Chapter 4
The Split Three-Dimensional Crystallographic
Groups

Definition 4.1. An n-dimensional crystallographic group I' is a discrete, cocom-
pact subgroup of the group of isometries of Euclidean n-space. Each y € I'" can be
written in the form v, + A,, where v, € R" is a translation and A, € O(n). There
is anatural map w : I’ — O(n) sending v, 4+ A, to A,, and this map is easily seen
to be a homomorphism. We get a short exact sequence as follows:

L>—~T —> H,

where H = n(I") < O(n) and L is the kernel. (By [Ra94, Theorem 7.4.2], L is a
lattice in R”, and so necessarily isomorphic to Z".) We note that H acts naturally
on L, which makes H a point group in the sense of Definition 2.1. We say that H is
the point group of I'. The group I is a split n-dimensional crystallographic group
if the above sequence splits, i.e., if there is a homomorphism s : H — I such that
s =idy.

From now on, all of our crystallographic groups will be three-dimensional.

Definition 4.2. Suppose that L is a lattice in R? and H < O(3) satisfies H-L = L.
We let I'(L, H) denote the group (L, H).

Remark 4.1. 1t is straightforward to verify that every I"(L, H) is a split crystallo-
graphic group.

Theorem 4.1. Any split crystallographic group I is isomorphic to I'(L, H), for
some lattice L < R® and H < O(3) satisfying H - L = L. The groups I'(L, H)
and I'(L’', H') are isomorphic if and only if the pairs (L, H) and (L', H') are
arithmetically equivalent.

Proof. We prove the first statement. Let I bea split crystallographic group, L
denote the lattice of I", and H denote the point group of r. Since r is split, it
follows that there is a finite subgroup J of I such that 7 : I' — H satisfies
a(J) = H . 1t is routine to check that my i —> H must also be injective. Since J
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is a finite group of isometries of R3, it must be that the entire group J fixes a point
v € R3. We consider the isometry T, € Isom(R?), which is simply translation by
the vector v. It follows that 7,7 J T, fixes the origin, so the map = : T, ' J T, — H
is the identity. We can therefore write

1> L—>T'I'T,—> H — 1,

where H < Tv_lf' T,. It follows directly that I~ Tv_lﬁ T, = (ﬁ H }, proving the
first statement.

Now we prove the second statement. Assume that I'(L, H) and I'(L’, H') are
isomorphic. Ratcliffe [Ra94, Theorem 7.4.4] says that there is an affine bijection o
of R? such that o' (L, H)a™! = I'(L', H'). We write & = v, + Ay, where v, € R?
and A, € GL3(R). We note:

alLa™! = Ay - L;
aHo ' = (va — AO,HAgl(vo,)) + AO,HADTL.

Now ol (L, H)a™ ' and I"'(L’, H') must have the same kernel and image under the
canonical projection 7 : Isom(R*) — O(3),s0 A, - L = L' and A,HA,' = H'.
(These last two equations are between kernels and images, respectively.) It follows
that (L, H) and (L', H') are arithmetically equivalent.

If two pairs (L, H) and (L', H') are arithmetically equivalent, then there is
A € GL3(R) such that AL = L’ and AHA™! = H'. It follows easily that
AC(L,H)A™' = I'(L',H"),so I'(L, H) and I"(L', H') are isomorphic.

Theorem 4.2 (List of Split Three-Dimensional Crystallographic Groups). Let
X, Y, and z denote the standard coordinate vectors, and let

W= w=(3): =)

A complete list of the split three-dimensional crystallographic groups (L, H) (up to
isomorphism) appears in Table 4.1.

Proof. Table 4.1 lists all pairings of lattices and point groups from Theorems 3.1
and 3.3. We have already shown that no two of the pairs from Theorem 3.1 determine
the same arithmetic equivalence class (Theorem 3.2). Also, no two of the pairs from
Theorem 3.3 determine the same arithmetic class. If the pair (L, H;) is chosen
from the pairs listed in Theorem 3.1, and (L,, H>) is chosen from the pairs listed
in Theorem 3.3, then (L, H;) # (L,, H,), since H; contains the inversion (—1)
and H, does not, and containing the inversion will be preserved by arithmetic
equivalence. Thus, all 73 pairs in Table 4.1 represent distinct equivalence classes.

It is clear from Theorems 3.1 and 3.3 that any pair (L, H) is equivalent to one on
the list, since H must be conjugate to one of the standard point groups. It follows
that there are exactly 73 classes of such pairs.
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Table 4.1 The split three-dimensional crystallographic groups

L H
SEx=n st s; atxEn af Dy
(x,y.2) Df x(=1) | Df ¢ Dfx(=h |Df |

Ghx=1y ¢t by Gtx=1) Gt D
ctx(=1 ¢t | Db
SEx=n (st s; atxEn Af Dy

({x+y+2).y.2) Df x(=1) b ¢ pfx(=1 b ¢
ctx=n ¢ by GtxE=n ¢t D
D]

Sx(=) st s Aafx =y 4F D)
(x+y).(x+2),(y+2) |Df x(-1) D

1

2

(L(x+2),y.2) D x(=1) |DS | Dy Dy
px(=1n by ¢ ctx=n by cf

(V1,v2,v3) D x(=n b, ¢t ctxe=n by | Df
DY

(Fvi+va+v3).v2.v3) D x(=1) b D} |CGtx(=1) cF

(vi, L(v2 + v3),v3) D x(-1) | D | D

The theorem now follows from Theorem 4.1.

Remark 4.2. Let I be a point group. For the sake of brevity, we will sometimes
let I denote the split crystallographic group (L;, I ), where L; denotes the ith
lattice (in the order that they are listed in Table 4.1). Thus, (D2+ )1 denotes the split
crystallographic group generated by the point group D;r and the standard cubical
lattice.

We will let I; denote the ith maximal split crystallographic group; i.e., the
pairing of the ith lattice with the largest point group from Table 4.1. Thus, for
instance, I denotes the group (X, y, z) X (SA:Ir x (—=1)).
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