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Abstract The paper describes a new conjugate gradient algorithm for large scale nonconvex
problems with box constraints. In order to speed up the convergence the algorithm
employs a scaling matrix which transforms the space of original variables into
the space in which Hessian matrices of functionals describing the problems have
more clustered eigenvalues. This is done efficiently by applying limited memory
BFGS updating matrices. Once the scaling matrix is calculated, the next few
iterations of the conjugate gradient algorithms are performed in the transformed
space. The box constraints are treated by the projection as previously used in [R.
Pytlak, The efficient algorithm for large-scale problems with simple bounds on the
variables, SIAM J. on Optimization, Vol. 8, 532-560, 1998]. We believe that the
preconditioned conjugate gradient algorithm gives more flexibility in achieving
balance between the computing time and the number of function evaluations in
comparison to a limited memory BFGS algorithm. The numerical results show
that the proposed method is competitive to L-BFGS-B procedure.

keywords: bound constrained nonlinear optimization problems, conjugate
gradient algorithms, quasi-Newton methods.

1. Introduction

In this paper we consider algorithms for the problem:

i 1) v
s.t. I <z <, (2)

where [, u € R"™.
In [9] (see also [4]) a new family of conjugate gradient algorithms has been
introduced whose direction finding subproblem is given by

di = —Nr{gr, —Brdr-1}, (3)
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where Nr{a, b} is defined as the point from a line segment spanned by the
vectors a and b which has the smallest norm, i.e.,

| Nr{a,b} ||= min{]] Aa + (1 = \)b [: 0 < A < 1}, @

|| - || is the Euclidean norm and gx = V f(xy).

Notice that if 8y = 1 then we have the Wolfe-Lemaréchal algorithm ([7],
[13]). In [9] it was shown that the Wolfe-Lemaréchal algorithm is in fact the
Fletcher-Reeves algorithm when directional minimization is exact. Moreover,
the sequence {0x} was constructed in such way that directions generated by
(3) are equivalent to those provided by the Polak—Ribiére formula (under the
assumption that directional minimization is exact). This sequence

2
g = — ol )
gk — Gk—1, Gk)|

has striking resemblance to the Polak—Ribiére formula.

2. General preconditioned conjugate gradient algorithm

The idea behind preconditioned conjugate gradient algorithm is to transform
the decision vector by linear transformation D such that after the transformation
the nonlinear problem is easier to solve. If £ is transformed x:

&= Dz 6)
then our minimization problem will become
min [f(2) = f(D7'#)] )
and for this problem the search direction will be defined as follows
dp = —Nr{V f (&), —Grde—1} (8)
Notice that
Vi(#) =D TV f(#) ©)

therefore we can write
dy = ~Nr{D" TV (D 4}), — Brdj_1}. (10)
If we multiply both sides of (10) by D! we will get
dy = =N DT'DTTV f(zx) + (1= M) Bedrt. (11)
where 0 < A; < 1 and either

Br=1 (12)
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for the Fletcher-Reeves version, or

gxl? _ giD'D Ty,

{9k = Gi-1, 9601 | (gk — gn—1)” D1D=Tgy]

Br

for the Polak-Ribiere version.
The equation (11) can be stated as

di = =M HV f(21) + (1 — M) Brdi—1. (13)

where H = D7D~7. This suggests that D should be chosen in such a way
that DT D is an approximation to V2, f(Z) where 7 is a solution of problem

(1.
Moreover, if D is an upper triangular matrix then at each iteration of the
algorithm we will have to solve the system of linear equations

DTge =gy, Ddp = dx (14)
It is worthwhile to notice that the following holds (see [11]):
(g dx) < ~|ldi]| and (gg, di) = —|dx 1%, (15)

if0 < Ap < 1.

If box constraints (2) are present in our problem then we can tackle them by
using the projection procedure proposed initially in [1] (see also [10]).

In the rest of the paper we consider, for the simplicity of presentation, the
problems with simpler constraints z > 0. We define the set of indices I}

L ={ieT,n: (z); <exand Vg, f(zg) > 0}, (16)
where {¢y, } is such that g, > 0 and

li — Plz, -V =0 & Il = 0. 17
Jim flzg — Plok — V()] limer =0 (17
for any subsequence {zx }rcx. Here, by P[-] we denote the projection operator
ontheset {zx € R": [ < z < u} ([1]).

The sets I ,j" are used to modify the direction finding subproblem. Instead of
solving problem (3) we find a new direction according to the rule

dy = —Nr{V f(zy), —Oredi_}. (18)

Here d;_l is defined by

+ N dig—1)i ifig I
()i = { OV fla)/Be Hiely (19)
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To complete the description of the main components of our algorithm we
have to show how to use scaling matrices in its preconditioned version. Having
the set of indices / ,j we do not scale variables corresponding to them and we
apply general scaling to the others. Therefore, we use the scaling matrix of the
form

ne=5 .|
0 I,

where nj = |I;7|.

Inorder to describe the line search procedure notice that the function f (Plxg+
ady,]) can be interpreted as a composition of two functions: the first one is Lip-
schitzian and the second one continuously differentiable. If we define

_ [ oald), fa<al
zrp(a) = zx + dip(a), where (dx(a)); := { ol(dh) if o> al (20)
and the breakpoints {},}7 are calculated as follows
PN . ). S S @1

()i’

(assuming that if (dy); > 0 then afC = 00), then our directional minimization
rule can be stated as follows.

R1 find the largest positive number ¢, from the set {Gk ck=0,1,...,0¢
(0,1)} such that for . € (0,1) we have

flan(on)) — @) <~ |ox T @7+ 3 ) o atian))

g il

Notice that in the rule R7 we employ dj, instead of dy as (15) would imply.

Since we assume that D,{Dk are uniformly bounded from below and above (in
the sense of condition (26)) there exist constants 0 < ¢; < ¢y < -+00 such
that ¢; [|di|| < |ldi]| < ca]/dil. Thus the use of dj on the left on inequality in
the rule R7 is justified (it corresponds to appropriately choosing the coefficient
w). It is worthwhile to observe that our descent direction rule allows for such
inaccurate directional minimization search.

Our general algorithm is as follows:

Algorithm Parameters: € (0,1), € > 0, {5}$°,

{Dy}5°, Dy € R™" nonsingular matrix, T € R™*" nonsingular diagonal
matrix.

Data: zg
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1) Set k = 0, compute dx = —gyi, go to Step 3).

2)Compute: wy = zx — Plzgy — TV f(zr)], e = min(e, [Jwkl]),
Dfgn = o (22)
dy = —Nr{gr, —Bedi_;} (23)
Didy, = dy 24)

If wy = 0 then STOP.
3) Find a positive number «y, according to the rule R7.
4) Substitute Plxy + axdy] for i1, increase k by one, go to Step 2.

We can prove the lemma

LEMMA 1 Assume that xy, is a noncritical point, D,{Dk is positive definite
and dy. # 0 is calculated in Step 2 of Algorithm. Then there exists a positive
g such that the condition stated in the rule R1 is

lim f(Plzy + ady]) = —oo. (25)
a—o0
To investigate the convergence of Algorithm we begin by providing a crucial
lemma which requires the following assumptions.

ASSUMPTION 1 There exists L < oo such that
V) = V@)l < Ly — =]
Sorall x, y from a bounded set.
ASSUMPTION 2 There exist dj, dy such that 0 < d; < d, < +o00 and
diljul® < T DI Dyu < dy|ul? (26)
foralluw € R™ and k.

LEMMA 2 Suppose that Assumptions 1-2 hold, the direction dy, is determined
by (22)—(24) and the step-size coefficient oy, is calculated according to the rule
R1. Then, for any bounded subsequence {xy }xc i either

lim o — Plag + dil|| = 0, @7
or

Ii - Pz — =0 28
L flz, ~ Plag — V(@] (28)
For the convenience of future notations we assume that variables (z); have

been reordered in such a way that dj. can be partitioned into two vectors (d}, d2)
where the first vector d}. is represented by

di = {(de)itigrs-
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The same convention applies to other vectors.

THEOREM 3 Suppose that Assumptions 1-2 are satisfied. Moreover, assume
that for any convergent subsequence {zy } e x whose limit is not a critical point

i) {8k} is such that
liz inf (B d}]|) > v liminf [ V" (a)] 29)

where vy is some positive constant,

ii) there exists a number va such that vo|| Dy T |2l Dk—1]12 € (0,1) and

(VHf(2k), dier) < vV F (@)l [, whenever Mg € (0,1).
(30)

Then limg—.oo f(zx) = —00, or every accumulation point of the sequence
{z1}5° generared by Algorithm is a critical point.

Our global convergence result is as follows.

THEOREM 4 Suppose that Assumptions 1-2 are satisfied. Then Algorithm
generates {xy } such that every accumulation point of {x } satisfies necessary
optimality conditions for problem (1)—(2) provided that:

i) ﬁk is given by

B = ——— - — . (31
(V5 2821)) — VEf(Zh-1), VEF((E5, 2221)))]
ii) there exists M < oo such that o, < M, VEk.
3. Scaling matrices based on the compact representation

of BFGS matrices

In the previous section we showed that for a given nonsingular matrix H =1 =
DT D the preconditioned conjugate gradient algorithm is globally convergent.
The use of constant scaling matrix is likely to be inefficient since the function f
we minimize is nonlinear. Therefore, we are looking at the sequence of matrices
{Hy} such that each Hk_1 is as close as possible to the Hessian V2, f(z) and
can be easily factorized as D,:le_T where Dy, is a nonsingular matrix. We
assume, for the simplicity of presentation, that n; = 0.

In the paper we present the preconditioned conjugate gradient algorithm
based on the BFGS updating formula. To this end we recall compact represen-
tations of quasi—-Newton matrices described in [8]. Suppose that the £ vector
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pairs {s;, yi}f__fol satisfy s;fyi >0fori=k—m-—1,...,k—1. If we assume
that By = 7] and introduce matrices My = [v£ Sk Yz].

Se = [Sk—m—la A Sk—l] , Y = [Z/k—m—la cee 7yk—1} (32)

where s; = 2,41 — z; and y; = gi+1 — ¢, then LBFGS approximation to the
Hessian matrix is

By =y — MWy M (33)

and W € R™>*™ is nonsingular ([3]).
In order to transform the matrix By to the form D;{Dk we do the QR factor-
ization of the matrix M kT :

MT = QyRx (34)

where Qi is n x n orthogonal matrix and Ry the n X m matrix which has zero
elements except the elements constituting the upper m x m submatrix. Taking
into account that Q{Qk = I we can write (33) as

By = QF |l — REWiRy] Q. (35)

Notice that the matrix R} Wy Ry has zero elements except those lying in the
upper left m x m submatrix. We denote this submatrix by T} and we can
easily show that it is a positive definite matrix. If we compute the Cholesky
decomposition of the matrix v Ix — Tk, Vel — T = C{Ck then eventually
we come to the relation

By = QL FI FuQx (36)
with
o 0
F =
FTLO0 VD
(37)

The desired decomposition of the matrix By is thus given by
By = Di Dy, Dy = Fr.Qy (38)

where the matrix Dy, is nonsingular provided that s y; > Ofori =k —m — 1,
..,k — 1. Notice that the matrix ()} does not have to be stored since it can be
easily evaluated from the Householder vectors which have been used in the QR
factorization.
Recall the relation (14) which now can be written as

QrFlgn =gr,  FrQudy = ds. (39)
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4, Scaling matrices - the reduced Hessian approach

The approach is based on the limited memory reduced Hessian method pro-
posed by Gill and Leonard ([5],[6], see also [12])

Suppose that G = span {go, g1, - - -, gx } and let Gi- denote the orthogonal
complement of Gy in R™. If By € R™ " have columns that define the basis
of G, and

Hy = QiTx
is the QR decomposition of By then

T _( ZIByZy 0
Qi BrQr = ( 0 o Tnor,

(40)

where Qr = (Zy W) and range(By) = range(Zy). (40) follows from the
theorem which was stated, among others, in [6]:

THEOREM 5 Suppose that the BFGS method is applied to a general nonlinear
Sunction. If By = ol and

Bydr = — gy,

then dy, € Gy, for all k. Furthermore, if z € Gy, and wy € g,ﬂ-, then Byz € Gy
and Brw = cw.

From (40) we have

ZIB.Z 0
N R I/t
=Tk

Therefore, it follows that we can take as Dy:

_( Rk 0 T _ T
Do= (% sr el -G
At every iteration we have to solve equations
QuGian, = nGCrQLdy = dy.

Solving these equations requires multiplication of vectors in R”™ by the or-
thogonal matrix Q) (or Qg), and this can be achieved by the sequence of
m multiplications of the Householder matrices Hy, ¢ = 1,...,m such that
Qr = HLH}--- H. The cost of these multiplications is proportional to .
Furthermore, we have to solve the set on n linear equations with the upper
triangular matrix Gy, or its transpose.



Conjugate gradient algorithm 121

5. Numerical experiments

In order to verify the effectiveness of our algorithm we have tested it on
problems from the CUTE collection ([2]). We tried it on problems with vari-
ous dimension although its application is recommended for solving large scale
problems.

Algorithm has been implemented in C on Intel PC under Linux operating
system. We compared our algorithm with the L-BFGS-B code which is the
benchmark procedure for problems with box constraints for which evaluating
the Hessian matrix is too expensive. L-BFGS-B code was used with the para-
meter m = 5 and we applied m = 5 and we recalculated matrices Dy, every five
iterations in Algorithm. The stopping criterion was ||V f(z)||/ max(1, ||z]]) <
10~7. We used the scaling matrices as described in Section 3.

10 1 0.1

INLBRNG1 (15625)

JNLBRNG2 (15625)

JINLBRNGA (15625)

INLBRNGB (15625)

OBSTCLAE (15625)
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OBSTCLBL (15626)

OBSTCLEM (15625)

QBSTCLBU (15625)

TORSION1 (14884)

TORSION2 (14884)

TORSION3 (14884)

TORSION4 (14884)

TORSIONS (14884)

TORSIONS (14884)

TORSIONA (14884)

TORSIONB (14884)

TORSIONC (14884)

TORSIOND (14884)

I
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Figure 1. Performance comparison of Algorithm against the L-BFGS-B code.
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The performance comparison of Algorithm is given in Figure 1. where we
compare it with the code L-BFGS-B presented in [14]. For each problem the
bars represent the ratio of the number of iterations (LIT), number of function
evaluations (IF) and computing time (CPU) needed by the Algorithm divided
by those from the executions of the L-BFGS-B code. Therefore values above
one testify in favor of the L-BFGS-B and below one — in favor of our algorithm.
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