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1 Introduction

For an arbitrarily given system of points
™, g ()

Faber [3] in 1914 showed that there exists a continuous function f(x) in [—1, 1] for
which the Lagrange interpolation sequence L,[f] (n = 1, 2,...) is not uniformly
convergent to f in [—1, 1], where w, (x) = (x — xl(”))(x — xé”)) e (x = x,(,"))

n
@y (x)
Lal 1) = )~ f e ), 41 0 = — = ©)
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Whereas, based on the Chebyshev pointsystem
2k — 1
x,ﬁ"’=cos< 71), k=1,2,....n, n=12,..., 3)
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Fig. 1 [|Hon—1(f, %) — f®)lloo, 1Ln(f, ¥) — f(X) o and || H3,_; (f, %) — f(X)Hooatx =-—1:
0.001 : 1 by using Chebyshev pointsystem (3) for f(x) = sin(x), f(x) = 1+25X2 and f(x) = |x|3,
respectively

Fejér [4] in 1916 proved that if f € C[—1, 1], then there is a unique polynomial
Hy,—1(f, x) of degree at most 2n — 1 such that lim, o || H2n—1(f) — flloo = 0,
where H,—1(f, x) is determined by

Hyo1 (f, ) = ), Hy ((fix) =0, k=1,2,....n. @)

This polynomial is known as the Hermite-Fejér interpolation polynomial.

It is of particular notice that the above Hermite-Fejér interpolation polynomial
converges much slower compared with the corresponding Lagrange interpolation
polynomial at the Chebyshev pointsystem (3) (see Fig. 1).

To get fast convergence, the following Hermite-Fejér interpolation of f(x) at
nodes (1) is considered [6, 7]:

Hy,  (fx) =Y fe" () + Z £ aMb (x), (5)
k=1

2 2
\mwmhmkx)zvmkx)ggkxﬂ,bﬁ%x)z(x—xyb(kﬁkxﬂ and v (x) =
- (- “b”’ff":mi

Fejér [5] and Grunwald [7] also showed that the convergence of the Hermite-
Fejér interpolation of f(x) also depends on the choice of the nodes. The pointsystem
(1) is called normal if for all n

W) =0, k=1,2,...,n, xel-1,1], (6)
while the pointsystem (1) is called strongly normal if for all n
W) =e>0, k=1,2,...,n, xe[-1,1] (7)

for some positive constant c.
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Fejér [5] (also see Szegd [12, pp 339]) showed that for the zeros of Jacobi
polynomial Pn(a’ﬁ)(x) of degree n (« > —1,8 > —1)

v (x) > min{—a, =B} for —1<a<0,-1<B<0,k=12,....,nandx € [~1,1].

For (strongly) normal pointsystems, Griinwald [7] showed that for every f €
Cl(—1,1), limy— oo ||H2* 1) = flleo =0if {x,ﬁ")} is strongly normal satisfying

n

(7) and {f'(x")} satisfies
|f’(x,£"))| <n°%  for some given positive number §, k=1,2,..., n=1,2,...,

while lim;,_, o ||H2*n71(f) — flloo=0in[—1+4+¢€,1 — €] foreach fixed0 <€ < 1

if {x\"} is normal and { f'(x\")} is uniformly bounded forn = 1,2, ...
Moreover, Szabados [11] showed the convergence of the Hermite-Fejér interpo-
lation (5) at the Chebyshev pointsystem (3) satisfies

1f = Hy\y (Nlloo = OIS = p* e ®

where p* is the best approximation polynomial of f with degree at most 2n — 1 and
Lf = plleri—1,1y = maxoz <1 [ f9) = p*Plec.

Hermite-Fejér interpolation has plenty of use in computer geometry aided
geometric design with boundary conditions including derivative information. The
convergence rate under the infinity norm has been extensively studied in [5-
7, 11, 14]. The efficient algorithm on the fast implementation of Hermite-Fejér
interpolation at zeros of Jacobi polynomial can be found in [17].

In this paper, the following convergence rates of Hermite-Fejér interpolation

Hj _(f, x) at Gauss-Jacobi pointsystems are considered.

e If f is analytic in £, with | f(z)| < M, then

41, M[2np? + (1 — 2n),0]>, . <0,

—_ 1)22n
1 G = B, (f.2) oo = Lo .y = max{a, B
2 2np? 4 (1 = 2n)p] .
(b — 1207 )

€))

'In fact, Griinwald in [7] considered more general cases with any vector {d,in)} instead of

(&M,
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where

O (n~ 13— min{eBl 1og 1), if — 1 < min{a, B} <y < —%
T =1 0@ mnleA=3) if — | <minfo, B} < -1 <y <0. (10)
0(n?), if —1 <minf{a, B} <y

e If f(x) has an absolutely continuous (r — 1)st derivative f =1 on [—1, 1] for an
integer » > 3, and a rth derivative " of bounded variation V, = Var(f")) <
00, then

0 n_’logn)
0 n2y—r+1)

)

an

» Y < -
If () — Hyyy (fs Olloc =
y > -

[STE S TE

’

while if f(x) is differentiable and f’(x) is bounded on [—1, 1], then

I1f () = H3,,_ (fs Olloe = o <n27’>, |

Comparing these results with

o (n_llogn>, ify < -1

J @) = Hyp1(f, %) = ., (Vértesi [14]),
0 (™), ify > -1

which is sharp and attainable (see Fig. 2), we see that H2’"n_1 (f, x) converges much

faster than Hy,,_1(f, x) for analytic functions or functions of higher regularities (see
Fig. 1). Particularly, Hy,,—1(f, x) diverges at Gauss-Jacobi pointsystems with y > 0,
whereas, Hy _, (f, x) converges for functions analytic in the Bernstein ellipse or of

n
finite limited regularity.
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Fig. 2 ||Hy—1(f, x) — f(X)]leoc at x = —1 : 0.001 : 1 by using Gauss-Jacobi pointsystem for
f(x) = |x| with different & and B, respectively
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For simplicity, in the following we abbreviate x,ﬁ") as xg, E,(C") (x) as £ (x), h](c") (x)
as hy(x), and b,((") (x) as br(x). A ~ B denotes there exist two positive constants c|
and ¢ such that ¢; < |A|/|B| < c3.

2 Main Results

Suppose f(x) satisfies a Dini-Lipschitz condition on [—1, 1], then it has the
following absolutely and uniformly convergent Chebyshev series expansion

2 (M fOhE

ol By e A2 ji=0,1,.... (12)

f) =) ""e;Tj(x), ¢j=
Jj=0

where the prime denotes summation whose first term is halved, T;(x) =
cos(j cos™! x) denotes the Chebyshev polynomial of degree ;.

Lemma 1

(i) (Bernstein [2]) If f is analytic with |f(z)|] < M in the region bounded by
the ellipse £, with foci 1 and major and minor semiaxis lengths summing to
o > 1, then for each j > 0,

2M
lejl < —. (13)
p/

(ii) (Trefethen [13]) For an integer r > 1, if f(x) has an absolutely continuous
(r — st derivative f7=V on [—1, 1] and a rth derivative ) of bounded
variation V, = Var(f<’)) < 09, then for each j > r + 1,

2V,

TG =D =)

(14)

lejl <

Suppose —1 < x,, < x,—1 < --- < x1 < 1 in decreasing order are the roots of
Pn(“’ﬁ)(x) (¢, B > —1), and {wj};f:1 are the corresponding weights in the Gauss-
Jacobi quadrature.

Lemma2 Forj=1,2,...,n,itfollows

m\/ nlfntat+p+1l)  pawp

2@+AED2 ' T(n+a+DI(n+B+1) "

(x — x))€j(x) = op(—1)7 (x),
(15)

where o, = +1 for even n and o, = —1 for odd n.
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Proof Letz, = f_ll (1—x)*(1 —}—x)ﬁ[Pn(a’ﬂ)(x)Fdx and K, the leading coefficient
of Pn(a’ﬂ ) (x). From Abramowitz and Stegun [1], we have

_ 2t Fn+a+ DM+ p+1) _ I T@n+a+B+1)
T 2nda+pB+1 nfn+a+pg+1) "

o T Y aTmtatBr1)

Furthermore, by Szeg6 [12, (15.3.1)] (also see Wang et al. [15]), we obtain

K22n(1 —sz)wj
2n2n+a+ B+ Dz,

2 .
= U/z(_l)j\/ - xj)wj PP (),
w@Cn+a+p+1 "

wp (x)

1 .
(x —xj)E;(x) = w;l(—xj)wn(x) = On(—l)’\/

which implies the desired result (15). |
Lemma3 Forj=1,2,...,n, itfollows
(1-xHwj =0 (n—l) . (16)

o N\ 2a+1 N\ 2B+1
Proof Fromw; = O (ﬁ (sin 97’) (cos %’) ) Szego [12, (15.3.10)],

n

N\ 20+3 2\ 2B+3
+843 .0 0
we see for x; = cos 6 that (1 —sz.)wj =0 (2a m z (sm 7’) (cos 7’) ),

which derives the desired result. m|

Lemma 4 ([10, 16]) Fort € [—1, 1], let x;, be the root of the Jacobi polynomial
Pn(a’ﬂ) which is closest to t. Then fork = 1,2, ..., n, we have

0 <|k —ml7 ok —m|V*%), k% m
o) k=m

e (2) = , vy =max{w, B}. a7

Lemma 5 (Szego [12, Theorem 8.1.2]) Let «, 8 be real but not necessarily greater
than —1 and x; = cos 6. Then for each fixed k, it follows

lim n6) = ji, (18)

n— o0
where ji is the kth positive zero of Bessel function Jy.

Lemma 6 Fork=1,2,...,n, itfollows

wly (x)

wp, (Xg)

ve(x) =1 — (x — xp) = 0@n?). (19)
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Proof Note that P,Ea’ﬂ ) (x) satisfies the second order linear homogeneous Sturm-
Liouville differential equation [12, (4.2.1)]

I=x)y' +B—a—(@+B+2x)y +nn+a+p+1)y=0.

By w, (x) = %:("), we get
o) _ P @HPIDG 1y 451y, (20)
Wl (x}) I — x5

J

In addition, by Lemma 5 with x; = cosf;, we see that 6; ~ % Similarly, by
PP (—x) = (=1)" PP* (x) we have 6, ~ % These together yield

! on?) ! on?) L. ! ! omn?)
= o), =00n"), <max|——,—— | =00
l—xl2 1 —x2 l—sz. 1 —xj 1 —x2

and then by (20) it deduces the desired result. |

Theorem 1 Suppose {)cj}’}=1 are the roots of P,Ea’ﬂ) (x) with o, B > —1, then the
Hermite-Fejér interpolation (5) for f analytic in £, with | f(z)| < M at {x; }7:1
has the convergence rate (9).

Proof Since the Chebyshev series expansion of f (x) is uniformly convergent under
the assumptions, and the error of Hermite-Fejér interpolation (5) on Chebyshev
polynomials satisfies |E(T},x)| = |T;(x) — Hz*n_l(Tj, x)| = 0 for j =
0,1,...,2n — 1, then it yields

[ECf, 0l =1f () = Hy, (£, 01 =1 ¢ E(Tj, 0l < Y |ejIIE(T), x)l.
=0 j=2n
J J (21)

Furthermore, |E(T;, x)| = |Tj(x) — Y1, Tj(xi)hi(x) = 31, T;(x,-)b,- (x)]. In the
following, we will focus on estimates of |E (T}, x)| for j > 2n.

In the case y < 0: Notice that the pointsystem is normal which implies 4; (x) > 0
foralli =1,2,...,nandforall x € [—1, 1],

1= "hix) =Y v ().
i=1

i=1

Then we have

D Tjphi)l <Y hixy =1, j=0,1,.... (22)
i=1 i=1
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Additionally, by Lemma 2, it obtains for j = 2n,2n + 1, ... that

| 22iy T (xi)bi (x)

= I Uj ) (x — x) €3 (x))
j n!T (n+a+pB+1)

(a,8) 2
= 2(0t+/3/+1)/2\/F(n+a+l)r(n+ﬂ+l) [P () 200 Uj—1(xi)y/ (1 = xwi i (0)]

T 1 s . .
= sertoy Toe e i (060 I sin((j — 1) arccos () /i ()|

=jo (|P,§°"ﬂ)<x>| ||{w,-};;1||ooAn>

n!l'(nta+p+1)

(Uj—1 is the second kind of Chebyshev polynomial of degree j — 1) since
\/ O et DT B is uniformly bounded in n for «, 8 > —1 due to

n+DTn+a+p+2) _(
FTn+a+2)T(n+B+2)

of
B (n+1)2+(a+ﬁ)(n+1)+aﬂ>
y nfrn+a+p+1)
Fn+a+DIn+B+1)

which implies % is uniformly bounded

in n and then
T n .. .
\/% is uniformly bounded. Here A, = maxye[—1,1] 21— |4 (x)] is
the Lebesgue constant. Then from

1 .
p@h (= | 0™, if max{e, B} < —
" O (n™-Bhy " if max{a, B} > —

=0

3

2

. { O (n=2-2min(e.8)y if minfa, B} < —1
=

omn™, if min{e, B} > —3

=9

(see Szego [12, pp 168, 354]) and

O(logn), if max{a, B} < —1%
An = n%ax{a Bl+1y - P 2 ([12, pp 338]),
O(n HI72), if max{a, B} > —5

we have

1Y T ibi ()] = jTa. (23)
i=1
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Then by (22) and (23), we find |[E(T},x)| < 2+ jt, < 2jt, for j > 2n, and
consequently

ECf. 0l = 1/ @) = Hy (f0] < Y I IET 0 =25 3 jlejl.
j=2n j=2n

which, directly following [18], leads to the desired result.
In the case y > 0: From |E(Tj,x)| = |Tj(x) — Y i, Tj(xphi(x) —
Y T]f (x;)b; (x)|, by Lemmas 3 and 6 we obtain

ilvi(x)lﬁ,-z(x) =0 (n2 /ln tzy_ldt> — O(n2t),
and
Tﬂxy_5573“0h“x*=TKXW—ti}@Qw(wﬁﬁx)=()Qﬁ+b)_
i=1 iz
These together with
| 20y T} (xi)bi ()

i ! 1 s . .
= serty e B PP () I sin(( — 1) arceos (xi)) /776 ()

= jt

and then |E(T}, x)| = O ( j2+2V) for j > 2n, similar to the above proof in the case
of y < 0, implies the desired result. O

From the definition of t,,, we see that when o = 8 = —% the convergence order
on n is the lowest. In addition, if f is of limited regularity, we have

Lemma 7 (Vértesi [14]) Suppose {xj};?zl are the roots of P,ga’ﬁ)(x), for every
continuous function f(x) we have

n V1= x2 ) .
o (fo0) = f0)] = 0 Y | w (f; ’—nx) +w (f; ]n'f') 2,

j=1

(24)
where w(f;t) = w(t) is the modulus of continuity of f(x), and y =

max (a, B, —%)

Theorem 2 Suppose {)cj}’}=1 are the roots of Pn(a’ﬂ)(x) (o, B > —1), and f(x) has

an absolutely continuous (r — 1)st derivative f(r’l) on [—1, 1] for some r > 3,
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and a rth derivative ) of bounded variation V, < oo, then the Hermite-Fejér
interpolation (5) at {x j}’}-: | has the convergence rate (11).

Proof Consider the special functional L(g) = E, (g, x), where E,, (g, x) is defined
forVg € C'([—1, 1]) by

En(g,%) = g(x) = Y glxj)v;()&5(x) = Y g (xp)x — x5 (x).  (25)

j=1 j=1

By the Peano kernel theorem for n > r (see Peano [9] or Kowalewski [8]), E,, (f, x)
can be represented as

1
Eq(f, x) =/1 FOWK (n)dt (26)

with K, (1) = 55, L ((x _ t)f;l) forr = 3,4, .-, that is

n

Ke() = ! S ﬁ ;(xj — )
—— g(x,- 2 — B,
where
TRt e

Moreover, noting that

1
1
(x —uw)lk? = / x -0k wdr, k=34,
u

(k —2)! (k —3)!

we get the following identity

1
KH(u):/ Kooa(t)dt, s=4,5,---

u

where K;(¢) is defined by

Kty = (x =)} =Y (rj =Dl v;0) ) =D @y — 0l — x5 x).

j=1 j=1
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In addition, it can be easily verified that K;(—1) = Kg(1) =0fors =2,3,....
Since £ is of bounded variation, directly applying the similar skills of Theorem
2 and Lemma 4 in [16], we get

1En(f, oo < Vel Krt1lloo, (27)
and
T
[Ks+1lloo < sup |Kg(1)|, fors=2,3,.--, (28)
2n—s _1<<1

respectively. Then from (27) and (28), we can obtain that

nr—lvr
B Dlle < Gl Kol (29)

In addition, by Lemma 7, we have

1 1 2 no ) r= 2
(x — 1)y ;(x] )10 ()5 () oo o n27’), y oL, (30)
j_
while by Lemmas 2-3, we get
1) =0 (e —xpliol = ) [(x —xp)€50)] = ! ]
Jj=1 . j=1 o n27’>, Y > —3.
(3D

Together (30) and (31), we can obtain the desired results by using

Ka(t) = g 2

Finally, We use a function of analytic f(x) = m and a function of limited

regularity f(x) = |x |5 to show that the convergence rate of || f (x) — Hz*n_ 1 ) lloo
is dependent on « and g in Fig. 3.
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e f(x)=1/(1+25x%) . f(x)=IxI®
—o—a=-0.7, 5=-0.8 —©—a=-0.9, 5=-0.8
——a=-0.3, /=-0.4 —0—a=-0.2, 3=-0.1
06 a=0.3, =04 0 a=0.3, 5=0.6
10 107 % a=11, 6=09

10-10 L

10-15 L 4%
10° 10 102 108 10° 10' 102 10°
n=1:10:1000 n=1:10:1000

Fig. 3 |H,_,(f.x) — f(¥)|lo at x = —1 : 0.001 : I by using Gauss-Jacobi pointsystem for

n—1
f) = Iﬂﬁ and f(x) = |x|> with different o and B, respectively
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