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Abstract We explain the Dirac–Segal approach to quantum field theory. We study
local observables in this approach and the theory of deformations. We found out that
this theory of deformation in the second-order coincides with the renormalization of
the same theory, would it be considered in Polyakov approach. We conjecture that it
is still true to all orders.
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1 Introduction

Let us recall an issue of the cut-off that appears is standard approaches to the quantum
field theory.

The functional integral approach [1] to quantum field theory that appeared in 1950s
was considered as a main approach starting from 1970s. However, in most cases the
integral itself has no mathematical meaning, and only its formal perturbative expansion
is sensible. Moreover, even this expansion in almost all cases suffers from ultraviolet
divergences, and in practical use we have to do renormalization procedure [2]. To do
this we choose linear structure on the space of fields (that naturally exists for connec-
tions and sections of vector bundles but is absolutely unnatural for scalar fields that are
maps from the space–time to some manifold) and on the space–time. In such case we
may speak about the momentum of the fields, and we restrict desirable integral over the
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infinite-dimensional space of fields to the integral over finite-dimensional subspace
of fields with momenta smaller than so-called cut-off momenta. So the integral could
be computed; however, it diverges when the cut-off tends to infinity. Therefore, we
consider some parameters in the action functional to be dependent on the cut-off and
consider only such dependencies that the integral has the finite limit when cut-off goes
to infinity.

Another approach to quantum field theory based on axioms for correlator was
proposed by Wightman [3]. This approach is nonperturbative in nature; however, the
deformation theory for solutions to these axioms was not developed.

The third approach was proposed by Polyakov [4]. In this approach the functional
integral is considered as a result of phase transition of test partition function on a lattice.
This approach as a Wightman approach allows nonperturbative treatment; however, it
contains the distance between points of the lattice (we assume that lattice is embedded
into Euclidean space) as an analog of the cut-off parameter. Moreover, the variables on
the lattice are often quite different from the fields that are used in description of emerg-
ing theory, and the fact of phase transition is hard to prove. Nevertheless, this approach
led to axioms of conformal field theory in terms of correlators, thus, generalizing the
Wightman axioms. Moreover, in some cases, nontrivial correlators were defined and
computed. However, its deformation theory has problems. It is clear that the tangent
space is given by local observables of dimension 2. At the same time consideration
of the second order of deformation led to divergencies when moving points started to
approach to each other. In order to make sense of the second order, one had to define
a cut-off, saying that the minimal distance between points is bounded from below by
a positive scale a that was thought of as a distance between points on the lattice. The
deformed theory contained divergencies as a → 0, so it needs renormalization (that
may be achieved by subtracting the divergent part of the correlator), but it is unclear
how to proceed further for the third order in perturbation theory.

In this article we will see that the notion equivalent to renormalization naturally
appears in the Dirac–Segal approach to QFT. Namely, it has a geometrical meaning
of construction of the tangent space to deformed theory.

2 Dirac–Segal Approach to QFT

In this section we define the nonperturbative approach to QFT that I called Dirac–Segal
approach. After the definition I comment the origin of the name of this approach.

Let X be a d-dimensional manifold with boundary, and � = ∪N
i=1�i its bound-

ary, consisting of N (d − 1)-dimensional components. Manifold X is assumed to be
equipped with some kind of geometrical data that we denote by g—it could be met-
ric, complex structure, almost complex structure, connection, or everything else that
locally is described by a finite set of functions.

The Dirac–Segal approach associates with each boundary component �i a Hilbert
space Vi (that can be heuristically considered as a space of boundary conditions) and
to the manifold X—the element I (that replaces “functional integral”)

I (X, g) ∈ V1 ⊗ . . . VN ⊗ Fun(GeomX ),
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where FunX (GeomX ) is the space of functions on the space of geometrical data on
X .

The first axiom is that if X is a disjoint union of two manifolds X1 and X2, then

I (X, g) = I (X1, g1) ⊗ I (X2, g2). (1)

The main axiom is the cutting axiom that deals with the cutting of X along the
(d − 1)-dimensional submanifold �0 into a manifold Xc, such that the geometry g
induces geometry gc. It reads

I (x, g) =< I (Xc, gc) >, (2)

where

<>: V0 ⊗ V0 ⊗ V1 ⊗ . . . VN → V1 ⊗ . . . VN

is induced by the scalar product on V0, the space of boundary conditions associated
with �0 (“integration over common boundary conditions”)

As an example, consider 1-dimensional theories with metric as a geometric data.
The 1-dimensional manifolds with two boundaries are intervals; the main object is an
operator I (t) ∈ End(V )⊗ C∞(R), where t is the length of the interval, and the main
axiom states

I (t1 + t2) = I (t1) · I (t2), i.e., I (t) = exp(t H). (3)

If we consider H as an Hamiltonian, we get Dirac form of the evolution operator
that explains the Dirac name in the approach. It is remarkable that there is no Plank
constant in the expression for I since it is internal quantum expression while Plank
constant expresses the distance from the quantum theory to its classical limit.

Segal [5] introduced these set of axioms in description of the 2-dimensional theories,
and in his example, the geometrical data were complex structure. It should be noted
that Atiyah [6] used the same set of axiom for theories with no geometrical data at all,
i.e., topological theories, but we would like to concentrate on physical theories in this
article.

3 Local Observables in Dirac–Segal Formulation of QFT

There is an important difference between Dirac–Segal formulation of QFT and two
other formulations. In Wightman formulation the notion of local observable is just
built in the system of axioms. In functional integral formulation this notion comes
just from local functions of fundamental fields (however, such observables have to
be renormalized by subtracting from the local expressions, other local expressions
depending on the cut-off). Similar things happen in Polyakov’s approach.

In the Dirac–Segal approach, origin of local observables is very different. They are
not the part of the fundamental data. However, it is possible to define them as a derived
object as follows.
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Consider a point P on the d-dimensional space X and form a set of disks Dr

centered at P and of the radius r for all sufficiently small positive values of r . Here
we assume that the geometric data on the space X contain metric. Consider the set
of spaces with the disk cut out, i.e., Xr = X − Dr . Such spaces would have one
additional boundary for d > 1 and two boundaries for d = 1. It is clear that I (Xr , g)

takes values in Vr ⊗ V1 ⊗ . . . VN for d > 1 and in Vr ⊗ Vr ⊗ V1 ⊗ . . . VN for d = 1.
Consider families ur ∈ Vr (for d > 1) and ur ∈ Vr ⊗ Vr ( for d = 1), such that there
is a limit which we call I (X, OP ):

lim
r→0

< ur , I (Xr ) >= I (X, OP ). (4)

Here pairing means pairing in the space Vr for d > 1 and pairing in the space Vr ⊗ Vr

for d = 1. We will call such families good families. Note that there are good families
that have zero limit—we will call them null families. The space of local observables
is a coset of the space of good families over the space of null families. From main
axiom one can show that this definition is independent of the space X , as a space X
one may take just a disk of radius R around P .

Let us consider as an example 1-dimensional theory with a finite-dimensional space
of states V . Then any local observable may be represented by a constant family, i.e.,
an operator O ∈ V ⊗ V . Moreover, in this case

I (interval, T, Ot ) = exp((T − t)H)O exp(t H) (5)

that is a well-known formula in quantum mechanics.
Note that in the case of 2-dimensional conformal theories, the definition has to

be modified since there is no metric to play with. In this case we should proceed
as follows. We pick up a local holomorphic coordinate at a point P that we will
call Z P and consider family of disks Dr defined by |Z P | < r . In such definition it
becomes clear that the very notion of local observable depends on the choice of local
coordinate—a well-known phenomena in 2-dimensional CFT.

It is important to note that given a QFT, the computation of its space of local
observable is a nontrivial problem. However, there is a trick that helps analyze this
problem. Suppose that we have already found several local observables, say Oa where
a belongs to some set A. Then we may consider the following family:

uab
r = I (Dr , Oa

0 , Ob
Q) ∈ Vr , (6)

such that distance between Q and zero equals to r/2. This family may not be a good
family, typically that the limit in question would blow up as 1/r� for positive �. In this
case we may consider an improved family that will turn out good, namely r�uab

r . Such
family defines a local observable that may already be in the span of observables from
our set, in this case the constructed observable would have the form Cab

c Oc. In the
opposite case we just enlarge the set A of local observables. After we had completed
this step, we may analyze the following family:

uab
r − Cab

c I (Dr , Oc
0),
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this family may diverge as r−�̃, with �̃ < �. We repeat this procedure, and at the
end of the day we find the well-known expression that is historically called OPE:

I (Dr , Oa
0 , Ob

Q) = Cab
c r−� I (Dr , Oc

0) + C̃ab
c r−�̃ I (Dr , Oc

0) + · · · . (7)

4 Local Observables as a Tangent Space to the Space of Deformations of
Dirac–Segal QFT

Local observables are important because they are describing the tangent space to the
space of deformations of QFT that preserve vector spaces associated to boundaries. If
we believe in the functional integral approach, we may think of local observables as
terms in Lagrangian of the theory. This not quite true, the space of local observables
is bigger than the space of possible terms in Lagrangian. For example, consider the
Gaussian model. There are vortex local observables, and theory may be deformed by
them. In order to see this we have to go to dual formulation. At the same time we
may deform the theory by adding to Lagrangian periodic functions of the fundamental
field. It could also be described by deformation of the Lagrangian written in original
variables. However, if we deform the theory by both vortex observables and periodic
functions, we would fail to find the Lagrangian description of such theory. This argu-
ment is one of the several reasons that make Lagrangian description of QFT, a bit
outdated.

In order to get an idea for the description of the space of deformation of QFT, let us
consider the general 1-dimensional QFT (quantum mechanics) with finite-dimensional
space of states. As we have shown above, such theories are parametrized by an oper-
ator H (Hamiltonian). One can easily find out that in the first order in deformation
parameter, the deformed Dirac–Segal map looks as follows:

exp(T (H + δH))− exp(T H) =
∫ T

0
dt exp((T −t)H)δH exp(t H) =

∫
dt I (T, δHt )

(8)
that has a meaning of the integral of the local observable δH inserted at point t over
the full space, i.e., the interval [0, T ].

One can easily show that 1-dimensional case may be generalized to the multidi-
mensional case, namely, the tangent space of deformations of Dirac–Segal QFT is
given by local observables, and all first-order deformations have the form

δ I (X) =
∫

P∈X
I (X, OP )μP , (9)

where μP is a measure on the space X that depends on the nature of the local observ-
able. In particular, we may have to enlarge the set of geometrical data needed to
describe a theory.

We have already observed this phenomena in 1-dimensional case. Let us start with
topological quantum mechanics, i.e., with the system with zero Hamiltonian (that has
no geometrical data) and deform it to nonzero Hamiltonian. In this case we extend
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empty space of geometrical data by the space of 1 forms, in particularly, by a 1-form
dt (that may be considered as a measure on the interval constructed with the help of
the metric on the interval). The same phenomena would happen in deformation of
conformal theory (that depends only on the conformal class of metric, i.e., complex
structure) into a massive theory (where space of geometrical data consists of metrics).

The expression in (9) really solves linearized axioms (1) and (2) of QFT. In order
to show the inverse, i.e., that all deformation has form of (9), we should represent the
manifold X as a “net” filled by many disks. Due to main axiom deformation of the
theory is a sum of deformations associated to disks that brings up the integral in the
right-hand side of (9). The smallness of disks leads to insertion of local observable
at the place of a disk. It is quite instructive to apply as an exercise this argument to a
1-dimensional theory, i.e., to an interval.

5 Deformations Beyond the First Order and Renormalization

From the presentation we gave it is clear how to go to the second order in deformation
of QFT. We just need to consider the second deformation as a first-order deformation
to the deformed theory. Here we find an interesting phenomena: local observables of
the original theory fail to be the local observables to the deformed one (if dimension
of the space–time is greater than one). Are we surprised? Not at all, really, if we
consider axioms (1) and (2) as equations on variables I , we see that the axiom (1) is
nonlinear, and we do not expect to have a linear space of solutions (that is the space
of all theories). Therefore, the space of local observables forms a tangent sheaf. But
is it a bundle, or do all fibers have the same dimensions?

It is instructive to consider similar case not in the infinite-dimensional space of
variables I but in finite-dimensional geometry. Consider Rk and nonlinear equation
there, say

x2
1 + · · · + x2

k = �x2 = 1, (10)

we know that the space of solutions is a k − 1 dimensional sphere Sk−1, but let us
pretend that we do not know it in advance. Let as assume that we know a solution
�x∗ = (1, 0, . . . , 0) . Then the tangent vectors are solution to linear equations:

δ�x · �x∗ = 0, (11)

and they form (k − 1)-dimensional space.
Let us pick some tangent vector �v that is solution to Eq. (11), i.e., that is orthogonal

to �x∗. The deformed solution is �x + ε�v, and deformed equation for tangent vector is

�x∗ · δ�x + ε�v · δ�x = 0. (12)

We see that old tangent vectors in general are not tangent vectors anymore due to the
second term in (12). However, we can always correct it by adding term proportional
to �x∗ and find

δ�x = �w − ε(�v · �w)�x∗ + ε�z (13)

for any two vectors �w, �z that are orthogonal to vector �x∗.
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Thus, we see that the space of tangent vectors in the deformed theory is the same
while there is an arbitrariness in the choice of solution to Eq. (12). Moreover, taking
�z = 0 we define a connection on the tangent space; however, this connection has
curvature (for k > 2), and it is impossible to get a natural coordinates of the space of
solutions to main equation compatible with the connection.

We presented here this simple example from differential geometry, because very
similar things happen with deformations of QFT.

Really, if the theory is deformed with the local observable Ov then in the deformed
theory with the main object I εv the contraction with the good (at ε = 0) family (that
corresponded to local observable Ow) gives

uw
r I εv(Xr ) = εCwv

y rd−� I (X, O y
P ), (14)

where r0 should be understood as log r .
The divergent terms have to be corrected like in (13) and the analog of (13) looks

as follows:
uw,ε

r = uw
r − εCwv

y rd−�uy
r + εuz

r . (15)

First of all, we note that there is no obstruction for deformation of local observable;
this means that they form a bundle. However, it may happen that deformed observ-
able naturally couples to more general geometrical data than that original one. Such
phenomena should be called anomaly, and conformal anomaly in 2-dimensional CFT
deformed by the marginal observable is of this type. We see that the space of possible
geometrical data has to be separately studied, and we will return to this question in
another paper.

What is more important is that second-order renormalization that we have in Dirac–
Segal approach coincides at the level of algebraic expressions with those that we could
get using coordinate cut-off in Polyakov approach.

We conclude with the conjecture that properly defined renormalization in Polyakov
approach is just the perturbation theory in Dirac–Segal approach, where the cut-off
scale plays the role of parameter r , appearing in the definition of a local observable.
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