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Abstract In this note, we revisit the classical two-machine flow shop scheduling

problem. A linear time approximation scheme is presented. For an online version

with rejection, we propose best possible online algorithms.
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1 Introduction

In the classical two-machine flow shop scheduling problem, we are given a set of

jobs J ¼ fJ1; J2; � � � ; Jng and two machines M1 and M2. Each job Ji must first be

executed on M1 and then executed on M2. The processing times are pi’s and qi’s,

respectively. The goal is to assign the jobs to the machines so that the makespan is

minimized. Following the 3-field notation of Graham et al. [4], this problem is

known as F2jjCmax. Johnson [6] proposes an elegant algorithm, called Johnson’s

rule, which runs in Oðn log nÞ time.

In a variant where jobs can be rejected, each job Ji has a penalty ri in addition to

processing times, and the goal is to minimize the makespan of the accepted jobs plus

the total penalty of the rejected jobs. This problem is denoted as F2jrejjCA
maxþ
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P
Ji2R ri, where A and R are the sets of accepted jobs and rejected jobs, respectively.

Shabtay and Gasper [7] show the NP-hardness and propose a 2-approximation

algorithm as well as a fully polynomial time approximation scheme (FPTAS).

At the age of big data, polynomial time algorithms are too costly for many real-

world problems if their running time is superlinear. To this end, linear time

algorithms receive much attention to deal with optimization problems even when

they are polynomially solvable. One of the well-studied problems is the matching

problem [3, 5]. Along this line, we first revisit Johnson’s rule, based on which we

present a linear time approximation scheme for F2jjCmax. This scheme shows the

tradeoff between the running time and the accuracy.

Then we consider the online version of problem F2jrejjCA
max þ

P
Ji2R ri. In the

online setting, jobs arrive one by one, and their information is known upon the

arrival. We deal with two scenarios. In the first scenario, upon arrival of a job, we

need to immediately decide whether the job is accepted or not, and where/when to

schedule, if yes. In the second scenario, we only need to decide the acceptance of an

incoming job, while the scheduling of all accepted jobs can be done as long as no

more jobs show up. For both models, the decisions must be made without any

information about future jobs. Best possible online algorithms with competitive

ratio of 2 and ð1þ
ffiffiffi
5
p
Þ=2 are designed, respectively.

2 A Linear PTAS

In this section, we consider two-machine flow shop scheduling with an aim at

designing linear time algorithms. Clearly, the main running time in Johnson’s rule is

sorting which incurs nonlinear time. Thus, as long as we do not execute the sorting

operation, but only execute the partition operation, we can obtain a linear time

algorithm. Based on the above idea, a linear time algorithm can be described as

follows.

Algorithm H1

Step 1. Partitioning the jobs into two sets S1 and S2, where S1 is the set of jobs

satisfying pi 6 qi while S2 is the set of jobs satisfying pi [ qi.

Step 2. Schedule all the jobs in S1 before all the jobs in S2 in an arbitrary order.

Step 3. Process jobs as early as possible in the order constructed in Step 2 on both

machines.

Theorem 2.1 For problem F2jjCmax, Algorithm H1 is a linear time algorithm with

a worst-case ratio of 3/2.

Proof It is clear that Algorithm H1 runs in linear time. Without loss of generality,

assume that the job order according to Algorithm H1 is J1; J2; � � � ; Jn. Given this

schedule, define the critical job as the last one whose completion time on the first

machine is equal to its starting time on the second machine. The makespan can thus

be determined by
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Cmax ¼ p1 þ p2 þ � � � þ pi þ qi þ qiþ1 þ qn;

where job Ji is the critical job. Let C�max denote the optimal value. Recall that

C�max > max
X

i

pi;
X

i

qi;max
i
fpi þ qig

( )

:

Depending on job Ji in S1 or S2, the following two cases are considered.

Case 1: Ji 2 S1. Clearly we have pk 6 qk, k ¼ 1; 2; � � � ; i. Thus,

Cmax 6 p1 þ p2 þ � � � þ pi þ qi þ qiþ1 þ � � � þ qn

6 ðq1 þ q2 þ � � � þ qi þ qiþ1 þ � � � þ qnÞ þ pi

6C�max þ
1

2
C�max

6
3

2
C�max

Case 2: Ji 2 S2. The proof is similar to Case 1.

To show the bound is tight, consider the following instance J ¼ fJ1; J2g, where

p1 ¼ e; q1 ¼ 1, p2 ¼ 1; q2 ¼ 1þ e, where e is an arbitrarily small positive number.

The schedule by Algorithm H1 may be p ¼ ðJ2; J1Þ, while the optimal schedule is

p� ¼ ðJ1; J2Þ. Then

Cmax

C�max

¼ 3þ e
2þ 2e

! 3

2
ðe! 0Þ:

h

Although Algorithm H1 runs in linear time, the approximation ratio is not

satisfactory. Note that the large jobs in S1 and S2 play an important role. An intuitive

way is to give a special treatment for large jobs. Along this line, we propose a linear

time approximation scheme.

Algorithm H2

Step 1. The same as Algorithm H1, partition the jobs into two sets S1 and S2.

Step 2. Given e [ 0, select the largest 1=e jobs from S1 in terms of the processing

time on machine 1 and the largest 1=e jobs from S2 in terms of the processing

time on machine 2 by using the linear time selection algorithm proposed by

Blum et al [1]. The selected job sets are R1 and R2, respectively.

Step 3. First schedule the jobs of S1nR1 in an arbitrary order, then the jobs of R1

in the non-decreasing order of pi’s, followed by the jobs of R2 in the non-

increasing order of qi’s, finally schedule the jobs of S2nR2 in an arbitrary

order.

Step 4. Process the ordered jobs as early as possible.

Theorem 2.2 For the problem F2jjCmax, Algorithm H2 runs in Oðne þ 1
e log 1

eÞ time

with a worst-case ratio of ð1þ eÞ and thus it is a linear time approximation scheme

for any given e [ 0.
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Proof Again, without loss of generality, assume that the jobs are ordered as

J1; J2; � � � ; Jn, and the makespan can be represented as

Cmax ¼ p1 þ p2 þ � � � þ pi þ qi þ qiþ1 þ qn;

where job Ji is the critical job. Let C�max denote the optimal value. We distinguish

three cases for Ji.

Case 1: Ji 2 S1nR1. Clearly we have pk 6 qk, k ¼ 1; 2; � � � ; i. Since C�max >P
j2R1

pj and pi 6 ð
P

j2R1
pjÞ=ð1=eÞ,

Cmax 6 p1 þ p2 þ � � � þ pi þ qi þ qiþ1 þ � � � þ qn

6 ðq1 þ q2 þ � � � þ qi þ qiþ1 þ � � � þ qnÞ þ pi

6C�max þ eC�max

6 ð1þ eÞC�max

Case 2: Ji 2 S2nR2. The proof is similar to Case 1.

Case 3: Ji 2 R1

S
R2. In this case, we compare with an optimal schedule r� by the

Johnson’s rule. In r�, the global order of the four job groups is still

ðS1nR1;R1;R2; S2nR2Þ, while both S1nR1 and S2nR2 are well sorted. Consider each

job Jj 2 R1

S
R2 in r� (including job Ji). Its completion time on machine 1 is

P j
k¼1 pk, which is not greater than its start time on machine 2. Thus,

C�max >

Xj�1

k¼1

pk þ pj þ qj þ
Xn

l¼jþ1

ql:

It shows that the schedule constructed by Algorithm H2 is optimal.

The running time of Algorithm H2 is mainly decided by Step 2 which takes

Oðne þ 1
e log 1

eÞ time. Thus Algorithm H2 can be implemented in Oðne þ 1
e log 1

eÞ time. h

3 Online Scheduling with Rejection

In this section, we first deal with a semi-online version for problem

F2jrejjCA
max þ

P
Ji2R ri. Consider the following scenario. Jobs arrive one by one.

Upon arrival of a job, we have to immediately decide whether to reject it or not.

However, all accepted jobs can be scheduled until no jobs show up. In other words,

the problem consists of two phases. In the first phase, acceptance decision is made in

an online fashion, while in the second phase, scheduling all accepted jobs can be

done in the off-line way.

Let / ¼ ð1þ
ffiffiffi
5
p
Þ=2, and let Alg be any online algorithm. We show that the

competitive ratio of Alg is at least / by constructing an instance. Denote a job as a

triple ðpi; qi; riÞ. The first job is ð/; 0; 1Þ. If Alg accepts this job, the game is

immediately over. In this case, the total cost is / while in the optimal solution this

job is rejected with a cost of one. If Alg rejects the first job, then the second job

ð0;/; 1Þ arrives. Again if Alg accepts this job, then no more jobs come. The

resulting cost is 1þ /, while the optimal solution accepts both jobs with a cost /.
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Notice that the objective value of Alg is 1þ /, while the optimum value is /, the

ratio is still /. If Alg rejects both jobs then the third job ð/;/;þ1Þ comes. Alg has

to accept this job and its objective value becomes 2þ 2/. As the optimum solution

accepts all jobs and the optimum value is 2/, again the ratio is /.

Next, we propose a semi-online algorithm with the competitive ration

ð1þ
ffiffiffi
5
p
Þ=2. We distinguish jobs as follows. For any job Ji, if ðpi þ qiÞ=ri\/, it

is a valuable job, otherwise it is a lost job.

Algorithm H3: Accept all valuable jobs and reject all lost jobs. Schedule the

accepted jobs with Johnson’s rule.

For any instance, we try to compare the online algorithm H3 and an optimal (off-

line) algorithm. Based on their schedules, we classify all jobs into four groups. Let

G1 consist of the jobs accepted by both H3 and the optimal schedule, G2 be the

group of jobs accepted by the optimal schedule while rejected by H3, G3 denote the

group of jobs accepted by H3 but rejected by the optimal schedule, and finally G4

contains those jobs rejected by both. We use CmaxðGÞ to denote the makespan of

jobs in G scheduled by Johnson’s rule. We have the following lemma.

Lemma 3.1 CmaxðG1Þ þ
P

i2G2
ri 6 / � CmaxðG1 [ G2Þ:

Proof Let L1 ¼
P

i2G1
ðpi þ qiÞ and L2 ¼

P
i2G2
ðpi þ qiÞ. Note that the optimal

schedule accepts all jobs of G1 [ G2. It is obvious that CmaxðG1 [ G2Þ >
ðL1 þ L2Þ=2 > ðCmaxðG1Þ þ L2Þ=2. On the other hand, L2 > /

P
i2G2

ri. If

L2 6 CmaxðG1Þ, we have

CmaxðG1Þ þ
X

i2G2

ri 6 CmaxðG1Þ þ L2=/ 6 ð1þ 1=/ÞCmaxðG1Þ

6 / � CmaxðG1 [ G2Þ:

If L2 [ CmaxðG1Þ, then

CmaxðG1Þ þ
X

i2G2

ri 6 CmaxðG1Þ þ L2=/

6 / � ðCmaxðG1Þ þ L2Þ=2

6 / � CmaxðG1 [ G2Þ:

The proof is completed. h

Based on the above lemma, we have the following theorem.

Theorem 3.2 Algorithm H3 has a competitive ratio of ð1þ
ffiffiffi
5
p
Þ=2.

Proof Let Z denote the cost of algorithm H3 and OPT denote the optimal cost.

Then, we have

Z 6 CmaxðG1Þ þ
X

i2G3

ðpi þ qiÞ þ
X

i2G2[G4

ri;

while
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OPT ¼ CmaxðG1 [ G2Þ þ
X

i2G3[G4

ri:

Clearly,
P

i2G3
ðpi þ qiÞ 6 /

P
i2G3

ri. Combining with Lemma 3.1, we have

Z 6 CmaxðG1Þ þ
X

i2G2

ri þ /
X

i2G3[G4

ri

6 /CmaxðG1 [ G2Þ þ /
X

i2G3[G4

ri

¼ /OPT :

h

Now we turn to the online version. Upon arrival of a job, we have to decide

whether to reject or accept it. If accepted, it must be immediately scheduled. Note

that if all rejection penalty is infinite, the problem becomes the traditional flow shop

problem. Chen and Woeginger [2] showed a lower bound of two for online two-

machine flow shop scheduling, that could be achieved by a naive online algorithm.

The lower bound remains true for our problem. Namely, an online algorithm does

not exist with a competitive ratio strictly better than two. In the following, we

present a very simple online algorithm that can reach this bound. Similar as the

semi-online case, a job Ji is called valuable if pi þ qi\ri, otherwise it is called lost.

Algorithm H4: Upon arrival of a job, if it is a lost job, reject it immediately;

otherwise, accept and schedule it as early as possible.

Theorem 3.3 Algorithm H4 is a 2-competitive online algorithm.

Proof We classify the jobs into four groups as before. Clearly, any optimal

algorithm does not reject a valuable job. It shows that G3 ¼ ;. Let ZðG1Þ be the

makespan by algorithm H4. Let Z be the cost of the schedule by algorithm H4, and

OPT be the optimal cost, respectively. We have

Z ¼ ZðG1Þ þ
X

i2G2

ri þ
X

i2G4

ri

6 2
X

i2G1

S
G2

ðpi þ qiÞ=2þ
X

i2G4

ri

6 2 OPT :

The theorem is proved. h
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