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Abstract. Over the recent years deep learning has found successful ap-
plications in mathematical reasoning. Today, we can predict fine-grained
proof steps, relevant premises, and even useful conjectures using neu-
ral networks. This extended abstract summarizes recent developments
of machine learning in mathematical reasoning and the vision of the
N2Formal group at Google Research to create an automatic mathemati-
cian. The second part discusses the key challenges on the road ahead.
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1 Introduction

The combination of machine learning and mathematical reasoning goes back at
least to the 2000s when Stephan Schulz pioneered ideas to use machine learning
to control the search process [44], and Josef Urban used machine learning to
select relevant axioms [46,47]. With the advent of deep learning, interest in the
area surged, as deep learning promises to enable the automatic discovery of new
knowledge from data, while requiring minimal engineering. This suddenly offered
a flurry of new possibilities also for theorem proving.

One of the most challenging and impactful tasks in automated theorem prov-
ing is premise selection, that is to find relevant premises from a large body of
available theorems/axioms. Many classical reasoning systems do not scale well
into thousands of potentially relevant facts, but some pioneering results by Urban
et al. [47] proposed fast machine learning techniques using manually engineered
features. However, with the inroads of deep learning, it has become clear that
large quality improvements are possible by utilizing deep learning techniques.
DeepMath [24] demonstrated that premise selection could be tackled with deep
learning, directly (i.e., without feature engineering) applying neural networks to
the text of the premise and that of the (negated) conjecture.

In DeepMath, both premise and conjecture are embedded into a vector space
by a (potentially expensive) neural network and then a second (preferably cheap)
neural network compares the embedding of the current state to each available
premise to judge whether the premise is useful. Loos et al. [36] for the first
time, demonstrated that the same approach as DeepMath yields substantial
improvements as an internal guidance method within a first-order automated
theorem prover.
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Neural Theorem Provers. Emboldened by these early works and by break-
throughs in deep learning, several groups extended interactive theorem provers1

for the use in deep learning research, including Gamepad [23], HOList [5], Coq-
Gym [54], GPT-f [39], and recently TacticZero [51]. A typical tactic application
predicted by these systems looks as follows (here in HOL Light syntax):

REWRITE TAC︸ ︷︷ ︸
tactic name

[ PREMISE1 ; PREMISE2 ]︸ ︷︷ ︸
list of premises

This specific tactic expects the given premises to be equalities, with which it
attempts to rewrite subexpressions in the current proof goal. The hard part
about predicting good tactics is to select the right list of premises from all
the previously proven theorems. Some tactics also include free-form expressions,
which can be a challenge as well.

In contrast to approaches using lightweight machine learning approaches
(e.g. [13,25,26,38,31]), neural theorem provers aim to replicate the human ap-
proach to proving theorems in ITPs, searching only through a relatively small
number (e.g., hundreds) of proof steps that are very promising. To get high-
quality proof steps, increasingly large neural networks (currently up to 774M
parameters [39]) are trained on human proofs, or with reinforcement learning.

Already, neural theorem provers can prove a significant portion (up to 70%
[4]) of test theorems and some have found proofs that are shorter and more
elegant than the proofs that human mathematicians have formalized in these
systems. For example, for the theorem CLOSURE CONVEX INTER AFFINE, proven
with over 40 tactic calls in HOL Light [20], HOList/DeepHOL has found a proof
with just two tactic calls:

let CLOSURE_CONVEX_INTER_AFFINE = prove

(‘!s t:real^N->bool.

convex s /\ affine t /\ ~(relative_interior s INTER t = {})

==> closure(s INTER t) = closure(s) INTER t‘,

SIMP_TAC [INTER_COMM; AFFINE_IMP_CONVEX;

CLOSURE_INTER_CONVEX; RELATIVE_INTERIOR_AFFINE]

THEN

ASM_MESON_TAC [RELATIVE_INTERIOR_EQ_CLOSURE; INTER_COMM;

RELATIVE_INTERIOR_UNIV; IS_AFFINE_HULL]);;

1 The focus has been on interactive theorem provers as they are general enough to
capture most of mathematics in theory, and several large-scale formalization efforts
of the last decades have demonstrated that involved theories can be formalized in
practice [28,14,19]. Also ITPs offer relatively short proofs compared to other auto-
mated reasoning tools, which allows us to use stronger neural networks for the same
computational budget.
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Similarly, Polu et al. reported several cases where they found proofs with their
neural theorem prover GPT-f that were shorter and more elegant than than
those found by humans [39].

Neural Solvers. Closely related to neural theorem provers are methods that,
instead of predicting proof steps, directly predict the solution to mathematical
problems. A first impressive example was proposed by Selsam et al., who showed
that graph neural networks can predict satisfying assignments of small Boolean
formulas [45]. Lample and Charton have demonstrated that also higher-level rep-
resentations, such as the integral of a formula, can be predicted directly using
a Transformer [29]. They exploited the fact that for some mathematical opera-
tions, such as taking the integral, the inverse operation (taking the derivative) is
much easier. Hence, they can train on predicting generated formulas from their
derivative without needing a tool that can generate the integral in the first place.
Recently, Hahn et al. demonstrated that also classical verification problems, such
as LTL satisfiability, can be solved directly with Transformers, beating existing
tuned algorithms on their own dataset in some cases [18].

2 Towards the Automatic Mathematician

We are convinced that the success of neural theorem provers and neural solvers is
only the beginning of a larger development in which deep learning will revolution-
ize automated reasoning, and have set out to build an automatic mathematician.
Ideally, we could simply talk to an automatic mathematician like a colleague,
and it would be able to contribute to mathematical research, for example by
publishing papers without human support.

An automatic mathematician would thus go far beyond theorem proving, as
it would have to formulate and explore its own theories and conjectures, and be
able to communicate in natural language. Yet, we believe that neural theorem
provers are an important instrument of our plan, as they allow us to evaluate
(generated) conjectures, which grounds the learning process in mathematically
correct reasoning steps. And because neural theorem provers build on existing
interactive theorem provers, they already come with a nucleus of formalized
mathematics that we believe might be necessary to bootstrap the understanding
of mathematics. In the following, we review some of the main challenges on the
path towards an automatic mathematician and first approaches to address them.

2.1 Neural Network Architectures

Naturally, we need neural network architectures that can “understand” formulas,
that is, make useful predictions based on formulas. The main question for the
design of neural networks appears to be whether and, if yes, how to exploit the
tree structure of formulas.
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Exploiting the Structure of Formulas. It is tempting to believe that the embed-
dings of formulas should represent their semantics. Hence, many authors have
suggested to process formulas with tree-structured recurrent neural networks
(TreeRNNs), which compute embeddings of expressions from the embeddings
of their subexpressions, as this resembles the bottom-up way we define their
semantics (e.g., [11,1,23,54]). That intuition, however, may be misleading. In
our experiments, bottom-up TreeRNNs have performed significantly worse than
top-down architectures (followed by a max-pool aggregation) [37]. This suggests
that, to make good predictions based on formulas, it is important to consider
subformulas in their context, which bottom-up TreeRNNs cannot do easily.

Sequence Models. The alternative to representing the formula structure in the
neural architecture is to interpret formulas simply as sequences of characters
or symbols and apply sequence models. Early works using sequence model-
ing relied on convolutional networks (simple convolutional networks [24] and
wave-nets [36,5]), which compared favorably to gated recurrent architectures
like LSTM/GRU. With the recent rise of the Transformer architecture [48] se-
quence models have caught up to those that exploit the formula structure and
yielded excellent performance in various settings [29,41,52,39,18].

Sequence models come with two major advantages: First, it is straight-
forward to not only read formulas, but also generate formulas, which is sur-
prisingly challenging with TreeRNNs or graph neural networks. This allows us
to directly predict proof steps as strings [39,52], and to tackle a wider range of
mathematical reasoning tasks, such as predicting the integral of a formula [29],
satisfying traces for formulas in linear temporal logics [18], or even more creative
tasks, such as missing assumptions and conjectures [41].2 Second, transformer
models have shown a surprising flexibility and promise a uniform way to process
not only formulas, but also natural language, and even images [10]. This could
prove crucial for processing natural language mathematics, which frequently con-
tains formulas, text, and diagrams, and any model processing papers would need
to understand how they relate to each other. Transformers certainly set a high
bar for the flexibility, generality, and performance of future neural architectures.

Large Models. Scaling up language models to larger and larger numbers of pa-
rameters has steadily improved their results [27,22]. Also when we use language
models for mathematics, we have observed that larger models tend to improve
the quality of predictions [39,41]. GPT-3 has shown that certain abilities, such
as basic arithmetic, appear to only materialize in models with at least a certain
number of parameters [6]. If this turns out to be true for other abilities, this raises
the question how large models have to be to exhibit human-level mathematical
reasoning abilities.

2 Yet, there are still cases where hard-coding some formula structure in transformer
architectures can improve the results, as shown, for example, by Wu et al. [21,35,18],
which suggests that transformers are not the end of the story regarding formula
understanding.
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There is also the question of how exactly to scale up models. The mere
number of parameters may not be as important as how we use them. More
efficient alternatives to simply scaling up the transformer architecture might help
with the problem to make large models accessible to more researchers (e.g., [32]).

2.2 Training Methodology

Neural networks have shown the ability to learn even advanced reasoning tasks
via supervised learning, given the right training data. However, for many inter-
esting tasks, we do not have such data and hence the question is how to train
neural networks for tasks for which we have only limited data or no data at all.

Reinforcement Learning. Reinforcement learning can be seen as a way to re-
duce the amount of human-written proof data needed to learn a strong theorem
prover. By training on the proofs generated by the system itself, we can improve
its abilities to some extent, and the perhaps strongest neural theorem provers
often use some form reinforcement learning (e.g., up to 70% of the proofs in
HOL Light [4]). But, for an open-ended training methodology, we need a sys-
tem that can effectively explore new and interesting theories, without getting
lost in irrelevant branches of mathematics. Partial progress has been made in
training systems without access to human-written proofs [4,51], and to generate
conjectures to train on in a reinforcement learning setting [12], but the problem
is wide-open.

Pretraining. In natural language understanding it is already common practice to
pretrain transformers on a large body text before fine-tuning them on the final
task, especially when only limited data is available for that task. Even though the
pretraining data is only loosely related to the final tasks, transformers benefit a
lot from pretraining, as it contains general world knowledge and useful inductive
biases [9]. Polu et al. have shown that the same can be observed when pretraining
transformers on natural language texts from arXiv [39].

Self-supervised Training. The GPT models for natural language have shown that
self-supervised language modeling (i.e., only “pre”training without training on
any particular task) alone can equip transformers with surprising abilities [42,6].
Mathematical reasoning abilities, including type inference, predicting missing
assumptions and conjecturing, can be learned in a very similar way by training
transformers to predict missing subexpressions (skip-tree training) [41].

Lample et al. devised several clever approaches to train transformers when
data is not directly available. In unsupervised translation training transformers
successfully learn to translate between different natural languages starting only
with monolingual corpora and without any corresponding pairs of sentences [30].
This approach was even generalized to learn to translate between programming
languages without corresponding pairs of programs in different languages [43].
The application of these unsupervised translation ideas to mathematics is tempt-
ing, but we experienced that their straight-forward application does not lead to
good results. Also Wang et al. [49] report mixed results.
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Learning to Retrieve Relevant Information. If we apply standard language mod-
els to mathematics, e.g., to predict the next proof step, we expect them to store
all the information necessary to make good predictions in their parameters. As
the large transformer models have shown (see, e.g., GPT [42,6]), this approach
actually works pretty well for natural language question answering, and also for
mathematical benchmarks it has been surprisingly successful [41,39,53]. How-
ever, there may be a limit to this approach in cases where we expect detailed,
consistent, and up-to-date predictions. Guu et al. [17] introduced a hybrid of
transformer and retrieval model, REALM, which learns to retrieve Wikipedia
articles that are relevant to a given question and extract useful information
from the article. REALM is trained self-supervised to retrieve multiple articles
and try to use each of them individually to make predictions. The article that
led to the best prediction is deemed to be the most relevant, and is used to
train the retrieval query for future training iterations. This approach has been
extended in follow-up work [33,2,34,3] and appears to be a promising approach
also to retrieve the relevant context, such as definitions, possible premises, and
even related proofs, for mathematical reasoning.

2.3 Instant Utilization of New Premises

Theorem proving has a key difference compared to other reinforcement learning
settings: whenever we reach one of the goals, i.e., prove a theorem, we can use
that goal as a premise for future proof attempts. Any learning method applied
in a reinforcement learning setting for theorem proving thus needs the ability to
adapt to this growing action space, and ideally does not need to be retrained at
all when a new theorem becomes available to be used.

Premise selection approaches that are built on retrieval, such as DeepMath
[24,36] and HOList [5,37], offer this ability: When a new theorem is proven, we
can add it to the list of premises that can be retrieved and future retrieval queries
can return the statement. This appears to work well, even when the provers are
applied to a new set of theorems, as demonstrated by the DeepHOL prover when
it was applied to the unseen Flyspeck theorem database [5]. We can even exploit
this kind of generalization for exploration and bootstrap neural theorem provers
without access to human proofs as training data [4].

A new challenge arises from the use of language models for theorem proving.
Theorem provers using transformers currently have no dedicated retrieval mod-
ule, and instead predict the statements or names of premises as part of the tactic
string (cf. [39]). In our experience this does not provide the required generaliza-
tion to unseen premises without retraining. (Though there are experiments that
suggest that it might be possible [8].) Future approaches will have to find a way
to combine the strong reasoning skills and generative abilities of Transformer
models with the ability to use new premises without retraining.
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2.4 Natural Language

We believe that, perhaps counterintuitively, natural language plays a central
role in automated reasoning. The most direct reason is that only a small part of
mathematics has been formalized so far, and a pragmatic approach to tap into
much more training data is to find a way to learn from natural language mathe-
matics (books and papers on mathematical topics). In this section, however, we
want to look beyond the question of feasibility and training data, and discuss
the broad advantages of a natural language approach to mathematics.

Accessibility. A bridge between natural and formal mathematics could help to
make the system much more accessible, by not requiring the users to learn a
specific formal language. This might open up mathematics to a much wider au-
dience, enabling advanced mathematical assistants (think WolframAlpha [50]),
and tools for education.

Vice versa, an advanced automatic mathematician without the ability to
explain their reasoning in natural language might be hard to understand. Even
if the system’s predictions and theories are correct, sophisticated, and relevant,
we might not be able to use them to inform our own understanding if the notions
the system comes up with are only available as vast synthetic formal objects.

Conjecturing, Theory Exploration, and Interestingness. Various approaches have
been suggested to produce new conjectures, including heuristic filters [40], de-
riving rules from data [7], and learning and sampling from a distribution of
theorems using language modeling [41].

A particularly interesting idea is the use of adversarial training to generate
conjectures (e.g., [12]). Here, two neural networks compete against each other—
one with the aim to prove statements and the other with the aim to suggest
hard-to-prove statements, somewhat akin to generative adversarial nets [15]. The
idea is that the competition between the two networks generates a curriculum of
harder and harder problems to solve and also automatically explores new parts
of mathematics (as old parts get easier over time). However, there seems to be
a catch: Once the network that suggests problems has figured out how to define
a one-way function, it becomes very easy to produce an unlimited number of
hard problems, such as to find an input to the SHA256 function that produces
a certain output hash. This class of problems is almost impossible to solve, and
thus likely leads the process into a dead-end.

Once again, natural language seems to be a possible answer. Using the large
body of natural language mathematics could help to equip machine learning
models with a notion of what human mathematicians find interesting, and focus
on these areas.

Grounding Language Models. Autoformalization does not only produce formal
objects as a desired outcome, it also serves the dual purpose to improve language
models. Checking the models’ outputs and feeding back their correctness as a
training signal would provide valuable grounding for their understanding.
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Of course, the gap between formalized and informal mathematics is huge:
it will likely require a considerable level of effort to automatically create high
quality formalizations. Also, we believe that we will likely need a very high qual-
ity theorem prover to bootstrap any autoformalization system. However, recent
progress in neural language processing [9,42], unsupervised translation [30,43]
and also neural network based symbolic mathematics [29,41,18,39] makes this
path seem increasingly feasible and appealing in the long run.

3 Conclusion

In this extended abstract, we surveyed recent results in neural theorem proving
and our mission to build an artificial mathematician, as well as some of the
challenges on this path. While there is no guarantee that we can overcome these
challenges, and there might be challenges that we cannot even anticipate yet,
mere partial success to our mission could help the formal methods community
with tools to simplify the formalization process, and impact adjacent areas, such
as verification, program synthesis, and natural language understanding.

In a 2018 survey among AI researchers, the median prediction for when ma-
chines “routinely and autonomously prove mathematical theorems that are pub-
lishable in top mathematics journals today, including generating the theorems
to prove” was in the 2060s [16]. However, over the last years, deep learning has
already beaten a lot of expectations (at least ours) as to what is possible in au-
tomated reasoning. There are still several challenges to be solved, some of which
we laid out in this abstract, but we believe that creating a truly intelligent ar-
tificial mathematician is within reach and will happen on a much shorter time
frame than many experts expect.
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