
ORIGINAL RESEARCH

On displacement-based plastic design of parallel chord
vierendeel girders

Mark Grigorian

Received: 31 March 2014 / Accepted: 18 June 2014 / Published online: 19 July 2014

� The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract The paper introduces the principles of dis-

placement-based plastic design (DBPD) and its applica-

tions to the efficient design of parallel chord steel

vierendeel girders under normal nodal forces. A simplify-

ing assumption has been made that the mathematical model

is composed of imaginary, pin connected modules that fit

within the bays of the prototype. The use of this modeling

concept in conjunction with the applications of the uniform

strength theory leads to the development of an algorithm

that is ideally suited for manual, minimum weight design

of steel vierendeel girders under any distribution of vertical

nodal forces. The resulting solutions are exact and unique

and lend themselves well to DBPD and minimum weight

treatment. In DBPD which is akin to performance control,

member strengths and stiffnesses are assigned rather than

tested. Several generic examples have been provided to

illustrate the applications of the proposed design proce-

dures. The numerical results of these examples have been

verified through long hand and computer methods of ana-

lysis. An extensive proof of the proposed method of

approach has been provided in the ‘‘Appendix’’.

Keywords Vierendeel girders � Plastic design �
Minimum weight � Displacements at incipient collapse

Introduction

Plastic design is the basis of a number of recently devel-

oped design methodologies for moment frames under

lateral loading, (Mazzolani and Piluso 1997; Goel et al.

2010; Grigorian and Grigorian 2011). The technical merits

and economic benefits of plastic design have been amply

documented in the literature as well as such authoritative

texts such as Baker et al. (1956), Beedle (1958), Neal

(1963), Nethercot (2001). Plastic design is also the cor-

nerstone of the present contribution. The novelty of the

present contribution is in that it incorporates the magnitude

and location of maximum plastic deformations as part of

the member sizing criteria. A prior knowledge of the

elastoplastic performance of any structure at distinct stages

of loading, such as at first yield and incipient collapse, may

help design the system as a structure of uniform strength

(US). Structures of US lend themselves well to DBPD, PC

and direct material optimization. A large number of regular

structural frameworks such as moment frames, (Wong

2009; Grigorian and Grigorian 2012a), trusses, grillages,

vierendeel girders (VG) etc., can be designed and/or opti-

mized as structures of US. Since the demand–capacity ratio

is constant for the constituent members of structures of US,

they tend to fail in a state of over-complete collapse where

all plastic hinges form simultaneously. While the state of

over-complete collapse is associated with minimum weight

design, the corresponding distribution of plastic hinges can

be looked upon as an admissible template for imposing any

order of propagation of plasticity without affecting the

economics and/or the ultimate carrying capacity of the

system.

The currently available design and optimization tech-

niques are highly iterative in nature and can best be utilized

if the corresponding software is accessible. All such pro-

cedures begin with an initial design followed by numerous

iterations, until convergence takes place. The problem

constraints consist usually of sets of code and purpose-

specific conditions. Since both the original and the final
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(optimized) designs are addressed through iterative pro-

cesses, the combined effort may be viewed as prospective

in nature and investigative in effort, and as such apply to

almost all traditional designs for contemporary structures.

In contrast to prospective processes that seek to satisfy sets

of prescribed criteria, knowledge-based methodologies are

expected to meet certain response objectives. In investi-

gative procedures, theories of structures and material sci-

ence are followed rather than applied. It might interest the

reader to note that in the making of natural structures, such

as trees, knowledge is induced rather than tested.

The purpose of this paper is to introduce DBPD as an

observation-based approach for the efficient design of

certain types of moment frames such as parallel chord VG

and similar structures, (Grigorian 2014). Performance-ori-

ented designs are knowledge-based strategies that aim at

providing insight into the response of certain types of

structures under specific loading conditions. In this context,

observation based refers to reliance on theoretical and/or

experimental data for realistic design purposes. DBPD is a

recent development that allows for the imposition of the

required as well as desirable design requirements, as

opposed to investigating the same as results of iterative

computations. The desirable requirements may include the

ability to control the sequences of formations of the plastic

hinges, limit the maximum displacements at incipient

collapse, optimize the self weight of the structure, prevent

premature collapse, etc. DBPD is inherently capable of

resulting in minimum weight elastoplastic solutions for

ductile moment frames and as such provides an opportunity

for the efficient design of steel VG under in-plane loading.

The paper begins by reviewing the fundamental con-

cepts involved in modular analysis of regular moment

frames and structure-specific findings that help formulate

the proposed solutions. The limit state load carrying

characteristics of parallel chord VG of US under arbitrary

distribution of normal nodal forces are then presented as a

prelude to the determination of the efficient design of VG

through several generic examples. These examples present

a number of useful formulae for the preliminary design of

VG. All symbols are defined as they first appear in the text.

The paper does not address the vibratory behavior of VG

(Grigorian 1970).

The modeling concept

It has been demonstrated by Grigorian (1993), Grigorian

and Grigorian (1988), Taranath (1998) and Bozorgnia and

Bertero (2004) that mathematical models of upright, reg-

ular rectangular moment frames can be construed as being

composed of hypothetical, rigidly jointed, rectangular

modules stacked on top of each other and supported on

base level boundary modules. A similar approach has been

adopted here to study the efficient design of VG as hori-

zontal moment frames, simply supported at both ends and

subjected to a monotonically increasing distribution of

normal nodal forces applied along the top and/or bottom

chords of the girder. The effects of shear, panel zone, axial

load and other secondary phenomena on flexural response

of the system have been discarded for the sake of sim-

plicity. Strain hardening and plastic hinge offsets have also

been ignored in favor of clarity as well as higher load

factors against failure.

The pioneering studies pertaining to plastic design of

VG are due to Hendry (1955) and Morovich (1958) who

introduced the applications of simple plastic theory to the

design of mild steel parallel chord VG. The line diagram

of a generalized parallel chord VG under an arbitrary

distribution of normal nodal forces is presented in Fig. 1a.

The corresponding mathematical model composed of

imaginary rectangular modules connected to each other in

series by means of hypothetical rigid links is shown in

Fig. 1b. Coordinates i = 0, 1, 2… n refer to the locations

of the joints of the girder along its horizontal axis. The

entire structure is composed of n ? 1 vertical, and 2n

horizontal members. The location of each module is

identified by the coordinate of its right hand joint. Here, J

and I, and N and M stand for section moduli and bending

moments, respectively, of the beams and posts of the

original structure. Similarly, �J and �I; and �N and �M rep-

resent the section moduli and bending moments, respec-

tively, of the beams and posts of imaginary modules of

Fig. 1b. These modules are forced to deform compatibly

and to remain in equilibrium throughout the loading his-

tory of the structure. Obviously, when the imaginary

modules are merged to reconstruct the prototype, the

hypothetical links disappear and the moments of inertia

and bending moments of the beams and columns of the

reassembled structure become:

Mi ¼ �Mi þ �Miþ1;Ni ¼ �Ni ¼ �Mi and Ii ¼ �Ii þ �Iiþ1; Ji ¼ �Ji

ð1Þ

By the same token, the plastic moments of resistance of

the merging modules or the reassembled structure may be

expressed as:

MP
i ¼ �MP

i þ �MP
iþ1 and NP

i ¼ �NP
i ¼ �MP

i ð2Þ

It follows therefore that MP
0 ¼ NP

1 ¼ �MP
1 ; MP

n ¼ NP
n ¼

�MP
n ; J1 ¼ �J1; I0 ¼ �I1; Jn ¼ �Jn and In ¼ �In.

The basic module

The premise of the concept is that if the individual modules

can be selected to satisfy the prescribed performance cri-

teria, then their assemblage should also be in conformance

64 Page 2 of 11 Int J Adv Struct Eng (2014) 6:64

123



with the stipulated design conditions. In other words, if

each module is designed to be of minimum weight with

respect to the expected mode of response, then their

assembly would also be of minimum weight with respect to

the same performance requirements. Some of the funda-

mental observations, leading to the development of the

proposed algorithm have been summarized as follows, that;

• ‘‘In cases where all design variables can be calculated

from the condition of US, the US design and minimum

weight/volume design coincide’’ (Brandt 1984).

• ‘‘Modular modeling can reduce the task of otherwise

complex structural analysis to simple manual compu-

tations’’ (Bozorgnia and Bertero 2004).

• Doubly symmetric rectangular frame modules, sub-

jected to uniform nodal shears can be designed as

minimum weight, US systems (Grigorian 1993).

• Rectangular modules of US may be combined hori-

zontally and/or vertically to form new load bearing

assemblies of US, (Grigorian and Grigorian 2012b, c).

• Individual modules are quasi-determinate sub-assem-

blies and provide great insight into the performance of

the structure during the design process.

• The end sections of the members of the module can be

treated in such a way as to prevent or force the

formation of plastic hinges at those locations, e.g.,

using reduced beam sections, added flange plates,

haunches, etc. This implies that the locations and

sequences of formations of the plastic hinges can be

controlled as intended.

• The moments and deformations of the elements of the

VG of US at any ordinate i may be related to the local

racking moment MR
i ¼ ViLi, Fig. 1d, of the correspond-

ing module, e.g., �Mi ¼ MR
i =4; where Vi is the total

external shear acting on joint i, Fig. 1c.

• The stiffnesses of the individual modules can be

selected in such a way as to control the maximum

displacements of the frame throughout the elastoplastic

loading history of the frame.

• Due to double symmetry, the points of inflections of the

vertical elements of parallel chord girders occur at their

mid heights.

• In structures of US, the redistribution of moments

through formation of plastic hinges forces the corre-

sponding points of inflection to move towards the mid

spans of the beams.

• VG of US may fail through a state of over collapse,

where all constituent modules fail together.

• While steel moment frames under lateral loading are

most suitable for plastic design, they are also suscep-

tible to unfavorable effects of drift shifting, especially

at incipient collapse. Hamburger et al. (2009) and

Grigorian (2013b) have reported that a reduction in

differential drift can help improve racking stability in

all categories of moment frames.

Hence, an observed assertion was made that points of

inflections of all members of VG of US occur at their mid

spans during the elastic as well as plastic stages of loading.
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Fig. 1 a Parallel chord vierendeel girder. b Imaginary pin connected model. c Shear force diagram. d Racking moment diagram. e Failure

mechanism; vierendeel girder of uniform strength including active open circle and filled circle inactive hinges
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This is an acceptable presumption with inconsequential

margins of error since the solution becomes more accurate

and eventually exact as plasticity spreads over all members

of the structure. These observations form the essence of the

optimization philosophies that lead to the minimum weight

design of regular moment frames including parallel chord

VG. Likewise, the indispensible association of the mid-span

points of inflection with the exact minimum weight design

conditions immensely facilitates the comprehension and

mathematical formulation of the problem. In addition, an

observation has been made that in almost all types of tra-

ditionally designed frameworks, the drift angle due to

racking effects is generally a maximum near the supports

and a minimum near the location of maximum displacement

(Taranath 1998). This suggests that it would be prudent to

first alleviate the possibility of premature formation of

plastic hinges within the first and last bays of the frame,

minimize large drift angles near the supports and then work

sideways to control the displacements of the remaining bays

or modules. The anticipated single collapse mechanisms of

structures of US have more than one degree of kinematic

freedom and can be construed as being composed of several

merging failure patterns. Structures of US almost invariably

fail through a state of over-complete collapse. The likeli-

hood of over-complete collapse, suggests that the sequences

of formations of the plastic hinges may be controlled in such

a way as to prevent the formation of plastic hinges in the

vertical members until the first sets of hinges form in the

desired locations of the horizontal elements. Similarly it

would be possible to delay the formation of plastic hinges at

the critical ends of the horizontal members until the com-

plete failure of all vertical members. Moment control

technologies, such as added flange plates and/or reduced

beam sections can be employed to induce any mode of

collapse and sequence of formation of plastic hinges,

without noticeably affecting the ultimate load carrying and/

or displacement development capacity of the structure.

Theoretical development

The purpose of this section is to utilize the information

presented in the preceding sections to design a generalized

parallel chord VG of US under an arbitrary distribution of

normal nodal forces. This is achieved by assigning as much

strength and stiffness as demand imposed on each module

of the structure. The strength NP
i of a module is defined as

its maximum carrying capacity at failure. The minimum

stiffness of the module is directly related to its target drift

ratio h at incipient collapse. h, and its compatible coun-

terpart /, (Fig. 1e) are the two drift angles that uniquely

define the location s of the maximum nodal displacement

Ds at collapse as well as the correct collapse mode of the

framework. Since hi = h for 0 B i B s and hi = /i = /
for s B i B n then h and / may be related to each other

through Ds ¼ h
Ps

i¼1 Li ¼ /
Pn

i¼sþ1 Li:

Capacity assignment, strength design

Perhaps the most interesting facet of modular structures of

US is that the ultimate carrying capacities of their members

can be estimated almost by inspection (Grigorian and

Grigorian 2012a, d, e). This leads to the statement that: the

maximum carrying capacity of any module i of a vieren-

deel girder of US can be related directly to the ultimate

racking moment acting on that module. In other words,

once the external shear and racking moment diagrams of a

generalized, parallel chord vierendeel girder such as those

depicted in Fig. 1c, d are known, the corresponding exact

capacities may be computed as:

NP
i ¼ MR

i

4
¼ ViLi

4
: ð3Þ

The validity of the distribution of NP
i may be verified by

the sum
Pn

i¼1 Vi ¼ 4
Pn

i ðNR
i =LiÞ ¼ 0. While there is no

need to substantiate the soundness of Eq. (3), it is

instructive to ascertain the plausibility of the postulated

collapse mechanism. The failure mode of Fig. 1e indicates

that due to the development of 4(n - 1) inactive plastic

hinges along the chords of the structure, the girder may

tend to fail through a state of over-complete collapse with

only two sets of active plastic hinges along the chords of

the structure. The inactive hinges are shown as black solid

circles. This allows the virtual work equation of the

selected failure scenario to be expressed as:

Xn

i¼0

WiDi ¼ 2hNP
s þ 2/NP

sþ1 þ 2h
Xs�1

i¼0

MP
i þ 2/

Xn

i¼sþ1

MP
i

ð4Þ

or, as:

Xn

i¼0

WiDi ¼ 2
Xs

i¼0

½ð1 � ds
i ÞMP

i þ ds
i N

P
i �h

þ 2
Xn

i¼sþ1

½MP
i þ dsþ1

i NP
i �/ ¼ 2

Xn

i¼1

MP
i hi ð5Þ

where the Kroneckar’s delta ds
i has been introduced to

override the mathematical complexities arising from abrupt

changes in plastic rotations hi and /i. Here, ds
i = 1 for

i = s, ds
i = 0 for i = s, (1 - ds

i ) = 0 for i = s and

(1 - ds
i ) = 1 for i = s. The virtual work equation corre-

sponding to the same failure mechanism but in terms of the

single variables �MP
i of the collapsing modules may be

expressed as:
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Xn

i¼1

WiDi ¼ 4
Xn

i¼1

�MP
i hi ¼ 2

Xn

i¼0

ð �MP
i þ �MP

iþ1Þhi ¼ 2
Xn

i¼1

MP
i hi

ð6Þ

Since, Eqs. (5) and (6) are identical then the modular

concept can be expected to yield the same exact results as

the traditional methods of approach.

Demonstrative example 1

Design a generalized vierendeel girder of US with n iden-

tical bays of height h and length L under a uniform dis-

tribution of normal nodal forces W.

Solution while there is no need to conduct a virtual work

analysis to determine the plastic moments of resistance of

each module, an understanding of the deformed shape of

the structure is essential to developing insight into the

performance of the structure and estimating the corre-

sponding displacements at incipient collapse. The admis-

sible collapse mechanisms of the subject VG for even and

odd numbers of bays are depicted in Fig. 2a, b, respec-

tively. Because of double symmetry only the solution of

the left half of the girder is addressed in the present section.

The exact minimum weight solutions for both the even

and odd number of bays can be written down, either by

inspection or following the guidelines of the preceding

section. The vertical shear Vi sustained by each module may

be expressed as a continuous function of the variable i as:

Vi ¼ ðn þ 1 � 2iÞW

2
for i ¼ 1; 2; 3. . .n: ð7Þ

this gives:

MP
0 ¼ �MP

0 ¼ NP
1 ¼ �MP

n ¼ MP
n ¼ NP

n ¼ ðn � 1ÞWL

8
ð8Þ

�MP
i ¼ NP

i ¼ MR
i

4
¼ ViLi

4
¼ ðn þ 1 � 2iÞWL

8

for i ¼ 1; 2; 3. . .n:

ð9Þ

M
p
i ¼ �MP

i þ �MP
iþ1 ¼ ðn � 2iÞWL

4
for i ¼ 1; 2; 3. . .n � 1

ð10Þ

The validity of solutions (8), (9) and (10) may be veri-

fied through the corresponding work equation; Wext. =

Wint.. Assuming Di = i 9 D and, D = L 9 h, it gives:

Wext: ¼ 2
Xn�1=2

i¼1

WDi ¼ 2n2 þ ð�1Þn � 1
� �WLh

8
;

Wint: ¼ 2
Xn�1=2

i¼1

4MP
i h ¼ 4h 2n2 þ ð�1Þn � 1

� �WL

32
; ð11Þ

Demonstrative example 2

Design a generalized VG of US with n identical bays of

height h and length L under a concentrated normal nodal

force P at an arbitrary joint j.

Solution the postulated collapse mode of the girder

under consideration is presented in Fig. 3. The problem is

essentially that of solving a structurally determinate sys-

tem. However, assuming that the postulated failure mech-

anism of Fig. 3a is correct then the corresponding racking

moment diagram may be presented as Fig. 3b, whence;

�MP
i ¼ NP

i ¼ MR
i

4
¼ ViL

4
¼ ðn � sÞ

n
� hi � si0

� �
PL

4
ð12Þ

In other words �MP
i ¼ NP

i ¼ MR
i =4 ¼ n � sð ÞPL=4n for

1 C i C s and �MP
i ¼ NP

i ¼ MR
n =4 ¼ sPL=4n for (s ? 1) C

i C n. The complete solution for the vertical members may

now be summarized as:

M
p
i ¼ �MP

i þ �MP
iþ1 ¼ 2ðn � sÞ

n
� hi � si0 � hi þ 1 � si0

� �

� PL

4
for i ¼ 1; 2; 3; . . .n � 1 ð13Þ

Here, the step function hi � si0 ¼ 0 for i \ s and

hi � si0 ¼ 1 for i [ s. For the particular case n = 2s,

Eq. (12) reduces to �MP
i ¼ NP

i ¼ PL=8:

W WWW WW WWW W W

0
2/)1( +n

0
2/ns = 2/)1( −= nsi nn

2

i

34

1

1

a b

Fig. 2 Regular parallel chord

vierendeel girder under uniform

loading. a Admissible failure

mechanism, n even.

b Admissible failure

mechanism, n odd
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Fig. 3 Regular parallel chord

vierendeel girder under

arbitrarily placed point loading.

a Geometry and failure

mechanism. b Racking moment

diagram
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Displacements at incipient collapse

The inclusion of maximum displacements at incipient

collapse helps develop insight into the response of the

structure at incipient collapse. The deformed shape of the

collapsing VG of Fig. 1e may be construed as being

composed of a number of compatible deformed modules

that fit into the bays of the structure. Comparing the geo-

metric dispositions of the modules of Fig. 1e with the

deformed shapes of Fig. 4, it may be seen that the two

adjoining modules at joint s tend to change shape as end

restrained modules of Fig. 4c, d, whereas all other modules

tend to deform as unrestrained rectangular frames such as

those depicted in Fig. 4a, b. It has been shown, through the

use of Eqs. (1–13), that the computational model of Fig. 1b

can be utilized to accurately estimate the ultimate load

carrying capacities of parallel chord, VG of US, without

resorting to complicated structural analysis. An attempt has

been made in the present section to show that a similar

approach may be adopted to study the corresponding

maximum normal nodal displacements at incipient

collapse.

Girder displacements at incipient collapse

The generalized force deformation relationship of typical

VG, such as that shown in Fig. 1a or e, in terms of module

stiffness ratios qi ¼ IiLi=hJi; and corner moments Mi or �MP
i

may be expressed as:

D ¼
Xs�1

i¼1

MiL
2
i

6EJi

1 þ 1

qi

� �

þ MsL
2
s

12EJs

2 þ 1

qs

� �

þ ðMs � Msþ1ÞhLs

12EðIs þ Isþ1Þ
ð14Þ

or,

D ¼ ðMs � Msþ1ÞhLsþ1

12EðIs þ Isþ1Þ
þ Msþ1L2

sþ1

12EJsþ1

2 þ 1

qsþ1

� �

þ
Xn

i¼sþ2

MiL
2

6EJi

1 þ 1

qi

� �

ð15Þ

In other words, if it can be shown that each term of Eqs.

(14, 15) defines the lateral displacement of an independent

module, then it may be suggested that; the maximum

normal nodal displacements of VG of US at incipient

collapse may be computed as the sum of the corresponding

displacements of the individual modules either to the left or

right of the joints of maximum plastic rotation. This

implies that both the left and right hand segments of the

collapsing girder may be used as suitable primary struc-

tures for displacement analysis (Hayman 1961, 1971;

Horne 1979). A formal proof of Eqs. (14, 15), together with

an example utilizing both segments of the girder for dis-

placement analysis is also presented in the ‘‘Appendix’’.

Computations based on Eqs. (14, 15) satisfy the prescribed

yield criteria, static equilibrium, boundary support condi-

tions as well as the kinematics of the postulated failure

mechanism, and as such satisfy the requirements of the

uniqueness theorem and minimum weight design due to

Foulkes (1953, 1954).

Module displacements at incipient collapse

The study of the maximum displacements of basic mod-

ules as constituent elements of VG at incipient collapse

may help appreciate the essence of the proposed proce-

dures. Two local deformability conditions affect the glo-

bal displacements of the vierendeel frame. Depending

upon their location, neighboring modules can deform and

rotate either in the same or opposite directions. Module

rotations are caused due to changes in plastic curvatures

or as dictated by the boundary support conditions. The

numerals 1 and 2 in the purely sway collapse mechanisms

of Fig. 4 refer to the sequences of formation of the plastic

hinges. The dashed lines of Figs. 1e, 4c, d represent

specific locations where the curvature tends to reverse

direction. The dashed line elements tend to remain elastic

and render the modules effectively fix ended. For fixed

end modules, the sequence of formation of the hinges

depends on the over-strength factor k as well as the rel-

ative stiffness q of the module. In case of modules of US,
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Fig. 4 a, b Rectangular closed loop modules at collapse, c, d Portal type modules at collapse

64 Page 6 of 11 Int J Adv Struct Eng (2014) 6:64

123



i.e., k = 1, plastic hinges can form at the four corners

simultaneously.

Unrestrained rectangular modules

Unrestrained modules can deform freely in accordance

with failure modes (a) and (b) of Fig. 4. For modules

rotating in the same direction, failure may occur through

the simultaneous formation of plastic hinges in either the

vertical or horizontal members of the module. An inspec-

tion of the first and last terms of Eqs. (14, 15) indicates that

the displacements of doubly symmetric rotationally unre-

strained modules at incipient collapse may be expressed as:

d ¼ 1 þ 1

q

� �
ML2

6EJ
; M ¼ MP ¼ VL

4
for k� 1 and

M ¼ NP ¼ VL

4
for k\ 1 ð16Þ

End restrained rectangular modules

Partially end restrained and fixed base portal modules may

be used advantageously to address the plastic compatibility

conditions where curvatures change sign. The sway mech-

anisms of Fig. 4c, d depict two distinct possibilities

depending upon the relative values of q and k. The dashed

line in Fig. 2e represents the location of two back to back,

imaginary fixed base portal frames on their sides. However,

since plastic rotations change sign at the sides of the joints

that contain the maximum plastic displacement, the com-

mon vertical post at s remains elastic and causes the

adjoining modules to act as rotationally restrained horizontal

portal frames. However, for restrained end modules of US,

with k = 1 the maximum lateral displacement at collapse

may be computed using the last two terms of Eq. (14), i.e.,

d ¼ MsL
2
s

12EJs

2 þ 1

qs

� �

þ ðMs � Msþ1ÞhLs

12EðIs þ Isþ1Þ
ð17Þ

The second term of Eq. (17) contains the form and

magnitude of the curvature of the common vertical member

needed to maintain deformation compatibility between the

two adjoining modules. Two particular cases are frequently

encountered. First, Ms ¼ Msþ1 ¼ MP; or Isþ1 ¼ 1; i.e.,

cases that describe the displacements of fully fixed portal

frames at incipient collapse, whence:

d ¼ 2 þ 1

q

� �
ML2

12EJ
; M ¼ MP ¼ VL

2ð1 þ kÞ ð18Þ

Second, Msþ1 ¼ Isþ1 ¼ 0; reduces Eqs. (17) to (16). A

detailed account of the plastic displacement analysis of portal

frames under combined gravity and lateral forces, including

the p delta effects, with different boundary support conditions

may be found in Grigorian and Grigorian (2012b, e).

Demonstrative example 3

Estimate the maximum normal nodal displacement of the

vierendeel girder of example 1 at incipient collapse. Assume

the chords and the verticals of the girder are constructed out

of sections of inform moments of inertia J and I1 = In and

Ii = 2I for all other i, respectively, and that US is achieved

by appropriately detailed reduced beam section segments.

Solution it is convenient to solve for n even and odd

cases separately. Since for n = even, Ms = Ms?1 and

Mi = (n ? 1 - 2i)WL/8, Eq. (14) gives:

D ¼
X
n
2
�1

i¼1

MiL
2

6EJ
1 þ 1

q

� �

þ
Mn=2L2

12EJ
2 þ 1

q

� �

¼ WL3

96EJ

n2

2
1 þ 1

q

� �

� 1

q

� �

ð19Þ

By the same token, since for n = odd Ms?1 =

Is?1 = 0, Eq. (14) yields

D ¼
X

n�1
2

i¼1

MiL
2

6EJ
1 þ 1

q

� �

¼ WL3

192EJ
n2 � 1
� 	

1 þ 1

q

� �� �

ð20Þ

Demonstrative example 4

Estimate the maximum normal nodal displacement of the

VG of example 2 at incipient collapse.

Member properties are the same as for example 3 above.

Solution since Mi = Ms = PL(n - s)/4n and, Eq. (14)

gives, upon substitution:

D ¼ PL3

96nEJ
n � sð Þ 4s 1 þ 1

q

� �

� 1

q

� �

� s

q


 �

ð21Þ

Displacement-based plastic design

An important aspect of DBPD is its ability to control and

relate the performance of the structure to its maximum

displacements at incipient collapse. While it is possible to

control the displacements of VG through the use of Eqs.

(14) and (15), practical or other considerations may stip-

ulate the need for constant sections or uniform inter-panel

drift ratios in addition to other limitations. A method of

controlling the drift ratios is presented as follows.

Stiffness assignment, displacement control

Assuming that the chords of the girder rotate through

constant drift angles hi = h and /i = /, at collapse, then

the maximum nodal displacement at s may be computed as:

Ds ¼ h
Ps

i¼1 Li ¼ /
Pn

i¼sþ1 Li, or Ds ¼
Ps

i¼1 di ¼Pn
i¼sþ1 di: And, if Ds is assigned a target value Ds = D,
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then hi ¼ h ¼ D=
Ps

i¼1 Li and /i ¼ / ¼ D=
Pn

i¼sþ1 Li:

Consequently, to minimize the inter-panel drift, the indi-

vidual moments of inertias of the individual module may

be selected as;

Ji ¼ 1 þ 1

qi

� �
MP

i Li

6Eh
and Js ¼

MsL
2
s

12Eh

� 2 þ 1

qs

� �

þ ðMs � Msþ1Þ
ð1 þ gsÞqs

� �

for 1� i� s ð22Þ

Ji ¼ 1 þ 1

qi

� �
MP

i Li

6E/
and Jsþ1 ¼

Msþ1L2
sþ1

12E/

� 2 þ 1

qsþ1

� �

� ðMs � Msþ1Þ
ð1 þ gsþ1Þqsþ1

� �

for n� i� s þ 1 ð23Þ

where, gs = Is?1/Is and gs?1 = Is/Is?1.

Demonstrative example 5

Select the properties of a three bay regular VG of US

subjected to a single concentrated normal nodal force P in

such a way that maximum drift does not exceed the pre-

scribed value c.

Solution for n = 3 and s = 1, Eq. (12) gives; MP
1 = 2PL/

12 and MP
2 = MP

3 = PL/12. A detailed analysis of the

moments MP
i of the current example is provided as part of

example 7 of the ‘‘Appendix’’. For q1 = 1, Eqs. (17) or (21)

give, d1 = Dleft = 13PL3/288EI1. Consequently, I1 = I =

13PL3/288cE. Similarly, from Eq. (17), d2 = 5PL3/288EI2,

therefore I2 = 5PL2/288cE = 5I/13. Next, Eq. (18) gives

d3 = 8PL3/288EI3, which in turn yields I3 = 8PL2/

288cE = 8I/13. The validity of the proposed solution may

be verified by observing that Dright = d2 ? d3 = PL2/

288cE. The VG of example may be categorized as a structure

of uniform response where uniform strength is also associ-

ated with uniform drift (Grigorian 2013a, b).

Control of sequences of formation of plastic hinges

As the state of over-complete collapse is associated with

the simultaneous formation of all plastic hinges, it can be

used as a roadmap to induce a controlled, sequential for-

mation of plastic hinges without compromising the limit

carrying capacity or the minimum weight status of the

framework. In joint loaded VG, the drift angle due to

racking effects is generally a maximum near the supports

and a minimum within the span. This implies that it would

be prudent to prevent the possibility of premature forma-

tion of plastic hinges near the supports. The present section

proposes a simple method for delaying the formation of

plastic hinges near the supports until the rest of the

structure tends to become a mechanism. This is achieved

by accelerating the sequences of formations of plastic

hinges by the implementation of reduced beam sections in

a calculated manner and then compensating for the loss of

the global carrying capacity of the structure. For instance,

if it is desired to accelerate the formation of the plastic

hinges of a rotationally active member, such as the hori-

zontal elements to the left of joint s or the vertical element

at joint s – 1 of Fig. 1e, then it would be sufficient to

reduce the plastic moment of resistance of these members

by small percentage �rs and rs-1 respectively, i.e. from NP
s

to ð1 � �rsÞNP
s and from Ms-1

P to (1 - rs-1)Ms-1
P , respec-

tively. In particular, if it is stipulated to enforce a state of

sequential failure, starting from, say, joint s of Fig. 2a and

progressing gradually towards the supports, then it would

be sufficient to assign a moment reduction quotients �rs to

the active ends of the horizontal members meeting at s and

ri to each vertical member, such that �rs\rs�1; ð1 �
riÞMP

i \ð1 � riþ1ÞMP
iþ1 and that ri=0 = 0. The effects of

reduction of local moments of resistance of the active

members on the global carrying capacity of the girder may

be assessed by comparing the magnitudes of the internal

work capacities of the girder before and after RBS treat-

ment. The compensation for such a reduction may then be

included as part of the stipulated load factor. The following

example has been provided to illustrate the applications of

the proposed method of controlling the sequences of for-

mation of the plastic hinges in VG of US.

Demonstrative example 6

Redesign the VG of example 1 for n = 6 in such a way that

the sequence of formation of the active plastic hinges

would follow the order shown in Fig. 2a.

Solution let r0 = 0, r1 = 0.05, r2 = 0.10 and �r3 ¼ 0:15:

This reduces Mi
P to (1 - ri)(6 - 2i)WL/4. From Eq. (11),

Wint. = 9WLh. The effects of ri on the internal work may

be computed as;

Wint:after ¼ 4 ð1 � �rn=2ÞNP
n=2 þ

X
n
2
�1

0

ð1 � riÞMP
i

" #

h

¼ 9WLh � 0:475WLh ¼ 8:525WLh ð24Þ

This implies that the original load factor may be

increased by a compensation factor of 9/8.525.

Conclusions

This article has introduced a number of simple ideas that

lead to the efficient design of parallel chord steel VG,

namely, the introduction of the imaginary Basic modules,

displacement-based plastic design and a method of
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computing plastic displacements at incipient collapse. An

analytic procedure has been provided to facilitate and

revive interest in plastic design of efficient VG. The

philosophical differences between plastic design analysis

and design led plastic analysis have been discussed and

demonstrated through generic and numerical examples. In

design led plastic analysis, collapse modes and stability

conditions are imposed rather than investigated. The theory

of structures is applied rather than followed.

Several numerical solutions have been presented to

demonstrate the accuracy and applications of the proposed

concepts and design formulae. The proposed formulae are

entirely suitable for manual as well as spreadsheet and

electronic computations. The proposed designs satisfy all

conditions of the uniqueness theorem, and as such, cannot

be far from minimum weight solutions. However, they are

limited to regular vierendeel frames where all members can

develop full plastic moments at collapse.

It has been demonstrated, contrary to the common belief,

that displacements associated with plastic design, can be

computed manually and utilized advantageously without

resorting to lengthy analysis or high power computers. The

proposed methodologies offer displacement control options

at first yield and incipient collapse. The determination of

maximum plastic displacements of the class of girders

discussed in the paper has been reduced to the summation of

maximum displacements of simple modules.

It has been shown that predetermined sequences of

formation of plastic hinges could be arranged through

rational selection of the strengths and stiffnesses of the

constituent modules of the framework.

The advantage of the proposed concept over traditional

methods of design is its ability to provide economic/opti-

mized solutions while maintaining displacement control at

ultimate loading. The proposed procedures are particularly

useful for the preliminary design of regular steel VG.
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Appendix

A brief description of the formulation of the maximum

normal nodal displacements of VG of US at incipient

collapse is presented in this appendix. Assuming that the

girder remains kinematically stable until the formation of

the last sets of plastic hinges at each side of joint s, then the

generalized elastic–plastic normal nodal displacement of

the same joint may be computed by performing the virtual

work summation over all members of the framework, i.e.,

1 � Ds ¼
Xn

i¼1

Mihi þ
Xn

i¼2

I

ðM=EIÞimids ðA1Þ

where:

Mi ¼
MR

i

4
or Mi ¼ MP

i and mi

¼ ð�L � �LsÞ
�L

�
�Li � �Ls

�L

� 0
" #

Li

4
ðA2Þ

are the corner moments of the ith module due to the

external nodal forces and the unit load acting on joint s,

respectively. Here, �L; �Ls and �Li are the total span length,

and distances to joint s and i from the left hand support,

respectively, see Fig. 6b, c. It is instructive to note that mi

can be expressed in terms of two constant multipliers and

the width of each module Li, thus:

mi ¼
ð�L � �LsÞLi

4�L
¼ kleftLi; for 1� i� s and mi ¼

�LsLi

4�L
¼ krightLi for s þ 1� i� n ðA3Þ

Since at the onset collapse, the plastic hinges associated

with rotations hi are just forming, they may be set to zero to

compute the desired displacement (Hayman 1961, 1971;

Horne 1979). Consider the generalized curvatures caused

by the racking moments of individual modules of Fig. 1d

and the distribution of the virtual moments described by

Eq. (A2), then the corresponding virtual work equation,

assuming msj j[ msþ1j j, may be formulated as:

D ¼
Xs�1

i¼1

4MimiLi

6EJi

1 þ 1

qi

� �

þ 2MsmsLs

6EJs

2 þ 1

qs

� �

þ h

6E

2ðMs � Msþ1Þðms � msþ1Þ
ðIs þ Isþ1Þ

� �

þ 2Msþ1msþ1Lsþ1

6EJsþ1

2 þ 1

qsþ1

� �

þ
Xn

i¼sþ2

4MimiLi

6EJi

1 þ 1

qi

� �

ðA4Þ

The complexities associated with Eq. (A4) may be

alleviated by reducing it to the symbolic form;

D ¼ ðAi þ BsÞkleft þ Csðkleft � krightÞ þ Dsþ1 þ Eið Þkright

ðA5Þ

where, the first and last summation terms, Ai and Ei

describe the accumulative contributions of the individual

modules to the left and right sides, respectively, of the

modules that share the common vertical at joint s. The
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second and fourth terms, Bs and Ds?1, describe the con-

tributions of the, sth and s ? 1th modules of Fig. 4d,

respectively, less the contribution of their common vertical

element at s. The remaining term Cs contains the contri-

bution of the vertical member at s, where the curvature

changes sign. The latter term also describes the common

curvature shared by modules s and s ? 1. A pictorial

interpretation of the compatibility conditions between the

adjoining modules at s is presented in Figs. 5, 6. Equation

(A5) may be further simplified as:

D ¼ ðAi þ Bs þ CsÞkleft þ �Cs þ Dsþ1 þ Eið Þkright

¼ Dleft þ Dright ðA6Þ

Since kleft ? kright = 1/4 then Dleft = 4kleftD and

Dright = 4krightD. Therefore; D = (Ai ? Bs ? Cs)/4 and

D ¼ �Cs þ Dsþ1 þ Esð Þ=4: Consequently;

Dleft ¼ D ¼
Xs�1

i¼1

MiL
2
i

6EJi

1 þ 1

qi

� �

þ MsL
2
s

12EJs

2 þ 1

qs

� �

þ ðMs � Msþ1ÞhLs

12EðIs þ Isþ1Þ

ðA7Þ

Dright ¼ D ¼ �ðMs � Msþ1ÞhLsþ1

12EðIs þ Isþ1Þ
þ Msþ1L2

sþ1

12EJsþ1

2 þ 1

qsþ1

� �

þ
Xn

i¼sþ2

MiL
2

6EJi

1 þ 1

qi

� �

ðA8Þ

Since each term of Eqs. (A7) and (A8) represents either

the displacements of individual or summation of dis-

placements of individual modules then it may be argued

that; the maximum normal nodal displacements of VG of

US at incipient collapse may be computed as the sum of the
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corresponding displacements of the individual modules

either to the left or right of the joints of maximum plastic

rotation.

Example 7: use Eqs. (A7) and (A8) to estimate the

maximum normal nodal displacement of the vierendeel

Girder of US of Fig. 6a at incipient collapse. L1 =

L2 = L3 = h = L. The moments of inertia and plastic

resistance of the members are also shown in Fig. 7a.

Solution putting qi = 1 for i = 1, 2 and 3 and substi-

tuting for the pertinent values of M, h, L, I and J from

Fig. 6 into Eqs. (A7) and (A8), it gives:

Dleft ¼ 0 þ 3 � ð2MPÞL2

12EI
þ ð2MP � MPÞL2

12 � 2EI

¼ 13MPL2

24EI
and ðA9Þ

Dright ¼
�ð2MP � MPÞL2

12 � 2EI
þ 6MPL2

2 � 12EI
þ 8MPL2

2 � 12EI

¼ 13MPL2

24EI
ðA10Þ

respectively.
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