
ORIGINAL RESEARCH

Fixed point results for a-w-locally graphic contraction
in dislocated qusai metric spaces

Muhammad Arshad • Fahimuddin •

Abdullah Shoaib • Aftab Hussain

Received: 20 June 2014 / Accepted: 14 October 2014 / Published online: 11 November 2014

� The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract In this paper, we have obtained fixed point

results for a � w -locally contractive type mappings in a

closed ball in left K-sequentially complete and in right K-

sequentially complete dislocated quasi metric spaces.

Moreover the mappings under consideration are a-admis-

sible with respect to g. We have used conditions weaker

than those of Samet et al. [Nonlinear Anal. 75:2154–2165,

(2012)]. As an application, we have derived some new

fixed point theorems for w -graphic contractions defined on

dislocated quasi metric space endowed with a graph as well

as ordered dislocated metric space. Some comparative

examples are constructed which illustrate the superiority of

our results. In the process we have generalized several well

known, recent and classical results from the literature.

Keywords Fixed point � Complete dislocated quasi

metric space � Left K -sequentially complete � a-w
contractive mappings � w -graphic contractions �
Closed ball.

Introduction and preliminaries

Fixed point theory has wide and endless applications in

many fields of engineering and science. Its core, the

Banach contraction principle, has attracted many

researchers who tried to generalize it in different aspects.

Fixed point results of mappings satisfying certain con-

tractive condition on the entire domain has been at the

centre of rigorous research activities.

From the application point of view the situation is not

yet completely satisfactory because it frequently happens

that a mapping T is a contraction not on the entire space X

but merely on a subset Y of X. However, we impose subtle

restrictions to obtain fixed point results for such mapping.

Recently Arshad et al. [7] proved a result concerning the

existence of fixed points of a mapping satisfying a con-

tractive conditions on closed ball in a complete dislocated

metric space. Other results on closed ball can be seen in [6,

8–11, 27, 35, 36]. Recently, Karapınar et al. [24] intro-

duced the concept of quasi-partial metric space. Zeyada

et al. [37] introduced the concept of dislocated quasi metric

which is basically the generalization of quasi-partial metric

space.

Recently, Samet et al. [34] introduced the notions of a-w
-contractive and a-admissible mapping in complete metric

spaces. The existance of fixed points of a-w-contractive

and a -admissible mapping in complete metric spaces has

been studied by several researchers, (see [3, 4, 19, 20, 25,

26, 33]).

Consistent with [33, 34, 37], we give the following

definitions which will be needed in the sequel.

Definition 1.1 [37] Let X be a nonempty set. Let dq :

X � X ! ½0;1Þ be a function, called a dislocated qusai

metric (or simply dq-metric) if the following conditions

hold for any x; y; z 2 X :

(i) If dqðx; yÞ ¼ dqðy; xÞ ¼ 0; then x ¼ y;

(ii) dqðx; yÞ� dqðx; zÞ þ dqðz; yÞ.
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The pair ðX; dqÞ is called a dislocated qusai metric space. It

is clear that if dqðx; yÞ ¼ dqðy; xÞ ¼ 0, then from (i), x ¼ y.

But if x ¼ y, dqðx; yÞ may not be 0. It is observed that if

dqðx; yÞ ¼ dqðy; xÞ for all x; y 2 X; then ðX; dqÞ becomes a

dislocated metric space. We shall denote ðX; dlÞ for a

dislocated metric space. The ball Bðx; eÞ where Bðx; eÞ ¼
fy 2 X : dqðx; yÞ� eg is a closed ball in dislocated qusai

metric space, for some x 2 X and e [ 0: It is clear that any

qusai-partial metric is a dq-metric.

Example 1.2 If X ¼ Rþ [ f0g then dqðx; yÞ ¼ x þ 2y

defines a dislocated quasi metric dq on X.

Example 1.3 If X ¼ Rþ [ f0g then dqðx; yÞ ¼
x þ maxfx; yg defines a dislocated quasi metric dq on X.

Let W denote the family of all nondecreasing functions

w : ½0;þ1Þ ! ½0;þ1Þ such that
Pþ1

n¼1 wnðtÞ\ þ1 for

all t [ 0; where wn is the nth itrerate of w.

Lemma 1.4 [33] If w 2 W, then wðtÞ\t for all t [ 0.

Definition 1.5 [34] Let ðX; dÞ be a metric space and S :

X ! X be a given mapping. We say that S is a-w con-

tractive mapping if there exist two functions a : X � X !
½0;þ1Þ and w 2 W such that aðx; yÞdðSx; SyÞ�
wðdðx; yÞÞ for all x; y 2 X.

Remark 1.6 [33] By definition, aðx; xÞ 6¼ 0 for x 2 X.

Definition 1.7 [33] Let S : X ! X and a; g : X � X !
½0;þ1Þ be two functions. We say that S is a-admissible

mapping with respect to g if x; y 2 X such that

aðx; yÞ� gðx; yÞ then we have aðSx; SyÞ� gðSx; SyÞ. Note

that if we take gðx; yÞ ¼ 1, then this definition reduces to

Definition 1.1 of [33]. Also, if we take aðx; yÞ ¼ 1, then we

say that T is an g-subadmissible mapping.

In this paper, we shall prove a theorem which is an

extension of the results of Samet et al. [34].

Main results

Reilly et al. [31] introduced the notion of left (right) K-

Cauchy sequence and left (right) K-sequentialy complete

spaces(see [11, 16] ). We use this concept to establish the

following definition.

Definition 2.1 Let ðX; dqÞ be a dislocated quasi metric

space.

(a) A sequence fxng in ðX; dqÞ is called left (right) K-

Cauchy if 8 e [ 0, 9 n0 2 N such that 8 n [ m� n0;

dqðxm; xnÞ\e (respectively dqðxn; xmÞ\eÞ.
(b) A sequence fxng dislocated quasi-converges (for

short dq -converges) to x if lim
n!1

dqðxn; xÞ ¼

lim
n!1

dqðx; xnÞ ¼ 0. In this case x is called a dq-limit

of fxng.

(c) ðX; dqÞ is called left (right) K-sequentially complete

if every left (right) K-Cauchy sequence in X

converges to a point x 2 X such that dqðx; xÞ ¼ 0.

One can easily observe that every complete dislocated quasi

metric space is also left K-sequentially complete dislocated

quasi metric space but the converse is not true in general.

Theorem 1 Let ðX; dqÞ be a left K-sequentially complete

dislocated quasi metric space. Suppose there exist two

functions, a; g : X � X ! ½0;þ1Þ. Let x0 be an arbitrary

point in X and S : X ! X be a-admissible with respect to g
and w 2 W. Assume that,

x; y 2 Bðx0; rÞ; aðx; yÞ� gðx; yÞ ¼) dqðSx; SyÞ�wðdqðx; yÞÞ
ð1Þ

and

Xj

i¼0

wiðdqðx0; Sx0ÞÞ� r; for all j 2 N and r [ 0: ð2Þ

Suppose that the following assertions hold:

(i) aðx0; Sx0Þ� gðx0; Sx0Þ;
(ii) for any sequence fxng in Bðx0; rÞ such that

aðxn; xnþ1Þ� gðxn; xnþ1Þ for all n 2 N [ f0g and

xn ! u 2 Bðx0; rÞ as n ! þ1 then

aðxn; uÞ� gðxn; uÞ for all n 2 N [ f0g.

Then, there exists a point x� in Bðx0; rÞ such that x� ¼ Sx�.

Proof Choose a point x1 in X such that x1 ¼ Sx0 let

x2 ¼ Sx1. Continuing this process, we construct a sequence

xn of points in X such that,

xiþ1 ¼ Sxi; where i ¼ 0; 1; 2; . . .

h

By assumption aðx0; x1Þ� gðx0; x1Þ and S is a-admissible

with respect to g, we have; aðSx0; Sx1Þ� gðSx0; Sx1Þ we

deduce that aðx1; x2Þ� gðx1; x2Þ which also implies that

aðSx1; Sx2Þ� gðSx1; Sx2Þ. Continuing in this way obtain

aðxn; xnþ1Þ� gðxn; xnþ1Þ for all n 2 N [ f0g. First we show

that xn 2 Bðx0; rÞ for all n 2 N. Using inequality (2), we have,

Xn

i¼0

wiðdqðx0; Sx0ÞÞ� r for all j 2 N:

It follows that,

x1 2 Bðx0; rÞ:

Let x2; . . .; xj 2 Bðx0; rÞ for some j 2 N. so using inequality

(1), we obtain,
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dqðxj; xjþ1Þ ¼ dqðSxj�1; SxjÞ
�wðdqðxi�1; xiÞÞ
�w2ðdqðxj�2; xj�1ÞÞ
� � � � �w jðdqðx0; x1ÞÞ:

Thus we have,

dqðxj; xjþ1Þ�w jðdqðx0; x1ÞÞ: ð3Þ

Now,

dqðx0; xjþ1Þ ¼ dqðx0; x1Þ þ dqðx1; x2Þ þ dqðx2; x3Þ þ :::

þ dqðxj; xjþ1Þ

�
Xj

i¼0

wiðdqðx0; x1ÞÞ

� r:

Thus xjþ1 2 Bðx0; rÞ. Hence xn 2 Bðx0; rÞ for all n 2 N.

Now inequality (3) can be written as

dqðxn; xnþ1Þ�wnðdqðx0; x1ÞÞ; for all n 2 N: ð4Þ

Fix e [ 0 and let nðeÞ 2 N such that
P

wnðdqðx0; x1ÞÞ\e.
let n;m 2 N with m [ n [ nðeÞ using the triange inequal-

ity, we obtain,

dqðxn; xmÞ�
Xm�1

k¼n

dqðxk; xkþ1Þ�
Xm�1

k¼n

wkðdqðx0; x1ÞÞ

�
X

n� nðeÞ
wkðdqðx0; x1ÞÞ\e:

Thus we have proved that fxng is a left K-Cauchy sequence

in ðBðx0; rÞ; dqÞ. As Bðx0; rÞ is closed, so it is left K-

sequentially complete. Therefore, there exists a point x� 2
Bðx0; rÞ such that xn ! x�. Also

lim
n!1

dqðxn; x�Þ ¼ 0: ð5Þ

On the other hand, from (ii), we have,

aðx�; xnÞ� gðx�; xnÞ for all n 2 N [ f0g: ð6Þ

Now using the triangle inequality, also by using (1) and (6),

we get

dqðSx�; xiþ1Þ�wðdqðx�; xiÞÞ\dqðx�; xiÞ: ð7Þ

Letting i ! 1 and by using inequality (7), we obtain

dqðSx�; x�Þ\0. Hence Sx� ¼ x�.

If gðx; yÞ ¼ 1 for all x; y 2 X in Theorem 2.2, we obtain

following result.

Corollary 2 Let ðX; dqÞ be a left K-sequentially complete

dislocated quasi metric space. Suppose there exist a func-

tion, a : X � X ! ½0;þ1Þ. Let x0 be an arbitrary point in

X and S : X ! X be a-admissible and w 2 W. Assume that,

x; y 2 Bðx0; rÞ; aðx; yÞ� 1 ¼) dqðSx; SyÞ�wðdqðx; yÞÞ

and

Xj

i¼0

wiðdqðx0; Sx0ÞÞ� r; forall j 2 N and r [ 0:

Suppose that the following assertions hold:

(i) aðx0; Sx0Þ� 1;

(ii) for any sequence fxng in Bðx0; rÞ such that

aðxn; xnþ1Þ� 1 for all n 2 N [ f0g and xn ! u 2
Bðx0; rÞ as n ! þ1 then aðxn; uÞ� 1 for all

n 2 N [ f0g.

Then, there exists a point x� in Bðx0; rÞ such that x� ¼ Sx�.

Theorem 3 Adding condition ‘‘if x and y are any fixed point

in Bðx0; rÞ then aðx; yÞ� gðx; yÞ’’ to the hypotheses of Theo-

rem 2.2. Then S has a unique fixed point x� and dqðx�; x�Þ ¼ 0.

Proof Assume that x� and y� be two fixed point of S in

Bðx0; rÞ; then, by assumption, aðx�; y�Þ� gðx�; y�Þ;
dqðx�; y�Þ ¼ dqðSx�; Sy�Þ�wðdqðx�; y�ÞÞ

A contradiction to the fact that for each t [ 0; wðtÞ\t. So

x� ¼ y�. Hence S has no fixed point other than x�. Now,

aðx�; x�Þ� gðx�; x�Þ; then,

dqðx�; x�Þ ¼ dqðSx�; Sx�Þ�wðdqðx�; x�ÞÞ:

This implies that,

dqðx�; x�Þ ¼ 0:

h

Example 2.2 Let X ¼ Qþ [ f0g and let dq : X � X ! X

be the complete ordered dislocated quasi metric on X

defined by dqðx; yÞ ¼ x þ 2y, endowed with usual order.

Let S : X ! X be defined by,

Sx ¼

x

7
ifx 2 ½0; 1�

x � 1

2
ifx 2 ð1; 1Þ

8
><

>:

x0 ¼ 1; r ¼ 3; Bðx0; rÞ ¼ ½0; 1� and aðx; yÞ ¼ 3 for all

x; y. Clearly S is an a-w-contractive mapping, where

wðtÞ ¼ t
3
.

dqð1; S1Þ ¼ dq 1;
1

7

� �

¼ 1 þ 2

7
¼ 9

7

Xn

i¼1

wnðdqðx0; Sx0ÞÞ ¼
9

7

Xn

i¼1

1

3n
\

3

2
ð9
7
Þ ¼ 27

14
\3

If x; y 2 Bðx0; rÞ; then
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3x

7
þ 6y

7
� x þ 2y

x

7
þ 2y

7
� x þ 2y

3

dqðSx; SyÞ�wðdqðx; yÞÞ

Also if x; y 2 ð1; 1Þ; then

3x þ 6y � 9

2
[ x þ 2y

x þ 2y � 3

2
[

x þ 2y

3

x � 1

2

� �

þ 2 y � 1

2

� �

[ wðx þ 2yÞ

dqðSx; SyÞ[ wðdqðx; yÞÞ

Then the contractive condition does not hold on X.

Therefore, all the conditions of corollary 2.3 are satisfied

and 0 is the unique fixed point of S.

Corollary 4 Let ðX; pqÞ be a left K-sequentially com-

plete partial quasi metric space. Suppose there exist two

functions, a; g : X � X ! ½0; þ1Þ. Let x0 be an arbitrary

point in X and S : X ! X be a-admissible with respect to g
and w 2 W. Assume that,

x; y 2 Bðx0; rÞ; aðx; yÞ� gðx; yÞ ¼) pqðSx; SyÞ�wðpqðx; yÞÞ

and

Xj

i¼0

wiðpqðx0; Sx0ÞÞ� r þ pðx0; x0Þ for all j 2 N and r [ 0:

Suppose that, the following assertions hold:

(i) aðx0; Sx0Þ� gðx0; Sx0Þ;
(ii) for any sequence fxng in Bðx0; rÞ such that

aðxn; xnþ1Þ� gðxn; xnþ1Þ for all n 2 N [ f0g and

xn ! u 2 Bðx0; rÞ as n ! þ1 then

aðxn; uÞ� gðxn; uÞ for all n 2 N [ f0g.

Then, there exists a point x� in Bðx0; rÞ such that x� ¼ Sx�.

Fixed point results for graphic contractions

in dislocated quasi metric spaces

Consistent with Jachymski [23], let ðX; dqÞ be a dislocated

quasi metric space and D denotes the diagonal of the Carte-

sian product X � X. Consider a directed graph G such that the

set VðGÞ of its vertices coincides with X, and the set EðGÞ of

its edges contains all loops, i.e., EðGÞ 	 D. We assume G has

no parallel edges, so we can identify G with the pair

ðVðGÞ; EðGÞÞ. Moreover, we may treat G as a weighted

graph (see [23]) by assigning to each edge the distance

between its vertices. If x and y are vertices in a graph G, then a

path in G from x to y of length m ðm 2 NÞ is a sequence

fxigm
i¼0 of m þ 1 vertices such that x0 ¼ x; xm ¼ y and

ðxn�1; xnÞ 2 EðGÞ for i ¼ 1; :::;m. A graph G is connected if

there is a path between any two vertices. G is weakly con-

nected if ~G is connected (see for details [1, 13, 21, 23]).

Definition 3.1 [23] We say that a mapping T : X ! X is

a Banach G-contraction or simply G-contraction if T pre-

serves edges of G, i.e.,

8x ; y 2 Xððx; yÞ 2 EðGÞ ) ðTx; TyÞ 2 EðGÞÞ

and T decreases weights of edges of G in the following

way:

9k 2 ð0; 1Þ; 8x ; y 2 Xððx; yÞ 2 EðGÞ ) dðTx; TyÞ� kdðx; yÞÞ:

Definition 3.2 Let ðX; dqÞ be a dislocated quasi metric

space endowed with a graph G and S : X ! X be self-

mapping. Assume that for r [ 0, x0 2 X and w 2 W, fol-

lowing conditions hold,

8x; y 2 Bðx0; rÞ ððx; yÞ 2 EðGÞ ) ðSx; SyÞ 2 EðGÞ:

8x; y 2 Bðx0; rÞ; ðx; yÞ 2 EðGÞ ) dqðSx; SyÞ�wðdqðx; yÞÞ:

Then the mapping S is called a w-graphic contractive

mapping. If wðtÞ ¼ kt for some k 2 ½0; 1Þ, then we say S is

G -contractive mappings.

Theorem 5 Let ðX; dqÞ be a left K-sequentially complete

dislocated quasi metric space endowed with a graph G

and S : X ! X be w-graphic contractive mapping. Suppose

that the following assertions hold:

Definition 3.3

(i) ðx0; Sx0Þ 2 EðGÞ and
P j

i¼0 wiðdqðx0; Sx0ÞÞ� r for

all j 2 N and r [ 0.

(ii) if fxng is a sequence in Bðx0; rÞ such that

ðxn; xnþ1Þ 2 EðGÞ for all n 2 N and xn ! x as

n ! þ1, then ðxn; xÞ 2 EðGÞ for all n 2 N.

Then S has a fixed point.

Proof Define, a : X2 ! ð�1; þ1Þ by aðx; yÞ ¼

1; if ðx; yÞ 2 EðGÞ
0; otherwise

�

: At fist we prove that the map-

ping S is a-admissible. Let x; y 2 Bðx0; rÞ with aðx; yÞ� 1,

then ðx; yÞ 2 EðGÞ. As S is w-graphic contractive map-

pings, we have, ðSx; SyÞ 2 EðGÞ. That is, aðSx; SyÞ� 1.

Thus S is a-admissible mapping. From (i) there exists x0

such that ðx0; Sx0Þ 2 EðGÞ. That is, aðx0; Sx0Þ� 1. If

x; y 2 Bðx0; rÞ with aðx; yÞ� 1, then ðx; yÞ 2 EðGÞ. Now,
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since S; is w -graphic contractive mapping, so

dqðSx; SyÞ�wðdqðx; yÞÞ. That is,

aðx; yÞ� 1 ¼) dqðSx; SyÞ�wðdqðx; yÞÞ:

Let fxng 
 Bðx0; rÞ with xn ! x as n ! 1 and

aðxn; xnþ1Þ� 1 for all n 2 N. Then, ðxn; xnþ1Þ 2 EðGÞ for all

n 2 N and xn ! x as n ! þ1. So by (ii) we have, ðxn; xÞ 2
EðGÞ for all n 2 N. That is, aðxn; xÞ� 1. Hence, all conditions

of Theorem 1 are satisfied and S has a fixed point. h

Theorem 3.2 ð2oÞ [23] and corollary 2.3(2)[14] are

extended to w-graphic contractive defined on a dislocated

quasi metric space as follows.

Corollary 6 Let ðX; dqÞ be a left K-sequentially com-

plete dislocated quasi metric space endowed with a graph

G and S : X ! X be w-graphic contractive mapping.

Suppose that the following assertions hold:

(i) ðx0; Sx0Þ 2 EðGÞ and
P j

i¼0 wiðdqðx0; Sx0ÞÞ� r for

all j 2 N and r [ 0.

(ii) ðx; zÞ 2 EðGÞ and ðz; yÞ 2 EðGÞ imply ðx; yÞ 2
EðGÞ for all x; y; z 2 X; that is, EðGÞ is a quasi-

order [23] and if fxng is a sequence in Bðx0; rÞ such

that ðxn; xnþ1Þ 2 EðGÞ for all n 2 N and xn ! x as

n ! þ1, then there is a subsequence fxkn
g with

ðxkn
; xÞ 2 EðGÞ for all n 2 N.

Then S has a fixed point.

Proof Condition (ii) implies that of ðiiÞ in Theorem 5

(see Remark 3.1 [23]). Now the conclusion follows from

Theorem 5. h

Corollary 7 Let ðX; dqÞ be a left K-sequentially complete

dislocated quasi metric space endowed with a graph G and

S : X ! X be a mapping. Suppose that the following

assertions hold:

(i) S is Banach G-contraction on Bðx0; rÞ;
(ii) ðx0; Sx0Þ 2 EðGÞ and dqðx0; Sx0ÞÞ� ð1 � kÞr;

(iii) if fxng is a sequence in Bðx0; rÞ such that

ðxn; xnþ1Þ 2 EðGÞ for all n 2 N and xn ! x as

n ! þ1, then ðxn; xÞ 2 EðGÞ for all n 2 N.

Then S has a fixed point.

Corollary 8 Let ðX; dqÞ be a left K-sequentially complete

dislocated quasi metric space endowed with a graph G and

S : X ! X be a mapping. Suppose that the following

assertions hold:

(i) S is Banach G-contraction on X and there is x0 2
X such that ðx0; Sx0Þ 2 EðGÞ;

(iii) if fxng is a sequence in X such that ðxn; xnþ1Þ 2
EðGÞ for all n 2 N and xn ! x as n ! þ1, then

ðxn; xÞ 2 EðGÞ for all n 2 N.

Then S has a fixed point.

The study of existence of fixed points in partially

ordered sets has been initiated by Ran and Reurings

[30] with applications to matrix equations. Agarwal,

et al. [2], Bhaskar and Lakshmikantham [12], Ciric

et al. [15] and Hussain et al. [22] presented some new

results for nonlinear contractions in partially ordered

metric spaces and noted that their theorems can be used

to investigate a large class of problems. Here as an

application of our results we deduce some new common

fixed point results in partially ordered dislocated quasi

metric spaces.

Recall that if ðX;�Þ is a partially ordered set and S :

X ! X is such that for x; y 2 X; with x � y implies

Sx � Sy, then the mapping S is said to be non-decreasing.

Let ðX; dq; �Þ be a partially ordered dislocated quasi

metric space. Define the graph G by

EðGÞ :¼ fðx; yÞ 2 X � X : x � yg:

For this graph, first condition in Definition 3.2 means S is

non-decreasing with respect to this order. We derive fol-

lowing important results in partially ordered dislocated

quasi metric spaces.

Corollary 9 Let ðX; �; dqÞ be a partially ordered left K-

sequentially complete dislocated quasi metric space and

S : X ! X be a nondecreasing map. Suppose that the fol-

lowing assertions hold:

(i) there exists k 2 ½0; 1Þ such that

dqðSx; SyÞ� kdqðx; yÞ for all x; y 2 Bðx0; rÞ with

x � y;

(ii) x0 � Sx0 and dqðx0; Sx0Þ� ð1 � kÞr;

(iii) if fxng is a nondecreasing sequence in Bðx0; rÞ
such that xn ! x 2 Bðx0; rÞ as n ! þ1, then

xn � x for all n.

Then S has a fixed point.

Corollary 10 Let ðX; �; dqÞ be a partially ordered left

K-sequentially complete dislocated quasi metric space and

S : X ! X be a nondecreasing map. Suppose that the fol-

lowing assertions hold:

(i) there exists k 2 ½0; 1Þ such that

dqðSx; SyÞ� kdqðx; yÞ for all x; y 2 X with x � y;

(ii) there exists x0 2 X such that x0 � Sx0;

(iii) if fxng is a nondecreasing sequence in X such that

xn ! x 2 X as n ! þ1, then xn � x for all n.

Then S has a fixed point.

Corollary 11 ([29]) Let ðX; �; dÞ be a partially ordered

complete metric space and S : X ! X be a nondecreasing

mapping such that
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dðSx; SyÞ� kdðx; yÞ

for all x; y 2 X with x � y where 0� k\1. Suppose that

the following assertions hold:

(i) there exists x0 2 X such that x0 � Sx0;

(ii) if fxng is a sequence in X such that xn � xnþ1 for all

n 2 N and xn ! x as n ! þ1, then xn � x for all

n 2 N.

Then S has a fixed point.

Remark The above results can easily be proved in right

K-sequentially dislocated quasi metric space.
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