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Abstract. In the paper we define certain and possible rules in an incomplete information
system as certain/possible ones in every completion of the initial system. The careful
examination of the dependencies between an incomplete system and its completions allow us
to state that it is feasible to generate all certain rules and some important class of possible
rules directly from the incomplete information system. Space complexity of the proposed
method of rules’ generation is linear with regard to the number of objects in the initial system.

1 Introduction

The problem of knowledge discovering in the form of rules from incomplete
information systems (IS) is considered. By an incomplete system we mean a system
with missing data (null values). We do not consider the case of null value meaning
inapplicable value. This problem may be solved by adding a special symbol denoting
inapplicable value to the attribute domains. In the paper we deal with the problem of
unknown values.

Several solutions to the problem of generating decision tree from the training set of
examples with unknown values have been proposed in the area of Artificial
Intelligence. The simplest ones consist in removing examples with unknown values
or replacing unknown values with the most common values. More complex
aproaches were presented in [1-2]. A Bayesian formalism is used in [1] to determine
the probability distribution of the unknown value over the possible values from the
domain. This method could either choose the most likely value or divide the object
into fractional objects, each with one possible value weighted according the
probabilities determined. It is suggested in [2] to predict the value of an attribute
based on the value of other attributes of the object, and the class information.

The problem of rules’ generation from incomplete systems was investigated also in
the context of Rough Sets [3-6]. The methodology from [3] consists in transforming
an incomplete system to a complete system, where each object with incomplete
descriptor in the source system is represented by a set of possible subobjects in the
target system. As we prove in [4], this method allows to generate the set of all certain
rules. Different methodology was presented in [5]. The method considered in |5]
allows to generate a subset of certain rules directly from the original incomplete
decision table. Modelling uncertainty caused by appereance of unknown values by
means of fuzzy sets was discussed in [6].

In this paper we refer to the results we obtained in {4-5] and extend them so that
the generation of all rules and some important class of possible rules is feasible. The
unique feature of certain/possible rules we consider is that they are certain/possible
in every completion of the initial IS. The careful examination of the dependencies
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between an incomplete IS and its completions allow us to state that such definitions
of decision rules do not require performing the calculations in all the completions of
the incomplete IS. We propose a method of generation of all rules directly from the
original incomplete IS. Space complexity of the method is O(n), where n is the
number of objects in the initial system.

2 Information Systems

Information system (IS) is a triplet S= (0, AT, f), where © - is a non-empty finite set
of objects and AT is a non-empty finite sct of attributes, such that f;: © — V, for any
a€AT, where V, is called domain of an attribute a. Any attribute domain V, may
contain special symbol ”*” to indicate that the value of an attribute is unknown
(null). Here, we assume that an object x&9 possesses only one value for an atiribute
a, a€AT, in reality. Thus, if the value of an attribute @ is missing then we may
conclude that the real value must be one from the set V \{*}. System in which values
of all attributes for all objects from © are known is called complete, otherwise it is
called incomplete.

Let 8* = (0, AT, ). We say that S* is an extension of s if 5* is an IS such that if
Ja(x )= * then 1, °(x) = f(x) for all a€AT and xEX. We say that 5’ is a completion of S
if 5 is a complete IS, which is an extension of .

Let us note that if card(},;) = 1 then null value occurring for attribute « may be
substituted by the unique domain value v,E}, without changing information
capabilities of the system. Hence, any system .S is equivalent to its extension 5* such
that if f,(x) = * then £, (x) = v,, v,&V, for each attribute a€AT such that card(V,) =
1 and for each y€o. From now on, without loss of generality, we will consider only
systems that do not have null values for attributes a such that card(V,) = 1.

In the sequel, any attribute-value pair (a,v), a€4T, vEV,, will be called an atomic
properly. Any atomic property or its conjunction will be called descriptor.
Conjunction of atomic properties for all attributes A7 will be called full descriptor.
Descriptor that does not possess null values for attributes A C AT will be called
A-complete. The set of objects having the atomic property (a,v), i.e. {x€0| fa(x) = v},
will be denoted by ||(a,v)l]. Let us note that |[(a,*)|| N ||(a,v)|| = &, if v=*. The set of
objects satisfying any descriptor ¢ will be denoted by ||f]| and will be computed in the
usual way, e.g. ||fas]] = ||4|Ni|sll.

3 Indiscernibility of Objects and Set Approximations
3.1 Indiscernibility of Objects

Let s=(0, AT, ). Each subset of attributes ACAT determines a binary indiscernibility
relation IND(A), IND(A) = {(x))E0x0 | Ya€A, f,(x) = f,()}. The relation IND(A),
ACAT, is an equivalence relation and constitutes a partition of ©, which we will
denote by ©/IND(4). Let Ls(x) denote the object set {y€o | (x))EIND(A)}. Objects
from 74(x) are indiscernible with regard to their description in the system, but they
may have different properties in reality, unless the system is complete. Objects
perceived as indiscernible in the complete system are indiscernible also in reality.
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Another similarity relation SIM(A), SIM(A)={(x)Eox0 | VYa&A, f(x)=fA) or
JAx)=* or f,(3)=*}, treats two objects as similar if they may have the same properties
in reality. Similarity relation is reflexive and symmetric, but may not be transitive.
By S4(x) we will denote the set of objects {yS0 I (x )NESIM(A)}.

Property 3.1.1
e Let BC A CAT. Then: Lix) C Ip(x); Sa(x) C Sp(x); L4(x) C Su(x).
¢ Let £ be a completion of S. Then: 7, '(x) = S4'(x); S4'(x) € Sa(x).
© Sm= US/.

' is a completion of 5

3.2 Set Approximations

Let XCo and ACAT. First we recall standard rough set definitions of /ower
approximation AppX and upper approximation AppXofXina complete IS:
AnpX = {x€0| L(x) C XJ={xEX] L«x) C X},
AppX = {xE0| L)NX = Dy={_J{L,(x)|x EX}.
Beneath we generalize these definitions for the case of incomplete IS:
AaiX = {x€0| Sylx) C X} = {xEX] S4(x) C X3.
AsneX = {xE0| Sux)NY = By=|_J{S, (x)|x EX}.

AsneX is a set of objects that belong to X with certainty, while ZgMX is a set of
objects that possibly belong to X. Obviously, 4spX=4AnpX and ASMX =AppX in a
complete IS. Asp X and A X will be denoted also by 4X and AX, respectively.
Property 3.2.1
«  Let s be an extension of 5 and XCo and ACAT. Then: ¥ C AXY C AX.
. UMxy=4x.

S' is a completion of 5
Property 3.2.2
LetA*(V) denote {a€A| f()=*} and L)) denote Hcard (V). Let Full(Y) denote

a€L(y)
the set of all objects from ¥ which have full complete descriptors. Let Desc(Y) denote
the set of all different descriptors of objects 7.
¢ AX)=(4X)\ H, where XCo and
" is a completion of 5
H={y€& (AX\X)| card(Desc(Full(S40) N X)) < Liex(3)}.

Proof:

By Property 3.2.1 AX is the set of all objects y€O such that yE(ZX)’ in some
completion 5” of 5. On the other hand, H is a set of objects yE(Z)Q\X satisfying the
condition card(Desc(Full(S+(0)NX)))<Lye(y), which implies that yGE(ZX)” in some
completion 5~ of s. Hence, /1 is the set of all objects from AX that do not belong to

ﬂ (ZX)K Thus, the difference between AX and His equal to ﬂ (ZX)‘.

" is a completion of s <" is a completion of 5

d
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Property 3.2.3
Let XCo and ACAT. Let 5” and S” be completions of s which differ only for an
object x€0. If Sy(x)C [Y(AX)" then (4X)'=(AX)".

£"is a completion of 5

Proof:
Since S0C  (|(AX)" then S/ (MC(AX)”. Additionally, Sa (NS (x)={x}
S™ is a completion of 5
because completions s” and 5~ differ only for x. Hegce, S4NXIC(AX)°\S7(x)
Q(Z X\{x}))”. Similarly, we may derive: S;”(N\{x}C(4 (Y\{x}))".
We may also notice thaE_ S 0)=S4(@) or §i4’(y)=SA”(y)\{x} or S, (V)=S4"0)U{x}
for any vEX\{x}. Hence: (4 (X\{x}))’U{x}=(4 ()(\{x}))”g {x}. _
Applying the results obtained above, we may write: (4.X)” = S;"()U(A4 (XN\{x}))”
= (S OMXPULGRUA ) USS 0OMx}) = (S 0Mx DU U ({x}))y'U
(Sa’GMx}) = {xPU(A XNx ) USS Mx}) = (A DY US, (x) = (4X)". .
4 Complete Decision Tables

Decision table (DT) is an information system s = (0, ATU{d}, /), where d, dZAT

and *¢&J, is a distinguished attribute called decision, and the elements of AT are
called conditions. If DT is a complete IS then it is called complete decision table,
otherwise it is called incomplete decision table,

In Section 4 we will restrict our considerations only to complete decision tables.

4.1 Decision rules

Decision rules we will consider will have the form: f—s, where =A(c,v), c€ACAT,
vel,, and s=(d,w), wEl’; In the sequel, we will call ¢ and s condition and decision
part of a rule, respectively. We will say that object x, x€0, supports a rule t—»s in S
(or a rule 1—s covers an object x in <) if x has both property ¢ and s in 5. A decision
rule f—s is certain in S if ||f}| C ||s|| in S. A decision rule f—s is possible in S if ||f]| C
AT|js|] in . A certain (possible) decision rule —s is optimal in s iff it is certain
(possible) in s and no other rule constructed from a proper subset of atomic
properties occurring in ¢ is certain (possible) in .s.

Property 4.1.1

If object x, x&o, supports a certain rule in s then Ly(x) C I15(x).

4.2 Reducts

Here we will present a method of computing all optimal rules supported by an
arbitrary object x€o0. Let t—s be an optimal rule supported by object x€o. The
decision part s is determined by the decision d(x). The condition part ¢ is a
conjunction of atomic properties of x for attributes 4, where 4 is the set of all
attributes occurring in f. Since t—s is optimal 4 is a minimal attribute set for which
t—>s is certain or possible, respectively. Any set 4 of this property will be called a
reduct for x. Below we provide formal definitions of a certain and possible reduct:
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Set A, ACAT is a certain reduct for x, Ly{x) C Iiz(x), in S, iff A is a minimal set
such that Z4(x) C 7¢4(x). Set A, ACAT is a possible reduct for x, xS0, in S, iff 4 is a
minimal set such that 7,(x) © AT ([ 4(x)).

In general, object x may serve as a generator of all optimal rules such that their
conditional parts are determined by reducts for x and their decision part is equal to
(d.d(x)).

In order to compute reducts of DT we will exploit the idea of so called
discernibility functions [7]. Their main propertics are that they are monotonic
Boolean functions and their prime implicants determine reducts uniquely.

Let 0.4(x,3) be a set of attributes a€A4 such that (x,))&SIM({a}). Let Ja(x,y) be
equal to 1, if a(xy)=. Otherwise, let Yo4(x,)) be a disjunction of Boolean
variables corresponding to attributes contained in o4(x,).

Ax) is a certain discernibility function for object x, Li{x) C I1a(x), iff

Afx) = ];J Y 0 (x,), where Yo=0\I(5(x).
Y.

Ay(x) is a possible discernibility function for object x, x€0, iff
Afx) = 1;[ 2 o (x,y), where Y,= 0\ AT 5(x)).
y<y

S Incomplete Decision Table

5.1 Certain Rules

Following the approach to incomplete information systems presented by Lipski in
[8], we propose the following definition of a certain rule: Rule t—>s is certain in S if
it is certain in every completion of 5. A certain decision rule t—s is optimal iff it is
certain in < and no other rule constructed from a proper subset of atomic properties
occurring in ¢ is certain. Object X&© supports a certain rule f—s in S iff x supports
t—s in each completion of 5 in which |}f|j=.

Property 5.1.1

Rule r—s is certain in < if it is certain in every completion of S in which ||f]|=.
Proposition 5.1.1

Rule /—>s is certain in s if there exists an object xE|j|| in some completion of s and
t—>s is certain in all completions of 5 in which x|y

Proposition 5.1.2

Let <° be an extension of s such that there is an object xE€||¢]| having full complete
descriptor in s° and s° may differ from S only for object x.

Rule /s is certain in 5 if it is certain in 5°,

Property 5.1.2

Let s° be an extension of 5 such that there is an object x&|)f}] having full complete
descriptor in s° and s° may differ from .5 only for object x.

If object x, xEo, supports a certain rule in ° then Sgr°(x) C Jig(x).

Proposition 5.1.3

Let 5° be an extension of s such that there is an object x€o having full complete
descriptor in s° and S7°(x) C /(4 (x) and s° may differ from - only for object x.
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Any rule -5 is certain in S if f—>s is certain and supported by x in 5°.
Proof: Immediate from Proposition 5.1.2 and Property 5.1.2.

O
5.2 Computation of Certain Reducts

It is stated in Proposition 5.1.3 that certain rules may be computed in any extension
° of s such that the values of all attributes are the same in 5 and &° for all objects
from ©\{x} and x has full complete descriptor in 5° and S (x)C/z(x). The number
of different extensions 5° is equal to the number of different substitutions for null
values in x.

In order to compute the condition attributes of an optimal certain rule the notion of
a certain reduct in 5° may be exploited: Set A, ACAT is a certain reduct for x,
Sar()&l g (x), in system <° iff 4 is a minimal set such that Lz (x)Cl5(x) in every
completion * of s°. The set of all certain reducts of x in S is equal to the
set-theoretical sum of all certain reducts for x computed in all 5°.
AS(x) is a certain discernibility function for object x in 5°, Syr°(x)Cl g (x), iff

A= ] 1;[ D o' (x.), where Vo= 0\ Iig().
S’ is a completion of 5° yEY,

All certain reducts of x in a 5° may be computed as all prime implicants of A.(x).
Proposition 5.2.1
AS(x) is a certain discernibility function for object x in 5%, S°(x)Cl g (%), if
Ace(x)=1;[ E a ;. (x,y), where Y= 0\ [i5(x).

b4
Proof:
Let 5’ be a completion of s° such that all null values occurring in s° are replaced in
=’ with the respective attribute values occurring in the descriptor of x. Let S” = .5 be
an arbitrary completion of s°. One may easily notice that for each yEo\I @ (),
204" (EYIA T (x0)=3 04" (x,))=30L4°(x,y). Since 5~ was chosen arbitrarily then we
may generalize the above observation:

e _— - — [
A (x)= H H(EQAT"(%J’)_ HZ("AT'(XJ)_ EGAT (x,3).
" is a completion of 5* y€0O\I;,, (x) YEN [ (x YEO (%)

0
5.3 Possible Rules

Rule -5 is possible in = if it is possible in every completion of . A possible
decision rule t—s is optimal iff it is possible in s and no other rule constructed from
a proper subset of atomic properties occurring in ¢ is possible. Object x€o supports a
possible rule {—s in S iff x supports —s in each completion of 5 in which ||¢|[=.
Property 5.3.1

Rule r—s is possible in s if it is possible in every completion of 5 in which ||f]=&.
Proposition 5.3.1

Let <° be an extension of 5 such that there is an object x€||f|] in 5° and Sa{(x)CX,

where X= ﬂ (Zf”sn)' , and <° may differ from s only for object x.

$' is a completion of s

The rule +—s is possible in s if it is possible in <°.



162

Proof:

Let F(z,f) denote a set of all completions of 5 in which z€))f|. Let x and y be arbitrary
objects such that x=v and F(x,/)=< and F(),f)»J. Additionally, we assume that rule
t—s is possible in all completions from F(x,f). Let 5 be an arbitrary completion of 5
such that S’€F(y,H)\F(x,f). Obviously, x&f’. On the other hand there is a
completion 5" in F{x,f) such that 5~ differs from 5° only for object x. This implies
that x&J|f||”. Since [IAPC(AT|IsI)” and I"U{x}3=IIA” and (AT |isih=(ATislD” (by
Property 3.2.3), then [[f{’Clifi"C(AT|sI)”’=(AT|[s{y’. Hence, rule t—s which is
possible in S” is also possible in 5.

Since our choice of 5* was arbitrary we may conclude that if rule /—s is possible in
all completions F(x,?), then it is also possible in all completions F(y,f). Additionally,
since we chose x and y arbitrarily, we can infer that if rule t—>s is possible in all
systems F(x,1)= generated by any object x supporting rule f—>s, then it is possible in
all completions F(y,f) generated by all objects y such that F{y,f)=<. Proposition 5.3.1
is an immediate consequence of this conclusion and Property 5.3.2.

g
Proposition 5.3.2
Let 5° be an extension of S such that there is an object x&||f]| having full complete
descriptor in 5° and Sr(x)CX, where X= ((ATlisl))', and 5° may differ from 5

S'is a completion of 5

only for object x.
The rule t—»s is possible in s if it is possible in =°.
Proof:
Let x be an object having full complete descriptor and x&|jf|| in 5°. Let F(x.f) be a set
of all completions of s in which x€Jjf||. Let G(x,#) be a set of all completions of s°
having the same descriptor of object x. Since x€|f| in <° then G(x,/)=J and
G(x,H)CF(x,t)=J. Additionally, we assume that rule t—>s is possible in 5°, i.e. t-»s is
possible in all completions from G(x,f). Let $* be an arbitrary completion of £ such
that S’EF(x,)\G(x,1). There is a completion S~ in G(x,f) such that 5~ differs from 5’
only for object x. However, |[f’=[{]|” and (AT}isl)’=(AT]s||)” (by Property 3.2.3), so
1" CCAT |Isfy” implies ||4'S(AT|is]l)’. Hence, rule t—s which is possible in s~ is
also possible in 5°. Since our choice of 5* was arbitrary we may conclude that if rule
t—>s is possible in all completions G(x,¥) (i.e. if rule #—s is possible in %), then it is
also possible in all systems F(x,f). Additionally, since we chose S5° and x arbitrarily,
we can infer that if rule #—s is possible in %, then it is possible in all completions

F(x,t) and F(x.)=. Proposition 5.3.3 is an immediate consequence of this
conclusion and Proposition 5.3.2.

O
Proposition 5.3.3
Let =° be an extension of s such that there is an object x€© having full complete

descriptor in s° and S (x)& n (-ﬂ"] 4+(x))" and S° may differ from < only for x.

&' is a completion of

Any rule t-»s is possible in 5 if +—s is possible and supported by x in 5°.
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Proof: Immediate from Proposition 5.3.2.

5.4 Computation of Possible Reducts

Let &% be an extension of S such that s° may differ from = only for some x€o. In this
subsection we will show how to compute possible rules supported by object x having

full descriptor in 5° and such that S 7(x)C ﬂ (ATI,(x))'. There may be several

' is a completion of 5
extensions s° of s for a fixed x. Our approach is justified by Proposition 5.3.3. In the
remainder of this subsection, ¥, (perhaps accompanied by an index referring to the
respective system) will denote O\AT 15 (x).
In order to compute condition part of an optimal possible rule the notion of a
possible reduct in s may be exploited. Set 4, ACAT is a possible reduct for x, where

Sr(x)C N (ATI,(x))', in system s° iff 4 is a minimal set such that
" is a completion of 5

]A(x)g;ﬁ“l (%) in every completion 5* of 5°. The set of all possible reducts of x in s

is equal to the set-theoretical sum of all possible reducts for x computed for all 5°,

AS(x) is a possible discernibility function for object x, S(x)C ﬂ (Zf] (),

S' is a completion of 5
er N __ '
A (x)= H gEaﬂ (x.).
&' is a completion of 5° y&€F,*

All possible reducts of x in 5° may be computed as all prime implicants of Ay’(x).
Proposition 5.4.1
Let " be a completion of 5° such that all null values occuring in <° are replaced in
S* with respective attribute values characterizing object x. Let B4(x,v) be a set of
attributes €4 such that a(x)=a(y) or a(x)=* or a(y)=* in 5°.

Ap(x) is a possible discernibility function for object x, S{(x)C ﬂ (Zf] (),

5" is a completion of £

in 5°, iff

in S°, iff
AS ()= B (x,¥)A o (x,y), where Y=0\ (ATL,(x))".
P yE];\'LE “ yla_’!xg a J'isacorgleﬁonoféf
Proof:

Let *= denote a special value which is different from any domain value. Let 5° be an

IS such that all null values occurring in s° for all objects from .\ are replaced in °

with respective attribute values characterizing x and all the other missing values in

<’ are replaced by special value *s. Let us consider five types of completions of %

1) & is a completion of s° such that all null values occuring in <° for all objects
from o\ 4(x) are replaced in 5 with arbitrary attribute values different from
those characterizing x and the other null values are replaced by respective
attribute values characterizing object x.

2) S is a completion of =° such that all null values occuring in <° for all objects
from oV 4;(x) are replaced in S” with arbitrary attribute values different from
those characterizing x.
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3) < is a completion of s° such that all null values occuring in s° are replaced in
S’ with respective attribute values characterizing object x.

4) = is a completion of s° such that null values occuring in ° are replaced in
with respective attribute values characterizing x at least for all objects /5 (x).

5) & is any completion of s°.

If 5* is a completion of type 1 then o’ (x,)=0.47'(x,) for each yEOV (4(x).

Let 5” be a completion of type 2. For any s there is is a completion ° of type 1
such that attribute values in the both completions are the same for objects from
OV (4(x). One may notice that osr”(x,))=0ur (x,y)=cL4r (x,y) for each yEO (4(x).

Let be a completion of type 3. There is only one completion of that type, namely
S°. We may easily notice that oL (x,))= oL (x,)) for each yEO (5(x).

Let 5” be a completion of type 4. Let ZCoVz(x) be a set of objects in which
original null values were replaced in S” with respective attribute values
characterizing object x. For any ” there is a completion 5 of type 1 that has the
same values as s for all objects O\Z. In such a case (AT y(x))’ C (ATIg(x))” ©
(ATIi5(x))" and thus ¥,'CY,"CY,’. We may also notice that oz (CY)=0Lr () if
YEZ and our (x))=0L4r (x )= OLar(x,) if yEN g (x)UZ).

Let 5” be a completion of type 5. For any 5™ there is a completion 5’of type 4 that
has the same values as <~ for all objects O\¢g(x). We may easily notice that
aAT”(xzy)=(xAT’(xzy) for each y€oVz(x). The result obtained for s” is valid for any
completion of 5°. Therefore, we can write:

Ape(x)= H I;[EO‘AT'(X:Y) =uEaATs(x,y)A HE(’-ATX(’C,}’)-
S' is a completion of 5°¢ p' y ye1,

Let us note that ﬂ(ﬁ] P (x))'g(ﬁ] @))%, so ¥,°CY. Furthermore, o,4(x.,))

5" is a completion of 5¢

AL (X V) =00 (e )= (x,) and o’ (x,))=Par (x,) for each yEoV (4(x). Hence,

APe(x)= HzaArs(x,y)/\ HEGATx(x’y)=yQ,Z BATe(st") A }1;12(1,4;(16,}/).

Ve, &l
O

6. Illustrative Example

Table 1 presents an incomplete decision table 5 containing information about cars.
Attribute domains of s are as follows: Vp.e={highlow}, Vifieage={high,low},
Vsie={full,compact}, Vign-speea={ high,low}, V={poor.good.excel }.

Car | Price | Mileage | Size Max-Speed d
1 high low Jull low good
2 low * Sfull low good
3 * * comp high poor
4 high * Sull high good
5 * * Sfull high excel
6 low low | full * good

Table 1. Car table .

We will illustrate the method of rules’ generation using object 6 as a rule generator.
Further on, we will refer to the following sets of objects computed in 5: I15(6)=
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I(dgoodli={1,2:4,6}, Sa6)=(2,5,6}, ATl a(6)={1,2456},  [J(ATI,(6))'=
5" is a completion of 5

{1,2,4,6} (see Property 3.2.2). There are two possible complete descriptors of object

6:

1. (Plow)AM,Iow)A(S ful)a(X low),

2. (Plow)a(MIow)A(S Jul)A(X high),

where P, M, S, X stand for Price, Mileage, Size and Max-Speed, respectively.

Since S47{(6)C ﬂ (AT1,(6)), then possible rules supported by object 6 may be

5" is a completion of .5

generated regardless its possible complete descriptor (see Proposition 5.3.3). The

feasibility of generating certain rule covered by object 6 will depend on a considered

possible complete desriptor of the object.
Let 5° be an extension of = in which object 6 has full complete descriptor as in the

case 1 and <° differs from S only for object 6.

*  Since S (6)={2,6}Cl5(6), then certain rules may be generated from the
descriptor of 6 (see Proposition 5.1.3). We will apply Proposition 5.2.1 to
compute certain reducts: Y= o\ (6)={3,5}, a4(6,3)={S,X}, 0.4(6,5)={X}, so
AS(6) = (SVX)A(XY)=X. Thus, there is only one certain reduct {X} found for
object 6 in extension <°, which means that only one certain rule is supported by
object 6 in 5°, namely: (X,/ow)—>(d,good).

* We will apply Proposition 341 to compute possible reducts:
(ATI4(6))={1,2,4,6}, ﬂ(ATId(6))'={1,2,4,6} (see Property 3.2.2), so

5" is a completion of 5*
P=OUTIG©O)={3,5}, T=0\  (V(ATL,(6))=(3,5} and NI;=Q.
' is a completion of 5°
047(6,3)={S,X}, 0.4(6,5)={X}, s0 AS(x)=(SvX)A(X)=X. Hence we receive one
possible rule: (X,/ow)—>(d,good).
Let 5° be an extension of 5 in which object 6 has full complete descriptor as in the

case 2 and ° differs from 5 only for object 6.

*  S(6)={5,6} is not a subset of / (a(6), so no certain rules may be generated from
the descriptor of object 6 (see Proposition 5.1.3).

* We will apply Proposition 541 to compute possible reducts:
(AT1(6)y={1,2,4,5,6}, ﬂ (AT1,(6))'={1,2,4.6} (see Property 3.2.2), so

S" is a completion of 5° .
p=ONATIg6)={3}, Y=o\  (\(ATL,(6))'={3,5} and 1Y ={5}.
' is a completion of 5°
Bar(6,5)={P, M}, 0,47(6,3)={S}, s0 A, (x)=(PvA)A(S)=PSvAS. Hence we receive
two possible rules: (P,low)a(S fill)—(d.good) and (M,low)A(S,ful)—>(d.good).
d
Conclusion

In the paper we defined the notions of a certain and a possible rule in an incomplete
information system. According to our definitions a rule is certain/possible in the
incomplete information system if it is certain/possible in every completion of the
initial systems. We showed how to determine such rules directly from the incomplete
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IS by applying e.g. Boolean reasoning. Rules may be generated as prime implicants
of some Boolean functions. Hence, the problem is NP-hard. Nevertheless, cfficient
heuristics like Johnson’s approximation strategy or genetic algorithms may be
applied if we do not wish to generate all rules, but suboptimal ones with minimal
condition parts. It is yroved in [9] that suboptimal rules supported by an object may
be generated in O(kn) or 0(k211log11) time, where » is the number of objects and £ is
the number of attributes. Space complexity of our method of rules’ generation is
linear with regard to the number of objects in the initial incomplete system. Rules
supported by different objects’ descriptors may be generated in parallel. The method
allows to generate all certain rules. Our method of possible rules’ generation is valid
also in the case of any object-gencrator such that all objects similar to it are
contained in the upper approximation of the same decision class for each completion
of an incomplete IS.
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