
A Smoothing Method for Solving Bilevel Multiobjective
Programming Problems
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Abstract In this paper, a bilevel multiobjective programming problem, where the

lower level is a convex parameter multiobjective program, is concerned. Using the

KKT optimality conditions of the lower level problem, this kind of problem is

transformed into an equivalent one-level nonsmooth multiobjective optimization

problem. Then, a sequence of smooth multiobjective problems that progressively

approximate the nonsmooth multiobjective problem is introduced. It is shown that

the Pareto optimal solutions (stationary points) of the approximate problems con-

verge to a Pareto optimal solution (stationary point) of the original bilevel multi-

objective programming problem. Numerical results showing the viability of the

smoothing approach are reported.
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1 Introduction

Bilevel programming, which is characterized by the existence of two optimization

problems in which the constraint region of the first-level problem is implicitly

determined by another optimization problem, has been increasingly addressed in

literature, both from the theoretical and computational points of view (see the

monographs of Dempe [7] and Bard [2] and the bibliography reviews by Vicente

and Calamai [22], Dempe [8], and Colson et al. [4]). In the last two decades, many

papers have been published about bilevel optimization; however, few of them dealt

with bilevel multiobjective programming problems [24].

Shi and Xia [19, 20] presented an interactive algorithm based on the concepts of

satisfactoriness and direction vector for nonlinear bilevel multiobjective problem. Abo-

Sinna [1] and Osman et al. [18] presented some approaches via fuzzy set theory for

solving bilevel and multiple level multiobjective problem, and Teng et al. [21], Deb and

Sinha [5, 6] proposed some evolutionary algorithms for some bilevel multiobjective

programming problems. Besides, Bonnel and Morgan [3], Zheng and Wan [25]

considered a so-called semivectorial bilevel optimization problem and proposed solution

methods based on penalty approach. A recent study by Eichfelder [12] suggested a

refinement-based strategy in which the algorithm starts with a uniformly distributed set of

points on upper level variable. The difficulty with such a technique is that if the dimension

of upper level variable is high, generating a uniformly spread upper level variables and

refining the resulting upper level variable will be computationally expensive.

In this paper, inspired by the smoothing method for MPEC problems given in [13],

we present a new method to solve a class of bilevel multiobjective programs and study

its convergence property. Furthermore, we also develop necessary optimality

conditions which are directly relevant to the algorithm considered. Our strategy can

be outlined as follows. Using the weighted sum scalarization approach and the KKT

optimality conditions, we reformulate a class of bilevel multiobjective programs as a

one-level nonsmoothly constrained multiobjective optimization problem. Then, to

avoid the difficulty of the nonsmooth constraints, we solve a sequence of smooth

multiobjective programming problems, which progressively approximate the non-

smooth multiobjective programs. We prove that every accumulation point of the

sequence of the points so generated is a solution of the bilevel multiobjective

programs. Finally, we give some numerical examples to illustrate the algorithm. It

should be noted that the results obtained here can also be generalized to a bilevel

multiobjective programming problem, where the upper level is a multiobjective

optimization problem and the lower level is a scalar optimization problem.

The remainder of the paper is organized as follows. In the next section, we give

the mathematical model of bilevel multiobjective programs, and present some

assumptions, under which the bilevel multiobjective programs can be reformulated

as an equivalent one-level nonsmoothly constrained multiobjective optimization

problem. In Sect. 3, a smoothing approach is introduced by which the nonsmooth

multiobjective programs are approximated by a sequence of smooth multiobjective

optimization problems. The optimality condition, which plays an important role in

proposing algorithm, is studied in Sect. 4. In Sect. 5, we propose the algorithm and

give the numerical results. Finally, we conclude the paper with some remarks.
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2 Problem Formulation and Preliminaries

We consider the following bilevel multiobjective programming problem:

min
ðx;yÞ

Fðx; yÞ

s:t: y 2 SðxÞ;
ð2:1Þ

where SðxÞ denotes the efficiency set of solutions to the lower level problem:

ðPxÞ : min
y

f ðx; yÞ

s:t: gðx; yÞ 6 0;

and x 2 R
n; y 2 R

m, and F : Rnþm ! R
p; f : Rnþm ! R

q; g : Rnþm ! R
l are con-

tinuously differentiable functions.

Definition 2.1 A point ðx; yÞ is feasible for problem (2.1) if y 2 SðxÞ and

gðx; yÞ 6 0; the term ðx�; y�Þ is a local Pareto optimal solution to problem (2.1),

provided that it is a feasible point and there exists no other feasible point ðx; yÞ in the

neighborhood of ðx�; y�Þ such that Fðx; yÞ 6 Fðx�; y�Þ and Fðx; yÞ 6¼ Fðx�; y�Þ.

Remark 2.2 Note that in problem (2.1) the objective function of the upper level is

minimized w.r.t. x and y, that is, in this work, we adopt the optimistic approach to

consider the bilevel multiobjective programming problem [12].

Let S ¼ fðx; yÞjgðx; yÞ 6 0g denote the constraint region of problem (2.1), �S ¼
fy 2 R

mjgðx; yÞ 6 0g denote the feasible set of the lower level problem, and Px ¼
fx 2 R

nj9y; gðx; yÞ 6 0g be the projection of S onto the leader’s decision space. We

indicate by Iðx; yÞ the set of active constraints, i.e.,

Iðx; yÞ :¼ fijgiðx; yÞ ¼ 0; i ¼ 1; � � � ; lg:

For problem (2.1), we make the following assumptions:

ðA1Þ The constraint region S is nonempty and compact.

ðA2Þ At each x 2 Px and y 2 �S, the lower level problem ðPxÞ is a convex

parameter multiobjective program, and the partial gradient rygiðx; yÞ;
i 2 Iðx; yÞ is linearly independent.

Remark 2.3 It is noted that the assumption ðA2Þ plays a key role in the method of

replacing the lower level problem with its KKT optimality conditions [9]. Based on

assumption ðA2Þ, we can adopt the method of replacing the lower level problem

with its KKT optimality conditions, and transform the bilevel programming into the

corresponding single-level programming problem.

One way to transform the lower level problem ðPxÞ into a usual one-level

optimization problem is the so-called scalarization technique, which consists of

solving the following further parameterized problem,
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min
y
hk; f ðx; yÞi

s:t: gðx; yÞ 6 0;
ð2:2Þ

where the new parameter vector k is a nonnegative point of the unit sphere, i.e., k

belongs to X ¼ kjk 2 R
q
þ;
Pq

i¼1

ki ¼ 1

� �

. Since it is a difficult task to choose the best

choice xðyÞ on the Pareto front for a given upper level variable x, our approach in

this paper consists of considering the set X as a new constraint set for the upper

level problem. It is noted that this approach is also used in [10] for the semivectorial

bilevel optimization problem.

Hence, problem (2.1) can be replaced by the following bilevel multiobjective

programming problem,
min
ðx;y;kÞ

Fðx; yÞ

s:t:
Xq

i¼1

ki ¼ 1;

k > 0;

min
y
hk; f ðx; yÞi

s:t: gðx; yÞ 6 0:

ð2:3Þ

Let cðx; kÞ denote the efficiency set of solutions to problem (2.2). The link between

problems (2.1) and (2.3) will be formalized in the following proposition.

Proposition 2.4 Let ð�x; �yÞ be a Pareto optimization solution to problem (2.1).

Then for all �k 2 X with �y 2 cð�x; �kÞ, the point ð�x; �y; �kÞ is a Pareto optimal solution to

problem (2.3). Conversely, let ð�x; �y; �kÞ be a Pareto optimal solution to problem

(2.3). Then ð�x; �yÞ is a Pareto optimal solution of problem (2.1).

Remark 2.5 Proposition 2.4 comes from Proposition 3.1 in [10], and the proof

process of Proposition 2.4 is similar to that of Proposition 3.1. To concise this

paper, we omit the proof of Proposition 2.4.

Following assumption ðA2Þ, we can replace the lower level problem in problem

(2.3) with its KKT optimality conditions and get the following multiobjective

programming problem,
min
ðx;y;k;uÞ

Fðx; yÞ

s:t:
Xq

i¼1

ki ¼ 1;

ryhk; f ðx; yÞi þ
Xl

j¼1

ujrygjðx; yÞ ¼ 0;

ugðx; yÞ ¼ 0;

gðx; yÞ 6 0;

k > 0; u > 0;

ð2:4Þ
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where u 2 R
l is the lagrangian multiplier.

Proposition 2.6 Let ð�x; �y; �kÞ be a Pareto optimal solution of problem (2.3) on

Uð�x; �y; �kÞ, then there exists �u 2 R
l, such that ð�x; �y; �k; �uÞ is a local Pareto optimal

solution of problem (2.4). Conversely, suppose that ð�x; �y; �k; �uÞ is a local Pareto

optimal solution to problem (2.4), then ð�x; �y; �kÞ is a local Pareto optimal solution of

problem (2.3).

Proof Let ð�x; �y; �kÞ be a Pareto optimal solution to problem (2.3) restricting on

Uð�x; �y; �kÞ. Then following assumptions ðA1Þ and ðA2Þ, for fixed ð�x; �kÞ, �y must be a

global optimal solution to the lower level problem of problem (2.3), and KKT

optimality conditions hold and �u is a corresponding multiplier. Hence, ð�x; �y; �k; �uÞ is

a feasible solution to problem (2.4). Suppose that ð�x; �y; �k; �uÞ is not a local Pareto

optimal solution to problem (2.4), then there exists a feasible point ðx; y; k; uÞ to

problem (2.4) on Uð�x; �y; �kÞ � R
l such that

Fðx; yÞ 6 Fð�x; �yÞ and Fðx; yÞ 6¼ Fð�x; �yÞ: ð2:5Þ

As for fixed ðx; kÞ, y is a global solution to the lower level problem of problem (2.3),

and hence ðx; y; kÞ is obviously a feasible solution to problem (2.3). Then formula

(2.5) contradicts the fact that ð�x; �y; �kÞ is a Pareto optimal solution to problem (2.3)

on Uð�x; �y; �kÞ.
Conversely, suppose that ð�x; �y; �k; �uÞ is a Pareto optimal solution to problem (2.4)

on Uð�x; �y; �kÞ � R
l. Then there is no other feasible solution ðx; y; k; uÞ that lies in

Uð�x; �y; �kÞ � R
l such that

Fðx; yÞ 6 Fð�x; �yÞ and Fðx; yÞ 6¼ Fð�x; �yÞ: ð2:6Þ

We now show that ð�x; �y; �kÞ is a Pareto optimal solution to problem (2.3) on

Uð�x; �y; �kÞ by contradiction. It is obvious that �y is a global optimal solution to the

lower level problem of problem (2.3). Consequently, ð�x; �y; �kÞ is a feasible solution to

problem (2.3). Suppose that ð�x; �y; �kÞ is not a local Pareto optimal solution to

problem (2.3) on Uð�x; �y; �kÞ. Then there exists ðx; y; kÞ, a feasible solution to problem

(2.3) on Uð�x; �y; �kÞ, such that formula (2.6) holds. As the KKT optimality conditions

hold at ðx; y; kÞ, which means that there exists u such that ðx; y; k; uÞ is a feasible

solution to problem (2.4). This contradicts the optimality of ð�x; �y; �k; �uÞ. h

Proposition 2.6 shows that we can obtain some Pareto optimal solutions of

problem (2.1) by solving problem (2.4), and in the following context, we will give a

smoothing approach for problem (2.4).

To facilitate some of the following proofs, we introduce the functions H1 :

R
nþmþqþl ! R

m; H2 : Rnþmþqþl ! R
l; H3 : Rnþmþqþl ! R

l; H4 : Rnþmþqþl ! R;

H5 : Rnþmþqþl ! R
q, which are defined as
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H1ðwÞ :¼ H1ðx; y; k; uÞ :¼ ryhk; f i þ
Xl

j¼1

ujrygjðx; yÞ;

H2ðwÞ :¼ H2ðx; y; k; uÞ ¼ gðx; yÞ;
H3ðwÞ :¼ H3ðx; y; k; uÞ :¼ u;

H4ðwÞ :¼ H4ðx; y; k; uÞ :¼
Xq

i¼1

ki � 1;

H5ðwÞ :¼ H5ðx; y; k; uÞ :¼ k;

respectively. Then we can rewrite problem (2.4) as

min FðwÞ
s:t:H1ðwÞ ¼ 0;

hH2ðwÞ;H3ðwÞi ¼ 0;

H2ðwÞ 6 0;

H3ðwÞ > 0;

H4ðwÞ ¼ 0;

H5ðwÞ > 0:

ð2:7Þ

Let w� be a feasible point of problem (2.4), we define the following index set:

a ¼ aðw�Þ ¼ fijH2iðw�Þ\0;H3iðw�Þ ¼ 0; i ¼ 1; � � � ; lg;
b ¼ bðw�Þ ¼ fijH2iðw�Þ ¼ H3iðw�Þ ¼ 0; i ¼ 1; � � � ; lg;
c ¼ cðw�Þ ¼ fijH2iðw�Þ ¼ 0;H3iðw�Þ[ 0; i ¼ 1; � � � ; lg;
f ¼ fðw�Þ ¼ fijH5iðw�Þ ¼ 0; i ¼ 1; � � � ; qg:

In the following context, we make the following assumption.

ðA3Þ For a feasible point w� of problem (2.7), the gradient vectors rH1i; i ¼
1; � � � ;m; rH2i; i 2 b [ c; rH3i; i 2 a [ b; rH4, rH5i i 2 f are line-

arly independent.

3 Smoothing Approach for Problem (2.7)

We consider a smoothing continuation method for solving problem (2.7). This

method uses the perturbed Fischer-Burmeister function / : R2 � Rþ ! R defined

by

/ða; b; eÞ ¼ aþ b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ e

p
:

The function / was first introduced by Kanzow [15] for linear complementarity

problems.

When e ¼ 0, the function / reduces to the Fischer–Burmeister function and satisfies
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/ða; b; 0Þ ¼ 0() a > 0; b > 0; ab ¼ 0: ð3:1Þ

When e [ 0, this function satisfies

/ða; b; eÞ ¼ 0() a [ 0; b [ 0; ab ¼ e=2: ð3:2Þ

With the perturbed Fisher–Burmeister function /, we define the function /e :

R
nþmþqþl ! R

l by

/eðwÞ ¼

/ð�H21ðwÞ;H31ðwÞ; eÞ
..
.

/ð�H2lðwÞ;H3lðwÞ; eÞ

0

B
B
@

1

C
C
A: ð3:3Þ

For every e [ 0, we can define a smooth multiobjective optimization problem:

ðPeÞmin FðwÞ
s:t:H1ðwÞ ¼ 0;

/eðwÞ ¼ 0;

H4ðwÞ ¼ 0;

H5ðwÞ > 0:

ð3:4Þ

It is noted that when e ¼ 0, problem (3.4) is equivalent to problem (2.7). Moreover,

for e ¼ 0, the function /0 is not differentiable in general specially. When H2ið �wÞ ¼
H3ið �wÞ ¼ 0 for some �w and i, i.e., i 2 b, the function /0

i is not differentiable at �w.

Following the result in [14], the Clarke’s generalized gradient of /0
i

o/0
i ¼ r 2 R

nþmþljr ¼ lim
k!1
r/0

i ðwkÞ with wk ! �w and r/0
i ðwkÞ exist

� �

is contained in the set

oc/
0
i ¼ fr 2 R

nþmþljr ¼ nirH2ið �wÞ þ girH3ið �wÞ for some ðni; giÞ 2 Bg

where B ¼
�
ðni; giÞ 2 R

2jð1� niÞ2 þ ð1� giÞ2 6 1
�

.

Lemma 3.1 For each e [ 0, let we be a feasible point of problem (3.4). Suppose

that we ! �w as e! 0. Then �w is a feasible point of problem (2.4). Moreover, if the

assumption ðA3Þ holds at �w, then the gradients

rH1iðweÞji ¼ 1; � � � ;mf g [ r/e
i ðweÞji ¼ 1; � � � ; l

� �
[rH4ðweÞ

[ rH5iðweÞji 2 ff g

are linearly independent for all e [ 0 small enough.

Proof By (3.1), (3.2), and the continuity of the function /, it is obvious that �w is

feasible to problem (2.4).
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As

r/e
i ðwÞ ¼ � 1þ H2iðwÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2i

2ðwÞ þ H3i
2ðwÞ þ e

p

 !

rH2iðwÞ

þ 1� H3iðwÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2i

2ðwÞ þ H3i
2ðwÞ þ e

p

 !

rH3iðwÞ
ð3:5Þ

and noticed that

H2iðwÞ 6 0; i ¼ 1; � � � ; l:

Then, we have that as e! 0

kr/e
i ðweÞ � rH3ið �wÞk ! 0 for i 2 a;

kr/e
i ðweÞ � rH2ið �wÞk ! 0 for i 2 c;

dist½r/e
i ðweÞ; oc/

0
i ð �wÞ� ! 0 for i 2 b;

where dist½s; S� ¼ minfks� s0k js0 2 Sg for v 2 R
n and S � R

n. Note that the set

oc/
0
i ð �wÞ contains the Clarke’s generalized gradient o/0

i ð �wÞ of /0
i at �w. Moreover,

by continuity, it is obvious that

krH1iðweÞ � rH1ið �wÞk ! 0 for i ¼ 1; � � � ;m;
krH4ðweÞ � rH4ð �wÞk ! 0;

krH5iðweÞ � rH5ið �wÞk ! 0 for i 2 f:

Then it is not difficult to deduce that the desired result holds under the assumption

ðA3Þ. h

4 Optimality Conditions

In this section, we consider optimality conditions for problem (2.7) and relate these

conditions to those of the perturbed problem (3.4). Our main aim in deriving

optimality conditions for problem (2.7) is the construction of reliable stopping

criteria for the algorithm to be described in the next section.

Definition 4.1 [23] A feasible point w� of problem (2.7) is called a strong C-

stationary point if there exists a unit vector k0 > 0 and ðu0; v0; l; m0Þ 2 R
mþlþ1þq such

that the following condition holds:

0 2 rhk0;Fiðw�Þ þ
Xm

i¼1

u0irH1iðw�Þ þ
Xl

i¼1

v0io/0
i ðw�Þ þ lrH4ðw�Þ

þ
Xq

i¼1

m0irH5iðw�Þ ð4:1Þ

Remark 4.2 The condition (4.1) is the Clarke KKT condition for the nonsmooth

problem (2.7). Following Proposition 2.4, problem (2.7) is equivalent to problem
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(2.4). Therefore, the condition (4.1) is necessarily satisfied at a Pareto optimal

solution ðx�; y�Þ to problem (2.1).

To facilitate the following proof, we add a new variable z to problem (2.7) and

rewrite problem (2.7) as follows:

min FðwÞ
s:t:H1ðwÞ ¼ 0;

H2ðwÞ þ z ¼ 0;

minðz;H3ðwÞÞ ¼ 0;

H4ðwÞ ¼ 0;

H5ðwÞ > 0:

ð4:2Þ

It is noted that in (4.2), the new variable z which, at feasible points, is always equal

to �H2ðwÞ. Based on problem (4.2), it is easy to see that

o/0
i ðwÞ ¼ o minðzi;H3iðwÞÞ. Then, we can reformulate (4.1) as

0 2 rhk0;Fiðw�Þ þ
Xm

i¼1

u0irH1iðw�Þ þ
Xl

i¼1

v0io minðzi;H3iðw�ÞÞ þ lrH4ðw�Þ

þ
Xq

i¼1

m0irH5iðw�Þ:

ð4:3Þ

Now, we are in the position to give the main result of this paper.

Theorem 4.3 Let we be a Pareto optimal solution to problem (3.4) and suppose

that we ! �w as e! 0, and the assumption ðA3Þ holds at �w; then we is a KKT

point to problem (3.4) with multiplier ðue; ve; le; meÞ; Moreover, if

ðue; ve; le; meÞ ! ðu0; v0; u0; m0Þ, then �w with ðu0; v0; l0; m0Þ satisfies the KKT conditions

for problem (2.4), i.e., ð�x; �yÞ is a strong C-stationary point of the bilevl

multiobjective programming problem (2.1). h

Proof As the assumption ðA3Þ holds at �w, following Lemma 3.1, it is clear that the

LICQ holds at we for problem (3.4). Then, the first part of Theorem 4.3 is obvious.

Now, we prove the second part. To finish the proof, we only need to check that

0 2 rhk;Fið �wÞ þ
Xm

i¼1

u0irH1ið �wÞ þ
Xl

i¼1

v0io minð�zi;H3ið �wÞÞ þ lrH4ðw�Þ

þ
Xq

i¼1

m0irH5iðw�Þ:
ð4:4Þ

where �z ¼ �H2ð �wÞ.
Following the first part of Theorem 4.3, we have that
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0 ¼ hk0;FiðweÞ þ
Xm

i¼1

ue
irH1iðweÞ þ

Xl

i¼1

ve
ir/e

i ðweÞ þ lerH4ðweÞ

þ
Xq

i¼1

me
irH5iðweÞ:

ð4:5Þ

Taking into account the continuity assumptions, it is easy to see that if

lim
e!0
r/e

i ðweÞ 2 o minð�zi;H3ið �wÞÞ; i ¼ 1; � � � ; l ð4:6Þ

then (4.4) follows from (4.6) by simple continuity arguments. We then check (4.6).

If we indicate by ej the jth column of the ðnþ mþ lþ lÞ dimensional identity

matrix, and noticed H2ið �wÞ ¼ �zi, we have that

o minð�zi;H3ið �wÞÞ ¼ enþmþi; if �zi [ H3ið �wÞ;
o minð�zi;H3ið �wÞÞ ¼ enþmþlþi; if �zi\H3ið �wÞ;
o minð�zi;H3ið �wÞÞ ¼ conv ðenþmþi; enþmþlþiÞ; if �zi ¼ H3ið �wÞ:

ð4:7Þ

On the other hand, we also have

r/e
i ¼ 1� H3iðweÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

3iðweÞ þ z2
i þ e

p

 !

enþmþi þ 1� zi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

3iðweÞ þ z2
i þ e

p

 !

enþmþlþi:

ð4:8Þ

Now, passing to the limit in (4.8) and comparing with (4.7), we obtain (4.8) and the

proof is complete.

5 Algorithm and Numerical Results

Algorithm S

Step 0 Let fekg be any sequence of nonnegative numbers with limk!1 ek ¼ 0.

Choose w0 :¼ ðx0; y0; k0; u0Þ 2 R
nþmþqþl, and set k :¼ 1.

Step 1 Find a Pareto optimal solution wk to problem ðPekÞ.
Step 2 Set k :¼ k þ 1, and go to Step 1.

Theorem 5.1 Let the sequence wk be generated by Algorithm S, and if w� ¼
ðx�; y�; k�; u�Þ is a limit point of wk, then ðx�; y�Þ is a strong C-stationary point of

problem (2.1).

Proof Following Theorem 4.3, Theorem 5.1 is obvious. h

Although Algorithm S is quite realistic, we have not considered yet the stopping

criterion problem. Furthermore we would give a stopping criterion under which we

can find an approximate stationary point of problem (2.4). We address these issues

in the following algorithm.
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Algorithm AS

Step 0 Let fekg be any sequence of nonnegative numbers with limk!1 ek ¼ 0.

Choose w0 :¼ ðx0; y0; k0; u0Þ 2 R
nþmþqþl, a stopping tolerance e [ 0 and

set k :¼ 1.

Step 1 Find a Pareto optimal solution wk to problem ðPekÞ.
Step 2 If kwk � wk�1k 6 e, STOP.

Step 3 Set k :¼ k þ 1, and go to Step 1.

In Step 1, to facilitate the resolution of problem (3.4), we adopt the e-constraint approach

[11]. The reason why we do not adopt other approaches to get the Pareto optimal front

of problem (3.4) is that our primary aim in this paper is to illustrate the usefulness and

viability of a smoothing approach in the bilevel multiobjective programs field. Then,

whether we can get the Pareto optimal front of problem (3.4) is not so important.

In Step 2, the stopping criterion is standard, and is usually a part of any practical stopping

criterion in commercial codes for the solution of smooth optimization problems. Based on

the stopping criterion, we can find an approximate stationary point of problem (2.4).

To illustrate Algorithm AS, we consider the following bilevel programming

problem,

Example 5.2 [16]

min
x

Fðx; yÞ ¼ 5

3
x2;

5

2
ðy� 10Þ2

� �

s:t: � xþ y 6 10;

0 6 x 6 15;

min
y

f ðx; yÞ ¼ ðxþ 2y� 30; xþ 0:5y2Þ

s:t: 0 6 y 6 15:

Following problem (3.4), we can get the following smooth multiobjective

programming problem,

min Fðx; yÞ ¼ 5

3
x2;

5

2
ðy� 10Þ2

� �

s:t: � xþ y 6 10;

2k1 þ k2yþ u1 � u2 ¼ 0;

k1 þ k2 ¼ 1;

u1 þ 15� y�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2
1 þ ð15� yÞ2 þ e

q

¼ 0;

u2 þ y�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

2 þ y2 þ e
q

¼ 0;

0 6 x 6 15;

0 6 y 6 15;

u1; u2; k1; k2 > 0:

ð5:1Þ
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Loop 1

Step 0 Choose w0 ¼ ðx0; y0; k0; u0Þ ¼ ð0; 0; 0; 0; 0; 0Þ, e0 ¼ 0:001, a stopping

tolerance e ¼ 0:001 and set k :¼ 1.

Step 1 Solve problem (5.1) using e-constraint method and obtain a Pareto optimal

solution w1 ¼ ðx1; y1; k1; u1Þ ¼ ð0; 0; 0:053; 0:947; 0; 0:106Þ.
Step 2 kw0 � w1k2 ¼ 0:954 4 [ e.
Step 3 Set ek :¼ 0:1ek, k :¼ k þ 1, and go to Step 1.

Loop 2

Step 1 Solve problem (5.1) using e-constraint method and obtain a Pareto optimal

solution w2 ¼ ðx2; y2; k2; u2Þ ¼ ð0; 0; 0:053; 0:947; 0; 0:106Þ.
Step 2 kw2 � w1k2 ¼ 0\e, stop. Pareto optimal solution to Example 5.2 is

ðx�; y�Þ ¼ ð0; 0Þ and the corresponding upper level objective value is

Fðx�; y�Þ ¼ ð0; 250:0Þ.

It is noted that in reference [16], a Pareto optimal solution to Example 5.2 is

ðx�; y�Þ ¼ ð4:995 3; 5:011 1Þ , and the corresponding upper level objective value is

Fðx�; y�Þ ¼ ð41:588 4; 62:222 8Þ. It is obvious that the optimal solution obtained

here is a Pareto optimal solution to Example 5.2.

Go to a step further. To verify the viability of the algorithm proposed, we

consider the following three examples.

Example 5.3 [17]

min
x

Fðx; yÞ ¼ ð�x� y; x2 þ ðy� 10Þ2Þ

s:t: 0 6 x 6 15;

min
y

f ðx; yÞ ¼ ðy2; yðx� 30ÞÞ

s:t:; y� x 6 0;

0 6 y 6 15

Example 5.4 [5]

max
x>0

Fðx; yÞ ¼ ðx1 þ 9x2 þ 10y1 þ y2 þ 3y3; 9x1 þ 2x2 þ 2y1 þ 7y2 þ 4y3Þ

s:t: 3x1 þ 9x2 þ 9y1 þ 5y2 þ 3y3 6 1 039;

� 4x1 � x2 þ 3y1 � 3y2 þ 2y3 6 94;

max
y>0

f ðx; yÞ ¼ ð4x1 þ 6x2 þ 7y1 þ 4y2 þ 8y3; 6x1 þ 4x2 þ 8y1 þ 7y2 þ 4y3Þ

s:t: 3x1 � 9x2 � 9y1 � 4y2 6 61;

5x1 þ 9x2 þ 10y1 � y2 � 2y3 6 924;

3x1 � 3x2 þ y2 þ 5y3 6 420;
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Example 5.5 [21]

min
x

Fðx; yÞ ¼ ðx2; ðy� 10Þ2Þ

s:t: � xþ y 6 0;

0 6 x 6 15;

min
y

f ðx; yÞ ¼ ððxþ 2y� 30Þ2; xþ 0:5y2Þ

s:t:0 6 y 6 15

In the rest of the three examples, we obtain the Pareto optimal solutions, which

are presented in Table 1, and the comparisons with the results in the references are

presented in Table 2. By comparison, we can find that the solutions in Table 1 are

Pareto optimal solutions to the corresponding examples. From this point of view, the

smoothing approach proposed in this paper to bilevel multiobjective programming

problem is usefulness and viability.

Table 1 Pareto optimal solutions corresponding to different e

Examples in this

paper

Pareto optimal solutions ðx; yÞ to different e

e ¼ 0:001 e ¼ 0:000 1 e ¼ 0:000 01

Example 5.3 (6.612 6, 6.612 6) (6.612 6, 6.612 6) (6.612 6, 6.612 6)

Example 5.4 (144.20, 26.78, 2.97,

67.73,0)

(144.20, 26.78, 2.97,

67.73,0)

(144.20, 26.78, 2.97,

67.73,0)

Example 5.5 (9.446, 9.446) (9.446, 9.446) (9.446, 9.446)

Table 2 Results in this paper comparing with that in the references

Examples

in this

paper

A Pareto optimal solution and the upper

level objective value obtained in this paper

The Pareto optimal solution and the upper

level objective value given in the references

Example

5.3

ðx�; y�Þ ¼ ð6:612 6; 6:612 6Þ ðx�; y�Þ ¼ ð5:998 8; 5:998 8Þ
Fðx�; y�Þ ¼ ð�13:225 2; 55:201Þ Fðx�; y�Þ ¼ ð�11:997 6; 51:995 2Þ

Example

5.4

ðx�; y�Þ ¼ ð144:20; 26:78; 2:97; 67:73; 0Þ ðx�; y�Þ ¼ ð146:30; 28:94; 0; 67:93; 0Þ
Fðx�; y�Þ ¼ ð482:7; 183 1:4Þ Fðx�; y�Þ ¼ ð474:7; 185 0:1Þ

Example

5.5

ðx�; y�Þ ¼ ð9:446; 9:446Þ ðx�; y�Þ ¼ ð4:899; 3:112Þ
Fðx�; y�Þ ¼ ð89:23; 0:31Þ Fðx�; y�Þ ¼ ð27:00; 47:44Þ
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6 Conclusion

In this paper, we introduce a new method for solving a class of bilevel

multiobjective programs. The method is based on approximating a nonsmooth

multiobjective optimization problem reformulation of the bilevel multiobjective

programming problem by a series of smooth multiobjective programming problems.

We show that every sequence of solutions so generated converges to solutions of the

bilevel multiobjective programming problem. The numerical results reported

illustrated that the smoothing method introduced in this paper can be numerically

efficient.

It is noted that, besides its theoretical properties, the new algorithm proposed in

this paper has one distinct advantage: it only requires the use of practicable

algorithms for the solution of smooth multiobjective optimization problems, no

other complex operations are necessary.
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