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Abstract We study a scheduling problem with incompatible job families and

rejection on a parallel-batching machine, where the objective is to minimize the

makespan of all accepted jobs plus the total penalty of all rejected jobs. We provide

a polynomial-time algorithm for the case where all jobs have identical release dates

and a pseudo-polynomial-time algorithm for the case where the number of distinct

release dates is fixed. We also present a 2-approximation algorithm and a polyno-

mial-time approximation scheme for the general problem.

Keywords Parallel-batching scheduling � Incompatible job families � Rejection �
Approximation algorithm

1 Introduction

We are given a set J ¼ fJ1; J2; � � � ; Jng of n jobs that are classified into m families

F 1;F 2; � � � ; Fm. Each job Jj ðj ¼ 1; 2; � � � ; nÞ is associated with an integral

processing time pj, an integral release date rj, and an integral rejection penalty ej.

Job Jj is either accepted and then processed on the machine, or it is rejected by the

machine and then a rejection penalty ej is paid. The accepted jobs may be combined

to form batches, where a batch is a set of jobs which are processed simultaneously.

The jobs processed in the same batch have the same starting time and will have to
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wait until all jobs in the batch have been completed. Therefore, the processing time of a

batch B, denoted by pðBÞ, is equal to the largest processing time of the jobs in it, i.e.,

pðBÞ ¼ maxfpj : Jj 2 Bg. This type of batching is referred to as parallel-batching or

p-batch. This is different from serial-batching or s-batch, where jobs are processed

sequentially with a setup time for each batch [2]. Each batch can contain at most b jobs

and it can start processing only after each job in it is released. Due to the logistical and

management constraints, we require that jobs from different families are not allowed

to be processed together in any single batch. Let A be the set of jobs accepted, and

R ¼ J n A be the set of jobs rejected. For a given schedule p, let Cj denote the

completion time of job Jj 2 A. The problem is to determineA and a feasible schedule

of jobs inA on the machine so as to minimize the makespan of the accepted jobs (i.e.,

CmaxðAÞ ¼ maxfCj : Jj 2 Ag) plus the total penalty of the rejected jobs. Using the

traditional three-field notation for scheduling problems, we denote the problem under

consideration by 1jrej; p� batch; family� jobs; rj; b\njCmaxðAÞ þ
P

Jj2R ej. Here,

rej implies that rejection is allowed, p-batch implies that the set of accepted jobs is to

be processed on a parallel-batching machine, family-jobs imply that the job families

are incompatible.

The above described scheduling problem falls into the category of parallel-

batching scheduling with incompatible job families and the category of scheduling

with rejection. Although these two categories of scheduling problems have been

extensively studied in the literature; however, to the best of our knowledge, this

subject has not been approached. Thus, our main aim is to consider the parallel-

batching scheduling problem with incompatible job families and rejection allowed.

The parallel-batching scheduling model was initially motivated by the burn-in

operations that are performed in ovens during the final testing stage of circuit board

manufacturing (Lee et al. [13]). Other applications of such batching scheduling

models have been found in many real-life industry applications such as the

numerically controlled routers for cutting metal sheets or printed circuit boards, the

diffusion area in semiconductor wafer fabrication facilities, heat treatment facilities

in the ceramic industries, and certain chemical vapor deposition processes (e.g.,

Hochbaum and Landy [10], Dobson and Nambimadom [7], Mathirajan and

Sivakumar [19]). Much work similar to the study of this paper without rejection

has been reported in literature. For example, Lee and Uzosy [12] provided an Oðn2Þ
time algorithm for 1jp� batch; rj; b ¼ njCmax. Brucker et al. [3] proved that

1jp� batch; rj; b\njCmax is strongly NP-hard when the number of distinct release

dates is arbitrary. Deng et al. [6] provided a polynomial-time approximation scheme

(PTAS) for 1jp� batch; rj; b\njCmax. Yuan et al. [24] proved that 1jp� batch;
family� jobs; rj; b ¼ njCmax is strongly NP-hard, and provided a PTAS. When the

number of incompatible job families is fixed, Nong et al. [21] and Li and Yuan [14]

presented PTASes for 1jp� batch; family� jobs; rj; b\njCmax and Pjp� batch;

family� jobs; rj; b\njCmax, respectively. However, whether there exists a PTAS for

1jp� batch; family� jobs; rj; b\njCmax when the number of families is arbitrary is

still unsolved.

The machine scheduling problem with rejection was first considered by Bartal

et al. [1]. They introduced a multiprocessor scheduling model with rejection to
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minimize the makespan of the accepted jobs plus the total penalty of the rejected

jobs. Hoogeveen et al. [11] considered the off-line version in Bartal et al. [1] when

job preemption is allowed. Engels et al. [9] considered single-machine scheduling

problem with rejection to minimize the total weighted completion time of the

accepted jobs plus the total penalty of the rejected jobs. Dosa and He [8] considered

the scheduling problem with machine cost and rejection. Lu et al. [16, 17], Cao and

Yang [4], Miao et al. [20] considered scheduling problems with rejection on

unbounded or bounded parallel-batching machines. Cheng and Sun [5], Li and Yuan

[15] considered the deteriorating job scheduling problem with rejection on single

machine and identical parallel machines, respectively. Shabtay [22] considered the

scheduling problem with rejection on a single serial-batching machine. The reader is

referred to Shabtay et al. [23] for more relevant and detailed discussion of this topic.

The remainder of this paper is organized as follows. In Sect. 2, we introduce

some notation and basic lemmas. In Sect. 3, we first present a polynomial-time

algorithm when all jobs have identical release dates, then we design a pseudo-

polynomial-time algorithm for the case where the number of distinct release dates is

fixed. In Sect. 4, we provide a 2-approximation algorithm and a polynomial-time

approximation scheme. In Sect. 5, we conclude the paper.

2 Preliminaries

An algorithm A is a ð1þ qÞ-approximation algorithm for a minimization problem if

it produces a solution that is at most of ð1þ qÞ times the optimal solution. A family

of algorithms fAe : e [ 0g is called a polynomial-time approximation scheme

(PTAS) if, for each e [ 0, the algorithm Ae is a ð1þ eÞ-approximation algorithm

running in polynomial time in the input size. We use the following notation in the

rest of this paper.

• rðBÞ ¼ maxfrj : Jj 2 Bg the release date of batch B

• pmax ¼ maxfpj : Jj 2 J g the largest processing time of the jobs in J
• rmax ¼ maxfrj : Jj 2 J g the largest release date of the jobs in J
• EðSÞ ¼

P
j2S ej the total rejection penalty of the jobs in S

• nf the number of jobs in family F f (where
Pm

f¼1 nf ¼ nÞ; f ¼ 1; 2; � � � ;m
• Jfj the j-th job in family F f ; f ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; nf

• pfj the processing time of job Jfj; f ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; nf

• rfj the release date of job Jfj; f ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; nf

• efj the rejection penalty of job Jfj; f ¼ 1; 2; � � � ;m; j ¼ 1; 2; � � � ; nf

A schedule for the accepted jobs in A is a sequence ðB1; t1Þ; ðB2; t2Þ; � � � ; ðBk; tkÞ
such that (1) fB1;B2; � � � ;Bkg is a partition of A; (2) all the jobs in Bi belong to the

same family and jBij 6 b for 1 6 i 6 k; and (3) ti > rðBiÞ and ti þ pðBiÞ 6 tiþ1 for

1 6 i 6 k, where ti is starting time of batch Bi. The makespan of the schedule is

tk þ pðBkÞ.
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The following lemma is very useful for our subsequent analysis of the dynamic

programming (DP) formulation.

Lemma 2.1 For problem 1jrej; p� batch; family� jobs; rj; b\njCmaxðAÞþP
Jj2R ej, if fB1;B2; � � � ;Bkg is the set of processing batches of A in a schedule p

(assuming rðB1Þ 6 rðB2Þ 6 � � � 6 rðBkÞ), then the minimum makespan can be

expressed as

Cp
maxðAÞ ¼ max

16i6k
frðBiÞ þ

Xk

j¼i

pðBjÞg: ð2:1Þ

Proof Note that if the processing batches of A are determined in advance, the

problem reduces to the classical problem 1jrjjCmax ([2]). Here each processing batch

Bi (1 6 i 6 k) can be regarded as an ‘‘artificial’’ job J0i with processing time p0i ¼
pðBiÞ and release date r0i ¼ rðBiÞ. Recall that problem 1jrjjCmax can be solved by the

Earliest Release Date (ERD) rule [2] in Oðn log nÞ time. Then expression (2.1) can

be easily obtained by induction on the number of processing batches. h

Next, we describe the FBLPT-FAMILY (Full Batch Large Processing Time) rule

of Nong et al. [21], which computes the optimal solution for problem

1jp� batch; family� jobs; b\njCmax.

FBLPT-FAMILY rule
For f ¼ 1; 2; � � � ;m, do as follows:

Step 1 Sort the jobs in F f in nonincreasing order of their processing times and

obtain a job list.

Step 2 If there are more than b jobs in the job list, then place the first b jobs in a

batch and iterate. Otherwise, place the remaining jobs in a batch.

Step 3 Sequence the batches in an arbitrary order without any idle time on the

machine.

Given a job subset S � J , let TðSÞ be the total processing time of the batches

that are obtained by applying the FBLPT-FAMILY rule to set S. By the optimality

of the FBLPT-FAMILY rule for 1jp� batch; family� jobs; b\njCmax, the follow-

ing lemma holds immediately.

Lemma 2.2 For problem 1jrej; p� batch; family� jobs; b\njCmaxðAÞþP
Jj2R ej, there exists an optimal schedule in which the accepted jobs are assigned

to the machine according to the FBLPT-FAMILY rule.

3 Exact Algorithms

In this section, we first present a polynomial-time algorithm for the case where all

jobs have the identical release dates and then provide a pseudo-polynomial-time

algorithm for the case with h distinct release dates.
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3.1 The Case with Identical Release Dates

In this subsection, we restrict our attention to the case where all jobs have identical

release dates. Without loss of generality, we assume that all jobs are released at time

zero. Due to the fact that the job families are incompatible and the objective

function is additive, hence in this case our problem can be decomposed into m

separable subproblems, where each subproblem corresponds to a single family

problem. Note that when there is only one family, Lu et al. [16] have presented an

optimal algorithm for the problem 1jrej; p� batch; b\njCmaxðAÞ þ
P

Jj2R ej,

whose time complexity is Oðn2Þ. By utilizing the result of [16], we propose the

following algorithm for 1jrej; p� batch; family� jobs; b\njCmaxðAÞ þ
P

Jj2R ej.

Algorithm A1

Step 1 For 1 6 f 6 m, run an optimal algorithm for the job set J restricted to

family F f , and let Af and Rf be the accepted jobs and rejected jobs of F f .

Step 2 Reject all jobs in R1 [ R2 [ � � � [ Rm, and accept all jobs in A1 [ A2 [
� � � [ Am and schedule them according to the FBLPT-FAMILY rule.

Recall that
Pm

f¼1 nf ¼ n, thus we have
Pm

f¼1 Oðnf Þ2 6 Oðn2Þ. Hence, we have

the following result.

Theorem 3.1 Algorithm A1 solves problem 1jrej; p� batch; family� jobs;

b\njCmaxðAÞ þ
P

Jj2R ej in Oðn2Þ time.

3.2 The case with h distinct release dates

In this subsection, we consider the problem with h (h > 2) distinct release dates.

This problem 1jrej; p� batch; family� jobs; rj; b\njCmaxðAÞ þ
P

Jj2R ej is clearly

NP-hard, since the fundamental problem 1jp� batch; rj; b\njCmax with two

distinct release dates is already NP-hard [18]. By exploiting some useful properties,

we design a pseudo-polynomial-time dynamic programming (DP) algorithm for it

when the number of distinct release dates h is fixed.

Let R1;R2; � � � ;Rh be the h distinct job release dates satisfying R1\R2\ � � �\Rh.

For convenience, we assume that R1 ¼ 0 and Rhþ1 ¼ þ1. Note that the accepted

job set A can be partitioned according to a schedule p into a sequence of h disjoint

subsets, A1ðpÞ;A2ðpÞ; � � � ;AhðpÞ, such that AiðpÞ contains exactly those jobs

started at or after time Ri but strictly before time Riþ1. The following lemma implies

that we can locally rearrange the schedule of each AiðpÞ without increasing the

makespan of the accepted jobs so that the schedule follows the FBLPT-FAMILY

rule for each AiðpÞ.

Lemma 3.2 For any schedule p with makespan Cp
maxðAÞ, there exists a schedule

p0 with makespan Cp0
maxðAÞ 6 Cp

maxðAÞ such that Aiðp0Þ ¼ AiðpÞ and the schedule

for Aiðp0Þ follows the FBLPT-FAMILY rule for any 1 6 i 6 h.

Proof If for each subset AiðpÞ; its schedule according to p follows the FBLPT-

FAMILY rule, then we can simply set p0 ¼ p. Otherwise, we can schedule the jobs
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in AiðpÞ as follows: Since all the jobs in AiðpÞ are available at or before time Ri, we

can treat the scheduling of these jobs as the 1jp� batch; family� jobs; b\njCmax

problem. We can obtain a new schedule p0 by applying the FBLPT-FAMILY rule to

the job set AiðpÞ. By Lemma 2.2, the FBLPT-FAMILY rule is optimal for the

problem on the job set AiðpÞ. Hence the makespan of the new schedule will not be

larger than the original one. This argument holds for arbitrary AiðpÞ. h

By Lemma 3.2, once the accepted job set A is determined, the original

scheduling problem boils down to that of partition A into a sequence of h disjoint

subsets A1;A2; � � � ;Ah. Once this partition is fixed, we can assume that each subset

Ai is scheduled (started but not necessarily completed) in the interval ½Ri;Riþ1Þ
according to the FBLPT-FAMILY rule. Moreover, each batch’s starting time can be

determined according to Lemma 2.1. Therefore, a simple enumeration approach to

find the best partition is to examine all the different possibilities of hn. However, we

can do better.

Recall that TðSÞ denote the total processing time of the batches that are obtained

by applying the FBLPT-FAMILY rule to the job set S. In view of Lemmas 2.1 and

3.2, the following result holds.

Lemma 3.3 For problem 1jrej; p� batch; family� jobs; rj; b\njCmaxðAÞþP
Jj2R ej, if fA1ðpÞ;A2ðpÞ; � � � ;AhðpÞg is the partition of A in a schedule p, then

its minimum makespan can be expressed as

Cp
maxðAÞ ¼ max

16i6q
fRi þ

Xq

j¼i

TðAiðpÞÞg; ð3:1Þ

where q ¼ arg maxfj : AjðpÞ 6¼ ;g.

Next, we present an exact DP formulation for 1jrej; p� batch; family� jobs;
rj; b\njCmaxðAÞ þ

P
Jj2R ej. The idea behind the DP algorithm mainly relies on the

structural properties described in Lemmas 3.2 and 3.3. To simplify the notation, we

assume that all the jobs Jf 1; Jf 2; � � � ; Jf ;nf
of family F f (1 6 f 6 m) are indexed such

that pf 1 > pf 2 > � � � > pf ;nf
.

We describe the DP approach in an enumerative form. In our enumeration, we

build a schedule starting with job J11 of family F 1 (stage 1) and ending with job

Jm;nm
of family Fm (stage n). At stage k, 1 6 k 6 n, we enumerate all the

possibilities of the positions for job Jfj of family F f (with
Pf�1

l¼1 nl\k ¼
Pf�1

l¼1 nlþ
j 6

Pf
l¼1 nl), i.e., job Jfj is either rejected or accepted and assigned to the last batch

among the batches that start in the interval ½Ri;Riþ1Þ for each Ri > rfj. Specifically,

a set Vk composed of states is generated at stage k. Each state hk; l1; l2; � � � ;
lh; c1; c2; � � � ; ch; ei in Vk is associated with a feasible schedule for the first k jobs.

Variable li denotes the total processing time of the batches that start in the interval

½Ri;Riþ1Þ (not necessarily finished), variable ci (1 6 ci 6 b) denotes the number of

jobs in the last batch that start in the interval ½Ri;Riþ1Þ, and variable e denotes the

total penalty of the rejected jobs. At stage n, we can compute the minimum

makespan of the accepted jobs plus the total penalty of the rejected jobs for each
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complete schedule (which corresponds to a specific state hn; l1; l2; � � � ;
lh; c1; c2; � � � ; ch; ei in Vn) as max16i6qfRi þ

Pq
j¼i ljg þ e, where q ¼ arg maxfi :

li [ 0g. Then, we can compute the minimum solution value over all these complete

schedules (by Lemma 3.3). Note that each state hk; l1; l2; � � � ; lh; c1; c2; � � � ; ch; ei in

Vk carries all the information on the first k jobs needed to facilitate the forward

movement of the DP.

We next state the two observations that will help us identify and retain a set of

partial assignments at each stage such that one of them will provably lead to an

optimal full assignment for the n jobs at the end of stage n. The first observation can

be easily proved through a straightforward identical completion argument and the

second observation holds since jobs from different families cannot be placed in the

same batch.

Observation 3.4 At stage k of the DP, if li 6 l0i for 1 6 i 6 h and e 6 e0, then state

hk; l1; l2; � � � ; lh; c1; c2; � � � ; ch; ei dominates state hk; l01; l
0
2; � � � ; l0h; c1; c2; � � � ; ch; e0i,

i.e., it suffices to retain only the state hk; l1; l2; � � � ; lh; c1; c2; � � � ; ch; ei for further

enumeration.

Observation 3.5 Assume that k belongs to one of the set X ¼ f0; n1; n1þ
n2; � � � ;

Pm
f¼1 nf g. Given hk; l1; l2; � � � ; lh; c1; c2; � � � ; ch; ei and hk; l1; l2; � � � ; lh; c01;

c02; � � � ; c0h; ei at stage k of the DP, it suffices to retain only either hk; l1;
l2; � � � ; lh; c1; c2; � � � ; ch; ei or hk; l1; l2; � � � ; lh; c01; c

0
2; � � � ; c0h; ei for further enumera-

tion. Furthermore, for those states hk; l1; l2; � � � ; lh; c1; c2; � � � ; ch; ei with the same

values li for 1 6 i 6 h and e, we can simply replace them by hk; l1;
l2; � � � ; lh; b; b; � � � ; b; ei for further enumeration.

From the definition of hk; l1; l2; � � � ; lh; c1; c2; � � � ; ch; ei, its domain is

0 6 li 6 TðJ Þ; 1 6 i 6 h; ð3:2Þ

1 6 ci 6 b; 1 6 i 6 h; ð3:3Þ

0 6 e 6
Xn

j¼1

ej: ð3:4Þ

Combining the above analysis, a formal description of the DP is given as follows.

Algorithm A2

Step 0 For f ¼ 1; 2; � � � ;m, sort the jobs in F f

such that pf 1 > pf 2 > � � � > pf ;nf
.

Step 1 Set V0 :¼ fh0; 0; � � � ; 0; b; � � � ; b; 0ig and k :¼ 0.

Step 2 For f ¼ 1; 2; � � � ;m and j ¼ 1; 2; � � � ; nf , do the following:

Step 2.1 Set k :¼ k þ 1 (in this case k ¼
Pf�1

l¼1 nl þ j 6
Pf

l¼1 nl).

Step 2.2 Reset Vk�1 :¼ fhk � 1; l1; � � � ; lh; b; � � � ; b; ei : hk � 1; l1;
� � � ; lh; c1; � � � ; ch; ei 2 Vk�1g if j ¼ 1 (i.e., k � 1 2 X).

Step 2.3 For each vector hk � 1; l1; � � � ; lh; c1; � � � ; ch; ei 2 Vk�1, do the

following:
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Step 2.3.1 Add one new vector hk; l1; � � � ; lh; c1; � � � ; ch; eþ efji
temporarily to Vk;

Step 2.3.2 Compute g :¼ argmin fi : Ri > rfjg. For each i ¼ g; gþ 1; � � � ; h,

add one new vector hk; l1; � � � ; lh; c1; � � � ; ci�1; ci þ 1; ciþ1; � � � ; ch; ei
temporarily to Vk if ci\b, and hk; l1; � � � ; li�1;
li þ pfj; liþ1; � � � ; lh; c1; � � � ; ci�1; 1; ciþ1; � � � ;
ch; ei if ci ¼ b.

Step 2.4 Extract a minimum set of nondominated vectors from among the

survivors in the current Vk and let this set be the final Vk.

Step 3 From all the vectors in Vn, select a member with the minimum

solution value opt ¼ minfmax16i6q fRi þ
Pq

j¼i lig þ e :

hn; l1; � � � ; lh; c1; � � � ; ch; ei 2 Vn and q ¼ arg maxfi : li [ 0gg.

The above algorithm is correct as it never discards a partial schedule that upon

completion may lead to an optimal schedule (unless there is another equivalent or

better partial schedule) and it computes the minimum solution value correctly. The

optimal schedule (including the partition of A and R of J , and the partition

A1;A2; � � � ;Ah of A) can be found by tracing the solution back from the optimal

vector in Vn.

Theorem 3.6 Problem 1jrej; p� batch; family� jobs; rj; b\njCmaxðAÞ þ
P

Jj2R ej can be solved by algorithm A2 in OðnhðbTðJ ÞÞhÞ time, where h is the

number of distinct release dates.

Proof We only need to determine the complexity of algorithm A2. Step 0 requires

the implementation of the sorting procedure and takes
Pm

f¼1 Oðnf log nf Þ 6
Oðn log nÞ time. By Observations 3.4, we only need to keep the state hk; l1; l2; � � � ;
lh; c1; c2; � � � ; ch; ei with the smallest penalty e for all states hk; l1; l2; � � � ; lh;
c1; c2; � � � ; ch; e0i when the first 2hþ 1 components are identical, so we have at most

OððbTðJ ÞÞhÞ distinct vectors in Vk (recalling that the domain of the vectors in Vk is

defined by (3.2)–(3.4)). Furthermore, since we construct at most hþ 1 vectors out of

every vector in Vk�1, the construction of set Vk in Steps 2.1-2.3 takes OðhðbTðJ ÞÞhÞ
time, which is also the time required in Step 2.4. Step 3 requires at most

OðnðbTðJ ÞÞhÞ time. Since Step 2 is repeated OðnÞ times, the overall time

complexity of algorithm A2 is OðnhðbTðJ ÞÞhÞ. h

Remark 3.7 When m ¼ 1 (i.e., all the jobs belong to one family), Lu et al. [16]

presented a DP algorithm for problem 1jrej; p� batch; rj; b\njCmaxðAÞþ
P

Jj2R ej,

which ran in Oðnhbhph�1
maxð

Pn
j¼1 pjÞh

Pn
j¼1 ejÞ time. Hence our algorithm is more

efficient than their algorithm.

Remark 3.8 By removing the variable e and Observation 3.4, algorithm A2 can be

adapted to solve problem 1jp� batch; family� jobs; rj; b\njCmax in

OðnhðbTðJ ÞÞh�1Þ time, where h is the number of distinct release dates. This is

first pseudo-polynomial-time algorithm when h is fixed for the bounded version.
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4 Approximation Algorithms

In this section, we provide a 2-approximation algorithm and a polynomial-

time approximation scheme for problem 1jrej; p� batch; family� jobs; rj;

b\njCmaxðAÞ þ
P

Jj2R ej.

4.1 A 2-approximation Algorithm

Algorithm A3

Step 1 For each r 2 frj : j ¼ 1; 2; � � � ; ng, partition the job set J into two sets of

jobs such that J 1ðrÞ ¼ fJj : rj 6 rg and J 2ðrÞ ¼ fJj : rj [ rg.
Step 2 Set rj ¼ 0 for each Jj 2 J 1ðrÞ, and obtain a new instance IðrÞ just

containing the jobs in J 1ðrÞ. Let AðrÞ and RðrÞ be the accepted jobs and

rejected jobs of J 1ðrÞ obtained from algorithm A1. Schedule the jobs in

AðrÞ from time r according to the FBLPT-FAMILY rule on the machine

and reject all the other jobs. The resulting schedule for the original instance

is denoted by rðrÞ.
Step 3 Let FðrÞ be the value of the objective value for each rðrÞ. Among all the

schedules obtained above, select the one with the minimum FðrÞ value.

Theorem 4.1 Algorithm A3 is 2-approximation for 1jrej; p� batch;

family� jobs; rj; b\njCmaxðAÞ þ
P

Jj2R ej, which runs in Oðn3Þ time.

Proof The schedule obtained by algorithm A3 is denote by r. Let F and F� be the

objective values of the schedule r and an optimal schedule r�, respectively.

Let A� and R� be the sets of accepted and rejected jobs in r�, respectively.

Define r� ¼ maxfrj : Jj 2 A�}. By the definition of r�, we have CmaxðA�Þ > r� and

J 2ðr�Þ ¼ fJj : rj [ r�g � R�. Hence, we have

F� ¼ CmaxðA�Þ þ EðR�Þ > r� þ EðJ 2ðr�Þ: ð4:1Þ

Again, by the optimality of algorithm A1 and the definition of Iðr�Þ, we also have

F� > TðAðr�ÞÞ þ EðRðr�ÞÞ: ð4:2Þ

From inequalities (4.1) and (4.2), we have

F 6 Fðr�Þ ¼ r� þ TðAðr�ÞÞ þ EðRðr�ÞÞ þ EðJ 2ðr�Þ 6 2F�: ð4:3Þ

Since we have n choices of r, and each one can be done in Oðn2Þ time (Theorem

3.1), the overall time complexity of algorithm A3 is Oðn3Þ. h

4.2 A Polynomial-Time Approximation Scheme

Let F and F� be the objective values of the schedule r obtained by algorithm A3 and

an optimal schedule r�, respectively. By Theorem 4.1, we have F� 6 F 6 2F�. For

any job Jj with rj [ F, it must be rejected in r�. Otherwise, we have

Scheduling a Bounded Parallel-Batching Machine 507

123



F� > rj [ F > F�, a contradiction. Using the similar argument, for any job Jj with

pj [ F, it must also be rejected in r�. Hence we can modify the release date rj as

rj ¼ minfrj;Fg, and the processing time pj as pj ¼ minfpj;Fg, and the optimal

objective value will not change. Hence, we can assume that maxfrj; pjg 6 F for

1 6 j 6 n.

Algorithm Ae

Step 1 For any e [ 0, set b1 ¼ eF=4 and b2 ¼ eF=4n. Given an instance I, define

a new instance I0 by rounding rj and pj in I such that r0j ¼ brj=b1cb1, and

p0j ¼ bpj=b2cb2 for each 1 6 j 6 n.

Step 2 Apply algorithm A2 to the instance I0 to obtain an optimal solution r�ðI0Þ
for the instance I0.

Step 3 Increase the starting time of each job in r�ðI0Þ by b1 and replace p0j by the

original pj in r�ðI0Þ, for each 1 6 j 6 n, to obtain a feasible solution r0 for

the instance I.

Theorem 4.2 Algorithm Ae is a polynomial-time approximation scheme for

problem 1jrej; p� batch; family� jobs; rj; b\njCmaxðAÞ þ
P

Jj2R ej.

Proof By the execution of algorithm Ae, r0 is a feasible schedule for the original

instance I. We first address the accuracy issue. Let Fe be the objective value of the

schedule r0 obtained from algorithm Ae. Also, Let F�ðI0Þ be the optimal objective

value of the schedule r�ðI0Þ. Clearly, we have F� > F�ðI0Þ. From the fact that

x� 1 6 bxc 6 x holds for any real x, we have

Fe 6 F�ðI0Þ þ b1 þ
Xn

j¼1

ðpj � p0jÞ 6 F� þ eF�=2þ nb2 6 ð1þ eÞF�:

Next, we analyze the time complexity of the algorithm. Since r0j 6 rj 6 F and

b1 ¼ eF=4, we have rj=b1 6 4=e and hence b rj

b1
c 2 f0; 1; � � � ; b4ecg for 1 6 j 6 n.

Since p0j 6 pj 6 F and b2 ¼ eF=4n, we have pj=b2 6 4n=e and hence bpj

b2
c 2

f0; 1; � � � ; b4n
e cg for 1 6 j 6 n. From the definition of TðJ Þ, we have TðJ Þ=b2 6

Pn
j¼1 pj=b2 6 4n2=e and hence bTðJ Þ=b2c 2 f0; 1; � � � ; b4n2

e cg. Therefore, using the

algorithm A2 in Sect. 3.2, we can obtain an optimal schedule for the rounded

instance I0 in time

OðnhðbTðJ Þ
b2

ÞhÞ 6 Oðnð1þ 4

e
Þðb 4n2

e
Þð1þ

4
eÞÞ ¼ OðgðeÞbð1þ4

eÞnð3þ
8
eÞÞ;

where gðeÞ ¼ ð1þ 4
eÞð4eÞ

ð1þ4
eÞ. Hence algorithm Ae is a polynomial-time approxi-

mation scheme. h

Remark 4.3 For problem 1jp� batch; family� jobs; rj; b\njCmax, Nong et al.

[21] provided a PTAS when the number of families m was fixed, while leave the

open question whether there was PTAS when the number of families was arbitrary.

Algorithm Ae can be easily modified to obtain a PTAS for this problem.
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5 Conclusions

We have studied the parallel-batching scheduling problem with incompatible job

families and rejection on a single machine. In this problem, the jobs are processed in

batches and jobs from different families cannot be placed into the same batch. The

objective is to minimize the makespan of the accepted jobs plus the total penalty of

the rejected jobs. We first present a polynomial-time algorithm when all jobs have

identical release dates, then we design a pseudo-polynomial-time algorithm for the

case where the number of distinct release dates is fixed. Finally, we provide a

2-approximation algorithm and a polynomial-time approximation scheme for the

general problem. Future research may focus on extending this work to other type of

scheduling criteria such as the total weighted completion time and maximum

lateness.
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