist of a coupled
system of differential equations, we need to find an expression for these weights
in terms of xi and yi. In other words we would like to find an expression of the
weights in terms of their corresponding action selection probabilities. Therefore,
using (2) we divide any two xi and xj :

xi

xj
=

wi∑
k wk

∑
k wk

wj

wi = xi
wj

xj
. (4)

This allows to represent weights as the corresponding action selection probability
multiplied by a common factor. Substituting (4) into (1) and subsequently (2)
yields:
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The update δx
(t)
i is found by subtracting x
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i from (5):
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In subsequent formulations, the reference to time will again be dropped, as all
expressions reference the same time t.

The next step in the derivation requires the specification of the loss li. The
best reward may be modeled as the maximum expected reward r = maxk(Ay)k ,
the actual expected reward is given by ri = (Ay)i. This yields the equation for
the loss for action i:

li = max
k

(Ay)k − (Ay)i . (7)

After substituting the loss li (7) into (6), the derivation of the model is nearly
finished. Using the fact that

∑
j xjC = C for constant C, we may simplify the

resulting equation by replacing these terms:
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Finally, we recognize
∑

j xj(Ay)j = xT Ay and we arrive at the general model:

ẋ =
λxi

(
(Ay)i − xT Ay

)
1 − λ (maxk(Ay)k − xT Ay)

. (9)
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The derivation for ẏ is completely analogous and yields:

ẏ =
λyi

(
(Bx)i − yT Bx

)
1 − λ (maxk(Bx)k − yT Bx)

. (10)

Equations 9 and 10 describe the dynamics of the Polynomial Weights learning
algorithm. What is immediately interesting to note is that we recognize in this
model the coupled replicator equations, described in (3), in the numerator. This
value is then weighted based on the expected loss. At this point we can conclude
that this learning algorithm can also be described based on the coupled RD from
evolutionary game theory, just as has been shown before for Learning Automata
and Q-learning (resulting in different equations that also contain the RD) [17].

4 Experiments

We performed numerical experiments to validate our model, by comparing its
predictions with simulations of agents using the PW learning algorithm. In addi-
tion, we propose a method to investigate outcomes of interactions among agents
using different learning algorithms, of which dynamics have been derived. First
we present the games and algorithms we used in our experiments.

4.1 Sample Games

We limit ourselves to two-player, two-action, single state games. This class in-
cludes many interesting games, such as the Prisoner’s Dilemma, and allows us
to visualize the learning dynamics by plotting them in 2-dimensional trajec-
tory fields. These plots show the direction of change for the two players’ action
selection probabilities.

Having two agents with two actions each yields games with action selection
probabilities x = [x1x2]T and y = [y1y2]T and two 2-dimensional payoff matrices
A and B for players 1 and 2 respectively:

A =
[
a11 a12

a21 a22

]
B =

[
b11 b12

b21 b22

]
.

Note that these are payoff matrices, not payoff tables with row players and
column players: put in these terms, each player is the row player in his own
matrix.

This class of games can be partitioned into three subclasses [20]. We experi-
mented with games from all three subclasses. The subclasses are the following.

1. At least one of the players has a dominant strategy when

(a11 − a21)(a12 − a22) > 0 or
(b11 − b21)(b12 − b22) > 0 .
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The Prisoner’s Dilemma (PD) falls into this class. The reward matrices used
for this class in the simulations and model are

A = B =
[
1 5
0 3

]
.

This game has a single pure Nash equilibrium at (x,y) = ([1, 0]T , [1, 0]T ).
2. There are two pure equilibria and one mixed when

(a11 − a21)(a12 − a22) < 0 and
(b11 − b21)(b12 − b22) < 0 and
(a11 − a21)(b11 − b21) > 0 .

The Battle of the Sexes (BoS) falls into this class. The reward matrices used
for this class in the simulations and model are

A =
[
2 0
0 1

]
B =

[
1 0
0 2

]
.

This game has two pure Nash equilibria at (x,y) = ([0, 1]T , [0, 1]T ) and
([1, 0]T , [1, 0]T ) and one mixed Nash equilibrium at ([2/3, 1/3]T , [1/3, 2/3]T ).

3. There is just one mixed equilibrium when

(a11 − a21)(a12 − a22) < 0 and
(b11 − b21)(b12 − b22) < 0 and
(a11 − a21)(b11 − b21) < 0.

This class contains Matching Pennies (MP). The reward matrices used for
this class in the simulations and model are

A = B =
[
2 1
1 2

]
.

This game has a single mixed Nash equilibrium at x = [1/2, 1/2]T ,y =
[1/2, 1/2]T .

4.2 Other Learning Algorithms

The dynamics we derived to model agents using the Polynomial Weights (PW)
algorithm can be used to investigate the performance of the PW algorithm in
selfplay. This provides an important test for the validity of a learning algorithm:
in selfplay it should converge to a Nash equilibrium of the game [6]. Crucially,
with our model, we are now also able to model and make predictions about
interactions between agents using different learning algorithms.

In related work, analytical models for several other algorithms have been
derived (see [19,17,7] and Table 1 for an overview). Here we use models for the
Linear Reward-Inaction (LR−I) and Linear Reward-εPenalty (LR−εP ) policy
iteration algorithms.
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LR−I We study 2 algorithms from the class of linear reward algorithms. These
are algorithms that update (increase or decrease) the action selection prob-
ability for the action selected by a fraction 0 < λ ≤ 1 of the payoff received.
The parameter λ is called the learning rate of the algorithm. The LR−I al-
gorithm rewards, but does not punish actions for yielding low payoffs: the
action selection probability of the selected action is increased whenever re-
wards 0 ≤ r ≤ 1 are received.

LR−εP The LR−εP algorithm generalizes both the LR−I algorithm and the
LR−P algorithm (which we therefore didn’t include). In addition to reward-
ing high payoffs, the penalty algorithms also punish low payoffs. The LR−εP

algorithm captures both other algorithms through the parameter ε > 0 which
specifies how severely low rewards are punished: as ε goes to 0 (1), there is
no (full) punishment and the algorithm behaves like LR−I (LR−P ).

The models for these algorithms are represented in Table 1, which also shows
how they are all variations on the basic coupled replicator equations.

Table 1. Correspondence between Coupled Replicator Dynamics (CRD) and learning
strategies. (Q refers to the Q-learning algorithm.)

Alg. Model Reference
name

CRD xi

(
(Ay)i − xT Ay

)
[9]

LR−I λxi

(
(Ay)i − xT Ay

)
[17]

LR-εP λxi

(
(Ay)i − xT Ay

)−ελ

⎛
⎝−x2(1 − (Ay)i) + 1−xi

r−1

∑
j �=i

xj(1 − (Ay)j)

⎞
⎠[1]

PW λxi

(
(Ay)i − xT Ay

)
/

(
1 − λ

(
maxk(Ay)k − xT Ay

))
Sec. 3

Q τλxi

(
(Ay)i − xT Ay

)
+λxi

∑
j xj ln

(
xj

xi

)
[19,7]

4.3 Results

To visualize learning, all of our plots show the action selection probability for
the first actions x1 and y1 of the two agents on the two axes: the PW agent on
the x-axis and the other agent on the y-axis (sometimes this other agent also
uses the PW algoritm). Knowing these probabilities, we also know x2 = 1 − x1

and y2 = 1−y1. When playing the repeated game, the learning strategy updates
these probabilities after each iteration.

All learning algorithms have been simulated extensively in each of the above
games. This has been done in order to validate the models we have derived or
taken from the literature. The results show paths starting at the initial action
selection probabilities for action 1 for both agents that, as learning progresses,
move toward some equilibrium. The simulations depend on: (i) the algorithms
and their parameters, (ii) the game played and (iii) the initial action selection
probabilities. We simulate and model 3 different algorithms (see Sect 4.2: PW,
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Fig. 1. PW selfplay, Prisoner’s Dilemma

Fig. 2. PW selfplay, Battle of the Sexes

LR−I , and LR−εP ), with λ = ε = 1, in 3 different games (see Sect. 4.1: PD,
BoS, and MP). The initial probabilities are taken from the grid {.2, .4, .6, .8} ×
{.2, .4, .6, .8}; they are indicated by ‘+’ in the plots. All figures show vector fields
on the left, and average trajectories over 500 simulations of 1500 iterations of
agents using the various learning algorithms on the right.

PW Selfplay. In Figures 1, 2, and 3 we show results for the PW algorithm in
selfplay in the PD, the BoS, and MP, respectively. In all three figures, the models
clearly show direction of motion towards each of the various Nash equilibria in
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Fig. 3. PW selfplay, Matching Pennies

the respective games: the single pure strategy Nash equilibrium in the PD, the
two pure strategy Nash equilibria in the BoS (not the unstable mixed one), and
a circular oscillating pattern in the MP game.

The simulation paths (on the right) validate these models (on the left), in
that the models are shown to accurately predict the simulation trajectories of
interacting PW agents in all three games. The individual simulations in the
BoS game (Fig. 2) that start from any one of the 4 initial positions on the
diagonal (which is exactly the boundary between the two pure equilibria’s basins
of attraction) all end up in one of the two pure strategy Nash equilibria, but
since we take the average of all 500 simulations, these plots end up in the center,
somewhat spread out over the perpendicular (0,0)-(1,1) diagonal, because there
is not a perfect 50%/50% division of the trajectories over the 2 Nash equilibria.

PW vs. LR−I . Having established the external validity of our model of PW
agents, we now turn to an analysis of interactions of PW agents and agents using
other learning algorithms. To this end, in all subsequent figures, we propose to
let movement in the x-direction be controlled by the PW dynamics and in the y-
direction by the dynamics of one of the other models (see Table 1 and Sect. 4.2).
We start with LR−I agents, for which we only show interactions with PW agents
in the PD (Fig. 4) and the BoS (Fig. 5). (The vector fields and trajectories in the
MP game correspond closely again, and don’t differ much from those in Fig. 3.)

This setting already shows that when agents use different learning algorithms,
the interaction changes significantly. The direction of motion is still towards the
single pure strategy Nash equilibrium in the PD and towards the two pure strat-
egy Nash equilibria in the BoS, albeit along different lines. Again, the simulation
paths follow the vector field closely, where the two seemingly anomalous average
trajectories starting from (0.2, 0.6) and from (0.6, 0.4) in the BoS game (Fig. 5)
can be explained in a similar manner as for Fig. 2. In this setting of PW vs.
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Fig. 4. PW vs. LR−I , Prisoner’s Dilemma

Fig. 5. PW vs. LR−I , Battle of the Sexes

LR−I , these points are now the initial points closest to the border between the
basins of attraction of the two pure strategy equilibria, although they are not on
the border, as the 4 points in Fig. 2 were, which is why these average trajectories
end up closer to the equilibrium in whose basin of attraction they started. How-
ever, they are close enough to the border with the other basin to let stochasticity
in the algorithm take some of the individual runs to the ‘wrong’ equilibrium.

An important observation we can make based on this novel kind of non-selfplay
analysis, is that when agents use different learning algorithms, the outcomes of
the game, or at least the trajectories agents may be expected to follow in reaching
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Fig. 6. PW vs. LR−εP , Prisoner’s Dilemma

Fig. 7. PW vs. LR−εP , Battle of the Sexes

those outcomes, as well as the basins of attraction of the various equilibria,
change as a consequence. This gives insight into the outcomes we may expect
from interactions among agents using different learning algorithms.

PW vs. LR−εP . For this interaction, we again show plots for all games (Fig-
ures 6–8). The interaction is now changed not just quantitatively, but qual-
itatively as well. Clearly, the various Nash equilibria are not in reach of the
interacting learners anymore: all these games, when played between one agent
using the PW algorithm, and one agent using the LR−εP algorithm, have differ-
ent equilibria than Nash.
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Fig. 8. PW vs. LR−εP , Matching Pennies

What is particularly interesting to observe in Figures 6 and 7 is that the PW
player is again playing the strategy prescribed by Nash while the LR−εP player
randomizes over both strategies. (It is hard to tell just by visual inspection
whether in Fig. 7 this leads to just a single equilibrium outcome on the right
hand side, or whether there is another one on the left. This may be expected
given the average trajectory starting at (0.2, 0.2), but should be analyzed more
thoroughly, for example using the Amoeba tool [21].) This implies that while the
LR−εP player keeps on exploring its possible strategies the PW player already
found the Nash strategy and consequently is regularly able to exploit the other
player by always defecting when the LR−εP occasionally cooperates. Therefore
the PW learner will receive, on average, more reward than when playing in self
play for instance. While it can be seen from Fig. 4 that the LR−I learner also
evolves towards more or less the same point at the right vertical axis as the
LR−εP against the PW learner, it can be observed that the LR−I learner is still
able to recover from his mixed strategy and is eventually able to find the Nash
strategy as well. Consequently the LR−I performs better against the PW learner
than the LR−εP learner.

In the BoS game (Fig. 7), the equilibria don’t just shift, but there even appears
to be just a single equilibrium in the game played between a PW player and
an LR−εP player, rather than 3 equilibria, as in the game played by rational
agents. In the MP game (Fig. 8), the agents now converge to the mixed strategy
equilibrium of the game: the PW player quickly, and the LR−εP player only after
the PW agent has closely approached it’s equilibrium strategy, much like in the
case of the PW and the LR−I players in the PD in Fig. 4.

5 Related Work

Modelling the learning dynamics of MAS using an evolutionary game theory
approach has recently received quite some attention. In [3] Börgers and Sarin
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proved that the continuous time limit of Cross Learning converges to the most
basic replicator dynamics model considering only selection. This work has been
extended to Q-learning and Learning Automata in [19,17] and to multiple state
problems in [8]. Based on these results the dynamcs of ε-greedy Q-learning have
been derived in [7].

Other approaches investigating the dynamics of MAL have also been consid-
ered in [5,4,10]. For a survey on Multi-agent learning we refer to [13].

6 Conclusions

We have derived an analytical model describing the dynamics of a learning agent
using the Polynomial Weights Regret Minimization algorithm. It is interesting to
observe that the model for PW is connected to the Coupled Replicator Dynam-
ics of evolutionary game theory, like other learning algorithms, e.g. Q-learning
and LR−I .

We use the newly derived model to describe agents in selfplay in the Pris-
oner’s Dilemma, the Battle of the Sexes, and Matching Pennies. In extensive
experiments, we have shown the validity of the model: the modeled behavior
shows good resemblance with observations from simulation.

Moreover, this work has shown a way of modeling agent interactions when
both agents use different learning algorithms. Combining two models in a single
game provides much insight into the way the game may be played, as shown in
Section 4.3. In this way it is not necessary to run time-consuming experiments to
analyze the behavior of different algorithms against each other, but this can be
analyzed directly by investigating the involved dynamical systems. We have an-
alyzed the effect on the outcomes in several games when the agents use different
combinations of learning algorithms, finding that the games change profoundly.
This has significant implications for the analysis of Multi-agent systems, for
which we believe our paper provides valuable tools.

In future work, we plan to extend our analysis to other games and learning
algorithms and will perform an in-depth analysis of the differences in the math-
ematical models of the variety of learning algorithms connected to the replicator
dynamics. We also plan to systematically analyze the outcomes of interactions
among various learning algorithms in different games, by studying the equilib-
ria that arise and their basins of attraction. Also, we need to investigate the
sensitivity of the outcomes to changes in the algorithms’ parameters.
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