A Fully Implicit Jacobian-Free High-Order
Discontinuous Galerkin Mesoscale Flow Solver

Amik St-Cyr'* and David Neckels?

! National Center for Atmospheric Research (NCAR), Boulder, USA
amikQucar.edu
2 Previously NCAR now Beckman Coulter Inc., Fullerton, California, USA

Abstract. In this work it is shown how to discretize the compressible
Euler equations around a vertically stratified base state using the dis-
continuous Galerkin approach on collocated Gauss type grids. A stiffly
stable Rosenbrock W-method is combined with an approximate evalua-
tion of the Jacobian to integrate in time the resulting system of ODEs.
Simulations with fully compressible equations for a rising thermal bubble
are performed. Also included are simulations of an inertia gravity wave
in a periodic channel. The proposed time-stepping method accelerates
the simulation times with respect to explicit Runge-Kutta time stepping
procedures having the same number of stages.

1 Introduction

With modern climate models currently able to reach nonhydrostatic resolu-
tions, it is generally perceived that the next generation of general circulation
models will be able to run globally for both weather and climate prediction.
The Reynolds numbers involved in global and mesoscale atmospheric model-
ing explains the choice of numerical weather prediction (NWP) centers for the
compressible Euler equations. The eventual availability of petascale calculators
forces the research stream into highly-scalable numerical methods. A very pop-
ular approach nowadays for applications is the so called discontinuous Galerkin
method which enjoys some of the properties of finite-volumes and finite-elements
methods [I]. It benefits from a variable polynomial degree within each element,
it is highly scalable since the cost of parallel communications can be almost
completely hidden [2]. For global atmospheric computations such comparable
methods are performing very well [3]. However, at increasingly finer resolutions,
time-stepping the compressible Euler equations is problematic. Most models uti-
lize an explicit time-stepping procedure and are thus strongly dependent on the
Courant-Friedrich-Lewy (CFL) condition which dictates the maximum allowable
time-step to be proportional to the minimal spatial mesh size. The consequences
of such techniques are such that, in order to solve a global climate problem at a
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1km resolution at scientifically relevant integration rates, a 22° folds increase in
computing power will be required. Following Moore’s Law such a supercomputer
will be available in 30 years. Therefore developments in new algorithms are of
utmost importance.

In the present work a fully implicit framework for solving the compressible
Euler equations at low Mach number is proposed. First, the governing equations
are presented with their non-dimensionalisation. The space discretization then
follows. Next, the time-discretization is discussed and the Rosenbrock W-method
is introduced with the low Mach treatment of the numerical flux. Finally, vari-
ous standard numerical experiments proposed to test mesoscale flow solvers are
presented.

2 Governing Equations

The model system of equations that will be solved in this work is a system
of m-conservation laws with source term, in two spatial dimensions, written
generically as

U;+V-FU) = SU). (1)

where F(U) = (F,G) : R™ — R™ x R™ and U = U(x,t) : R? x Rt — R™. For
convenience we define the hyperbolicity matrix as

A(U;h) = ZAAU)m (2)

with A = (A1, A2) where 4; = F'(U) and A2 = G'(U). The above generic
equation permits the study of various sets of equations. In [4], the conservative
form of the compressible Euler equations involves the conservation of potential
temperature instead of the total energy as traditionally favored in computational
fluid dynamics. The state vector and the fluxes associated with this formulation
are

U w
ppu 5 vU 4, WU
— — = p. =
U= ow | = | w , F= uw , G = prp+p
0 o o we
P p

and S = (0,0, —pg,0)T. In the above system p represents density, u and w are
the horizontal and vertical velocities and # is the potential temperature. To close
the system, an expression for the pressure is required:

RO
p=pe( )7 (3)
ref
with v = ¢, /¢, = 1004.6/717.6 and where p,.. = 1013.25 kpa. For certain tests,
the Eady model is required and consists into adding the § momentum equation
with an f plane Coriolis force. The entire approach is still 2D and all derivatives
in the g direction are zero.
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The system of conservation laws is re-written around a hydrostatically bal-
anced base state. This step is necessary in order to later avoid any kind of
roundoff issues. The hydrostatic assumption reads

B

Thus the following assumption is made on the dependent variables:

p=p(z) +p (4)
p=p+p (5)
U=pu+pu=U +U (6)
W=pw+pw=W+W (7)
6 =p(2)(z) + ©'. (8)

To minimize numerical cancellation errors associated with the original set of
equations, the equation are written in their non-dimensional form. Thus a length
scale z(, a time scale ¢ty along with a reference velocities ug, pressure ypg, po and
0o are introduced into the equations using the simple replacement p — ppg. This
leads to the apparition of the Strouhal number tfgo in front of all time derivatives
and to the inverse Mach number in front of the pressure gradient. The buoyancy

term has a factor 9120 which can be made equal to one if ug = /gx¢. If a reference

length xq is chosen, the time scale is determined by setting the Strouhal number
to one. Therefore, the final form of the conserved variables and fluxes used in
the discretization are

o o U w
_ uu 1 / wUuU
v | @R | U | po | ey TP | o (549"
- (— 4 /) - W ) - Uw ) - WwWw + 1 /
p 9”, w o (Prg") o T m2P
(p0) (7+0") (#+e")

The boundary conditions employed in the numerical experiments are either of
the periodic or slip type. This condition is expressed simply as u-i = 0 and will
be imposed weakly in the spatial discretization.

3 Spatial Discretization

The discontinuous Galerkin method can be formulated in two different ways. The
first approach is one popularized by Cockburn and various authors, see [5], and
is known as the weak formulation. The second one, the strong formulation, was
first considered in [6] and employed herein. Also, instead of considering modal
orthogonal basis functions we consider only nodal ones. Thus, in a nodal dis-
continuous Galerkin discretization, the computational domain {2 is partitioned
into J quadrilateral elements {2; in which the dependent and independent vari-
ables are approximated by N—th order tensor-product polynomial expansions.



246 A. St-Cyr and D. Neckels

A function U : R? x RT — R is spatially expanded, on element §2;, in terms
of the N—th degree Lagrangian interpolants h; as defined in [7],

Un(x(r1,73),t)|0; = (Ujra)(t) b (r{ (x)) ha(r3(x)), 9)

where x — (1 (x), 7}(x)) is an affine transformation, T;, from the quadrilateral
element 2;, on the original domain, to the reference element [—1,1] x [—1,1]
and the (u;)y are the nodal basis coefficients defined at the Gauss-Lobatto
Legendre (GLL) quadrature points {&}Y . Introducing the finite dimensional
space Wy, = {vy, € L3(2) | VY92; € 2,v, o T; € Py}, the discrete weak
formulation is obtained by integration by parts of the differential equation (),
using the representation (), on an element {2;:

/vhdUhdA+/ ViV - F(Up)dA =
o, | dt o

J

M/ v, UpdA —|—/ Vh(F(Uh) — Fnum(Uh)) - Ndo
£2; 897\89

+/_ Vi(F(Upn) = Fpna(Up)) - ido (10)
2,000

where v, and Uy, are in [W},]*. The flux is not uniquely defined at the boundary
0{2; and a numerical flux was introduced in the above expression. The Russanov
flux, or local Lax-Friedrich, is

B (Un) - = | (P(UR) + B(UR) - — DU, UL )(UF - UF) (1)

2
at the interface 0£2; with Uj defined as the discrete counterpart of Ut (x) =
lim._o+ U((1 —€)x+ei) where x € 0f2; and i points in the outward direction of
element (2;. Notice that with e — 07, Uﬁ is obtained. The matrix D, defined in
more details in a forthcoming section, is a function of (Uf L and of the interface
points x € 92;. Notice that the numerical flux is the only function connecting the
element {2; to its neighboring elements. The integrals are directly evaluated using
Gauss-Lobatto quadratures. The latter, for surfaces, are obtained as follows:

N
(f,9)i = > F& (& &)l - 9 (&, &), 1T (& &) lprpr, (12)

k,1=0

where | J7 (&, &)| is the Jacobian of the transformation x7(r) and {p;}}¥, are
the Gauss-Legendre weights associated with the quadrature points {&;}¥,. The
boundary integrals are also performed using the GLL points. Once the spatial
discretization is performed, the semi-discrete problem in time is

du,
dt

and a method of lines can be applied to the above system of ordinary differential
equations.

= Rh(Uh) (13)
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4 Time Discretization

A general Rosenbrock method for solving the ODE ([I3]) with suitable initial

o, . . A1 .
conditions, with an error estimator U, , can be written as

i i—1
1
r; = E "Yijk'ja kl = ”Ti — E CijTy
= i o

i—1 i—1
1 n Cij
(Atw = Jn)ri = Ru(Uj + ;aim) + ;(At)rj (14)
s ot s X
Ut =Up+ > myry, U, =Up+ > iy
j=1 j=1
where J, = 8(;2’" is simply the Jacobian. When the Jacobian J; is exact,

the above Rosenbruock method has the same stability domain as the equivalent
diagonally implicit Runge-Kutta (DIRK) scheme [8]. They can be L-stable and
stiffly accurate provided that the number of stages exceeds the order of the
method. For an explicit Runge-Kutta, having the same number of stages s, a
cost function for the average number of Krylov iterations, per stage, necessary
to solve the linear systems for a Rosenbrock method can be established as iter <
Atﬁic vep Were At; /At, is the ratio between the implicit time-step size and the
CFL constrained explicit time-step and accel is the desired acceleration factor
with respect to explicit. The latter clearly establishes that outperforming an
explicit scheme is very difficult unless very large At;/At. ratios are employed.
It should be noted that in the case of a Jacobian free Newton-Krylov approach,
for DIRK, the upper bound would still be valid but divided by the number
of Newton iterations. Notice that the above cost formula is idealized in the
sense that the costs for setting up or applying a non-trivial preconditioning
technique were not included. Because the linear system at each stage can at
most be solved approximatively, due to the use of iterative procedures, traditional
Rosenbrock methods cannot be used. In turn, methods able to support arbitrary
matrices instead of the true Jacobian are available. These methods are called
Rosenbrock W-methods and were first investigated in [0]. Rang and Angermann
have derived L-stable Rosenbrock methods of order 3 with 4 stages and this is
the method used here [T0]. The coefficients of the method in table [T are for use
with the Rosenbrock method in the form of (I4]) which avoids multiplication by
the Jacobian in the rhs. The coefficients were computed using arbitrary precision
arithmetics and truncated at the 15" digit. Finally, the linear problem is inverted
using a restarted generalized conjugate residual (GCR) Krylov accelerator. The
latter is equivalent to GMRES.

4.1 Construction of the Jacobian for Euler

In order to have a practical method, it is necessary to have an efficient evaluation
of the Jacobian matrix for the compressible Euler equations. One approach is the
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Table 1. L-stable Rosenbrock W-method coefficients with v = 0.4358665215084590

az1 = 2.0000000000000000 c21 = —4.588560720558083
a3z1 = 1.4192173174557647 c31 = —4.184760482319161
azz = —0.2592322116729697 c32 = 0.285192017355496
as1 = 4.1847604823191607 c41 = —6.368179200128358
as2 = —0.2851920173554959 c42 = —6.795620944466836
aq3 = 2.2942803602790417 c43 = 2.870098604331056
m1 = 0.242123807060954 11 = 3.907010534671192
me = —1.223250583904515 1he = 1.118047877820503
m3 = 1.545260255335102 3 = 0.521650232611491
ma4 = 0.435866521508459 14 = 0.500000000000000

Jacobian free technique where the action of the Jacobian on a vector is approz-
imated using a Gateau derivative. Since a Rosenbrock-W method is employed a
slight error in the Jacobian has no effects in the consistency of the method but
could adversely affect the stability. The multiplication of the vector V, by the
Jacobian, frozen at U}, of the discretized right hand side of the Euler equations
is defined as

_ OR,

TV, = Vv, = Rp (U +€Vy) — Rp(Up)

ou lurY ) + O(e).

(15)

5 Low Mach Number Preconditioning

Current compressible flow solvers are not suitable to simulate, without any mod-
ifications, flow fields transitioning from incompressible to compressible regimes.
The literature on the subject demonstrates that the extension of a compressible
solver to the incompressible regime leads to asymptotically wrong solutions at
the low Mach limit. By adding time derivatives in an incompressible system it
is possible to obtain a clustering of the hyperbolic eigenvalues such that they
are all of the same magnitude when compared to one another: see [I1] and ref-
erences therein. However these techniques were developed in order to march the
equations towards a steady state. Viozat and collaborators [I2/I3] have shown
how to taylor such an approach to unsteady low Mach number simulations in the
finite-volumes case. In what follows we adapt the Russanov flux for the equation
proposed in [4] for the low Mach regime. The first step consist into rewriting
in entropy variables W = (p,u,v,s)T the system using the following passage
matrices:

& 0

0 0 1/ 00 0
ow _ | Twetle 00 LU u/é  p0 0
gu = | /e Ot 0 ad = w@ 0p 0
b 7 re:
v/p 0 07 R Pret ’YlR pfef v 00 ;;Rf(z?fef)lm

pl/v
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where U = (p, pu, pw, pf)T and s = logp/p”. The preconditioning employed is
the same as in [I3] and consist, in the entropy variables, in a diagonal matrix
denoted by P~Y(W) = diag{3?,1,1,1} with 8 = O(M).

P(W)W, + P(W)G(W) - YW = P(W)MW (16)

where the quasi-linear form of the compressible Euler equations was employed.
Transforming back to the conserved variables yields the preconditioning matrix

ou

and the corresponding quasi-linear system of conservation laws
P(U)U, + P(U)A(U)- VU = P(U) MU. (17)

The Russanov flux is modified next only in the dissipative term in analogy
to what was proposed by [I1]. More precisely the maximum eigenvalues are
computed with respect to the hyperbolicity matrix P(U)A(U) -7 and multiplied
by P~1(U):

U® 4 ut
2

1

F(UR,U%) 0= ) (F(UP)4R(UD) 2

P )D(U, U 2) (18)

with
D(UR UL 7)) = diag(max{|eigen{ P(U)A(U) - 2 }|})(UF — UL).

Thus, as remarked in [I4] the only modification required to precondition the
system are performed in the dissipation matrix. It will later be seen that these
modifications lead to lower iteration counts in the iterative solution process when
the considered domains are non-hydrostatic.

6 Numerical Experiments
6.1 Rising Smooth Bubble Experiment

We carry an integration using as initial condition a continuous perturbation of
the potential temperature in an initially hydrostatically balanced atmosphere.
The complete details of the initial condition can be found in [I5]. The compu-
tational domain consist in a rectangle of dimension 20km in the horizontal by
10km in the vertical with slip boundary conditions on the top and bottom of
the atmosphere and periodic conditions on both ends. The initial perturbation
is integrated for a 1000 seconds. The same test is performed with two different
values of 3. In table [ the solver is used with the low Mach preconditioning
(LM) set with 8 = 0.4 while the modification is turned off by using 8 = 1.0. The
acceleration nearly doubles at large Courant numbers.
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Table 2. Effects of low Mach (LM) number preconditioning for the raising bubble ex-
periment. Relative residual tolerance set to Solver 1x107%, with 7" degree polynomials
per element and 16 elements in the horizontal direction and 8 in the vertical.

Time step Iterations with LM acceleration Iterations without LM acceleration

1.0s 30 3.2 33 2.8
2.0s 36 5.1 45 4.1
10.0s 69 13.5 103 9.1
50.0s 207 22.7 493 10.2

6.2 Inertia Gravity Waves in a Periodic Channel

An initial perturbation in a periodic channel triggers internal gravity waves that
are transported by a background mean flow of 20m/s to the right of the domain.
The original full definition of the initial condition can be found in [16]. The do-
main is again a rectangle of dimensions [300, 10]km. The translating perturbation
is integrated for 3000 seconds. The domain is covered using [90, 3] elements of
polynomial of degree 8 leading to a relative mesh spacing of Ax = Az = 500m
for all simulations. In Fig. [1 left panel, a time step of 12 seconds is employed
which is twice the time step used in [16] for a comparable resolution. For a large
unphysical time-step, the solution is significantly degraded but stable: Fig. [l
right panel. For time-steps up to 50 seconds which is twice the advective scale
(500/20 = 25) the approach produces reasonable solutions.

6.3 Eady Model

The same test as in the previous section is modified by considering an Fady
model. The forcing term f is set to 0.0001 and the periodic channel is transformed
to a very thin shell of dimensions [6000, 10]km. The latter is tiled using 600
elements of dimension 1km? each of 7" degree. The model is integrated for 60000
seconds with a resolution of approximatively 1.5km in both spatial directions. In
this configuration § = 1.0 lead to faster compute times. The time steps employed
in this simulations were ranging from 500s to 2000s at which an acceleration of

a: b:

Fig. 1. Inertia gravity wave in a periodic channel using the equations in potential
temperature density form. The various time-steps (in alphabetical order) for the third
order Rosenbrock W-method are: 12 secs and 100 secs.
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Fig. 2. Inertia gravity wave in a periodic channel in hydrostatic configuration using the
Eady model. The various time for the third order Rosenbrock W-method is 500 secs.

45 with respect to explicit was observed. The extreme gains are explained by the
exact vertical preconditioning in this case: a consequence of using one element
in the vertical direction.

7 Conclusions and Future Directions

In this work it was shown how to discretize the stratified compressible Euler
equations for low Mach, nearly incompressible atmospheric simulations consist-
ing in slight perturbation of a hydrostatically balanced state. A low Mach pre-
conditioning of the numerical flux used for yielding asymptotically valid results
leads to lower iteration counts for the Krylov accelerator. All simulations result
in lower simulation times for simple block Jacobi preconditioninﬂ. However,
the flux preconditioning needs to take into account the aspect ratio of the do-
main in order to differentiate between a nonhydrostatic and hydrostatic regimes.
Moreover, the numerical results presented show that the nonlinear cycle present
in Jacobian-Free Newton Krylov method can be avoided and provides a robust
framework for unsteady computations. For very thin domains, where the hydro-
static assumption could be employed, the solver shows very good accelerations.
If these results are extrapolated to global climate or weather modeling, the cor-
responding time-steps sizes at 10km resolution would be close to 30 minutes: the
time scale employed by most physical parameterizations. Future work will con-
cern the coupling to idealized physics, inclusion of moisture transport, adaptive
hybrid non-conforming grids, extension to three spatial dimensions, higher-order
Rosenbrock methods and, most importantly, improved preconditioning.
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