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Abstract In this survey, we discuss various aspects of the minimal surface equation
in the three-sphere S3. After recalling the basic definitions, we describe a family of
immersed minimal tori with rotational symmetry. We then review the known examples
of embedded minimal surfaces in S°. Besides the equator and the Clifford torus,
these include the Lawson and Kapouleas-Yang examples, as well as a new family of
examples found recently by Choe and Soret. We next discuss uniqueness theorems
for minimal surfaces in S°, such as the work of Almgren on the genus 0 case, and
our recent solution of Lawson’s conjecture for embedded minimal surfaces of genus
1. More generally, we show that any minimal surface of genus 1 which is Alexandrov
immersed must be rotationally symmetric. We also discuss Urbano’s estimate for the
Morse index of an embedded minimal surface and give an outline of the recent proof
of the Willmore conjecture by Marques and Neves. Finally, we describe estimates for
the first eigenvalue of the Laplacian on a minimal surface.

1 Introduction

Minimal surfaces are among the most important objects studied in differential geom-
etry. Of particular interest are minimal surfaces in manifolds of constant curvature,
such as the Euclidean space R, the hyperbolic space H?, and the sphere S3. The
case of minimal surfaces in R3 is a classical subject; see e.g. [39] for an introduction.
In this paper, we will focus on the case when the ambient space is the sphere. Through-
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134 S. Brendle

out this paper, we will identify S> with the unit sphere in R*; that is,
P =xeR:xI+x3+x3+xF=1}.

Let ¥ be a two-dimensional surface in S°, and let v be a unit normal vector field along
3. In other words, we require that v is tangential to S°, but orthogonal to the tangent
plane to X. The extrinsic curvature of X is described by a symmetric two-tensor #,
which is referred to as the second fundamental form of X. The second fundamental
form is defined by

h(ei,ej) = (De;v, ),

where {eq, e} is an orthonormal basis of tangent vectors to X. The eigenvalues of &
are referred to as the principal curvatures of X. The product of the principal curvatures
depends only on the intrinsic geometry of X; in fact, the Gauss equations imply that

K =1+ A,

where A1, A, are the principal curvatures of ¥ and K denotes the intrinsic Gaussian
curvature. Moreover, the sum of the principal curvatures is referred to as the mean
curvature of X:

2
H=M+k= Z(De,-l), e).

i=1

Geometrically, the mean curvature can be viewed as an L?-gradient of the area func-
tional; more precisely, given any smooth function # on X, we have

d

4 2‘ — [ Hu,

dtarea( ) o / u
b

where
3 = {cos(tu(x)) x +sin(tu(x))v(x) : x € L}.

This motivates the following definition:

Definition 1.1 A two-dimensional surface ¥ in S is said to be a minimal surface if
the mean curvature of X vanishes identically.

The condition that X is minimal can be rephrased in several equivalent ways:

Theorem 1.2 Let 3 be atwo-dimensional surface in S°. Then the following statements
are equivalent:

e X is a minimal surface.
e X is a critical point of the area functional.
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A survey of recent results 135

e The restrictions of the coordinate functions in R* are eigenfunctions of the operator
—Ax, with eigenvalue 2; that is, Axx; +2x; =0 fori € {1, 2, 3,4}.

In the following, we will be interested in closed minimal surfaces. While there
are no closed minimal surfaces in R, there do exist interesting examples of closed
minimal surfaces in S3. The simplest example of such a surface is the equator, which
is defined by

Y={xeScR*:x4=0}.

The principal curvatures of this surface are both equal to zero. In particular, the result-
ing surface X is minimal. Moreover, the equator has constant Gaussian curvature 1,
and ¥ equipped with its induced metric is isometric to the standard sphere S2.

Another basic example of a minimal surface in S° is the so-called Clifford torus.
This surface is defined by

1
>y = XGS3CR4Z)C12+X%:)C32+)(‘%=E

In this case, the principal curvatures are 1 and —1, so the mean curvature is again equal
to zero. Moreover, the intrinsic Gaussian curvature vanishes, and X equipped with its
induced metric is isometric to the flat torus S’ (\/LE) x S1 (%).

In the 1960s, Lawson [36] constructed an infinite family of immersed minimal tori
in $3 which fail to be embedded (see also [24]). Moreover, immersed minimal tori in
$3 have been studied intensively using integrable systems techniques; see e.g. [6] or
[23]. In the remainder of this section, we describe a family of immersed minimal tori
in S3 which are rotationally symmetric. These surfaces are not embedded, but they
turn out to be immersed in the sense of Alexandrov.

Definition 1.3 Amap F : ¥ — §° is said to be Alexandrov immersed if there exists
a compact manifold N and an immersion F' : N — $3 such that ¥ = 9N and
Flx =F.

The notion of an Alexandrov immersion was introduced by Alexandrov [1] in
connection with the study of constant mean curvature surfaces in Euclidean space,
and has since been studied by many authors; see e.g. [32-34]. Using the method
of moving planes, Alexandrov [1] was able to show that any closed hypersurface in
Euclidean space which has constant mean curvature and is Alexandrov immersed must
be a round sphere.

The following result was pointed out to us by Robert Kusner:

Theorem 1.4 There exists an infinite family of minimal tori in S° which are Alexandrov
immersed, but fail to be embedded.

Proof of Theorem 1.4 We consider an immersion of the form
F(s.1) = (\/1 — (1) coss, /T —r(1)? sins, r(t) cost, r(t) sin t) ,
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136 S. Brendle

where r(¢) is a smooth function which takes values in the interval (0, 1). Clearly,

Jd 9
— =) =1-rm)?
g(as’as) r®

and

. ( 9 0 ) IO+ (1 —r1)?)

at’ ot 1—r(1)?

Moreover, the unit normal vector field to the surface is given by

r(t)2/1 —r(t)? .
v(s,t) = (cos s, sins, 0, 0)
VIO +r)2(1 —r(1)?)
U =r®?)
VIO +r 21— r(1)?)
3 r'@)
V02 + (01 —r(t)?)

(0,0, cost, sint)

(0,0, sint, —cost).

Hence, the second fundamental form satisfies

h(g g)_ r2 (1= r(0)?)
9" 9s) S +r02 (1 —r)?)

and

i (3 g) _r0 A= r0) 0 = 2= 3r0)r O = r)? (- rn??
o ot) (1= rO)Vr O +r(O (1= r(H)?) '

Therefore, the mean curvature vanishes if and only if r(¢) satisfies the differential
equation

(L—rHr@r" @) =1 =2r1)) Qr'(O* +r@)* (1 —r1)?). (1

The Eq. (1) implies that

d ( ()2 N 1 ) _o
dt \ri*(1—r®»?  r@2A-r@®?)
hence

r'(1)? 1 4
FON A= r 02 0P —r0?) | &

@)
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for some constant c. This conserved quantity can also be obtained in a geometric way
via Noether’s principle; to that end, one applies the formula for the first variation of
area to the ambient rotation vector field K = (0, 0, x4, —x3).

The function r(t) = «/Li is an equilibrium solution of (1), and the correspond-

ing minimal surface is the Clifford torus. In view of (2), any nearby solution of the
differential equation (1) is periodic. Moreover, the period is given by the formula

x(c)
T(c) =2 / ¢ dx

x V1= x2/4x2(1 — x2) — 2
x(c)

where ¢ < 1. Here, x(c) and X(c) are defined by

© 1 —+/1—-¢2
x(c) =4 —
- 2
and
_ 1+ +/1—c2
x(c) = —

Note that T'(¢) — V27 asc 1.
We now choose the parameter ¢ < 1 in such a way that the ratio % is rational.

This implies that we can find a positive integer k such that % is aninteger. As aresult,

we obtain a solution 7 (¢) of the differential equation (1) satisfying r(t + 2wk) = r(z).
Having chosen ¢ and r(¢) in this way, the map

F :[0,27] x [0, 27k] — S°,

(s, 1) > (\/ 1 —r(t)? coss, v/ 1 —r(t)? sins, r(t) cost, r(t) sin t)

defines a minimal immersion of the torus S! x S! into S3.
It remains to show that F is an Alexandrov immersion. To see this, we consider the
map
F:B*>x [0,27k] — S°,
(\/1 26T = r(0)2 &, (1) cost, (1) sint)
VA =r0?) R +r@)?

.1~

’

where B? = {§ € R? : |§] < 1}. Since r (1) is periodic with period 27k, the map F
defines an immersion of the solid torus B2 x S! into §3. Since F(coss, sins, ) =
F(s,t), the map F is an Alexandrov immersion.

@ Springer



138 S. Brendle

2 Examples of embedded minimal surfaces in $3

While Theorem 1.4 provides a large family of Alexandrov immersed minimal surfaces
in $3, it is a difficult problem to construct examples of minimal surfaces which are
embedded. In fact, for a long time the equator and the Clifford torus were the only
known examples of embedded minimal surfaces in S°. This changed dramatically
in the late 1960s, when Lawson discovered an infinite family of embedded minimal
surfaces of higher genus:

Theorem 2.1 (Lawson [37]) Given any pair of positive integers m and k, there exists
an embedded minimal surface ¥ in S° of genus mk. In particular, there exists at least
one embedded minimal surface of any given genus g, and there are at least two such
surfaces unless g is a prime number.

Sketch of the proof of Theorem 2.1 Fori € Zpy41) and j € Zo,+1), we define

i i
P, = —,sin——, 0,0
i (cosk_’_1 smk+l )

and

T .o )
, sin .

= (0,0,
Q;j ( oS 1 m+1

Moreover, let A = Zp+1) X Zom+1) and

Aeven = {(i, j) € Zok+1) X Zogu+1) : i and j are both even}
U{(, j) € Zogk+1) X Zogn+1) - i and j are both odd}.

For each pair (ig, jo) € A, we denote by pj,, j, the reflection across the geodesic
arc P;Q j,. Furthermore, we denote by G the subgroup of SO(4) generated by the
reflections {pj,_ j, : ({0, jo) € A}. Itis easy to see that each of the sets {P; : i is even},
{P; :iisodd}, {Q; : jiseven}, and {Q; : jis odd} is invariant under G. Hence, for
each pair (i, j) € Aecven, there exists a unique element 7; ; € G which maps the set
{Po, Qo, P1, O1} to the set {P;, O, Pi+1, Qj+1}. Moreover, we have p;) j, o T; j =
Toig—i—1,2jo—j—1 for all pairs (ig, jo) € A and (7, j) € Acven-

For each pair (i, j) € Aeven, We denote by I'; ; the geodesic quadrilateral with
vertices P;, Q;, Piy1,and Q ;1. Moreover, we define

D;j=1x¢€ s3 X1 sin T < X COS T
’ k+1 k+1
(i +1) n(i+l)]

———— > X3 COS
k+1

N1xeS?:x sin
! k+1

3 . T )
Nix €S’ :x3sin < X4 COS
m+ 1 m—i—l}
m(j+1 w(j+1
N xeS3:x3sinM>x4cosﬂ.
m+1 m+1
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A survey of recent results 139

The boundary of D; ; consists of four faces, each of which is totally geodesic. Thus,
D; j is a geodesic tetrahedron with vertices P;, O, P; 11, and Q1. In particular, we
have I'; ; C dD;,; for each pair (i, j) € Aeven.

By Theorem 1 in [42], there exists an embedded least area disk 3¢ ¢ C 50’0 with
boundary 0X¢,0 = I'0,0. For each pair (i, j) € Aeyen, we denote by %; ; C 5,;] the
image of X o under the map 7; ; € G. Clearly, %; ; is an embedded minimal disk in
Ei,j with boundary 9%; ; = I'; ;. Moreover, since pjy, j, o T;,j = T2ig—i—1,2jo—j—1>
the reflection p;, j, maps %; j t0 X2j,—i—1,2j,—j—1. Consequently, the union

= J =iy

(i,])€Aeven

is invariant under the group G. Moreover, ¥ is a minimal surface away from the
geodesic arcs P, Q j,, where (ip, jo) € A, and the density of X along the geodesic arc
P;, Qj, is equal to 1. Since X is invariant under the reflection p;,, j,, we conclude that
X is smooth away from the set {P; : i € Zog41)} U{Q; : j € Zogn+1)}. Using the
removable singularities theorem for harmonic maps with finite energy, we conclude
that X is smooth. Finally, since each surface X; ; is embedded and the cells D; ; are
disjoint, it follows that the surface ¥ is embedded as well.

Finally, let us compute the genus of X. The geodesic quadrilateral I'; ; has interior

angles mL-H’ k%, mL-H’ and k”ﬁ Since ¥; ; is homeomorphic to a disk, the Gauss-
Bonnet theorem implies that
/ b4 T b4 b4 2w (km — 1)
— [ K=21— - - - = .
m+1 k+1 m+1 k+1 (k+Dm+1)
Zij

Since the set Aeyen has cardinality 2(k + 1)(m + 1), we conclude that

471(g—1)=—/K=— Z K =4m(km — 1),

> (isj)GAevenEi j

where g denotes the genus of X. Thus, the surface X has genus g = km.

Theorem 2.2 (Karcher et al. [31]) There exist additional examples of embedded mini-
mal surfaces in S3, which are not part of the family obtained by Lawson. These surfaces
have genus 3, 5, 6,7, 11, 19, 73, and 601.

The construction in [31] is similar in spirit to Lawson’s construction; it uses tesse-
lations of S3 into cells that have the symmetry of a Platonic solid in R3.

Very recently, Choe and Soret [14] announced a new construction of embedded
minimal surfaces in S which are obtained by desingularizing a union of Clifford tori.
The proof of Choe and Soret is inspired by Lawson’s construction, and uses reflection
symmetries in a crucial way. There is an alternative construction by Kapouleas and
Wiygul [29] which relies on gluing techniques and the implicit function theorem.
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140 S. Brendle

Theorem 2.3 (Choe and Soret [14]) There exists a family of embedded minimal sur-
faces %, in s3 of genus 1 + 4m(m — 1)I. Moreover, the surface ¥,, | can be viewed

as a desingularization of the union U;":_Ol T}, where

3 Tj . Ty
T = {x € 857 1 (x1x4 4+ x2x3) cOS — = (X1X3 — X2X4) sm—] .
m m
Sketch of the proof of Theorem 2.3 Let us define

Ti . Tl
P, = (Cos—,sm—,O, 0)

2lm 2lm
and
0;: = 1 cos i Gin i cos (i —2lj) sin (i —21j)
Y2 2im’ " 2Im’ 2im 2im

fori € Zam and j € Zy,,. Moreover, let

Aeven = {(i, j) € Zami X Zay, - iandjare both even}
U{(@, j) € Zami X Zny, - iandjare both odd}.

For each pair (i, j) € Acven, We denote by A; ; the geodesic polygon with vertices
Qi,jPi Qi j+10i+1,j+1Pit1Qi+1, ;. Note that the geodesic arc P; Q; ; is contained in
the intersection

3 . T i
TiNjx €8 :xy8in — = Xx3C08 — 1.
2ml 2ml
Moreover, the geodesic arc Q; j Q;+1,; is contained in the intersection

TiN{x € $?:x7 +x3 =x3 +x3).

Given any pair (i, j) € Aeven, We define

U c sl 1) i
= 1X 1 x18in —— < xp cOS ——
i P omn T i
i+ 1 i+ 1
N xeS3lesin—jT(l+ )>x2cos—ﬂ(le )
2ml 2ml

3 7Tj . T
Nix € 87 : (x1x4 + x2x3) cOS — > (X1X3 — XpX4) Sin —
m m

w(j+1 i1
Nixes: (x1x4 + x2X3) Cosw < (x1X3 — x2X4) sin 7(j+ )l
m m

Nix e S :x] +x3 >x32+xf}.
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Note that U; ; is a mean convex domain in S°. In fact, the boundary of U; ; consists
of five faces: two of these faces are totally geodesic, and each of the other three faces
is congruent to a piece of the Clifford torus. Moreover, it is straightforward to verify
that A; j; C 90U, ;.

Let Sp.0 C vo,o be an embedded least area disk with boundary 9S00 = Ag,0. The
reflection across the geodesic arc P;, Q. j, maps the region U; ; to Uzjy—i—1,2jo—j—1
and the polygon A; ; to Ay 1,2j,—j—1. Hence, by successive reflection across
geodesic arcs on the boundary, one obtains a family of embedded least area disks
S;.j C U, ; with boundary 3S; j = A; j. The union

s= U s
(i,j)€Aeven

is a smooth minimal surface which is contained in the region {x € §° : x12 + x%

v

x% + xi}. Moreover, the boundary of S lies on the Clifford torus {x € s3 x% + x22 =
x% + xf}. Choe and Soret then show that the union

¥ = SU{(x3, —x4, x1, —x2) : (x1, X2, X3, X4) € S}

is a smooth minimal surface in S>. This surface is clearly embedded.
It remains to compute the genus of X. The interior angles of the geodesic polygon
A jare 7, 7, %, %, ™, and 5. Therefore,

by the Gauss-Bonnet theorem. Since the set Aeyen has cardinality 4m?1, it follows that

47T(g—1)=—/K=—2 Z K = 16wm(m — 1)L.

) (ivj)EAevenSij

Consequently, g = 1 4+ 4m(m — 1)I, as claimed.

In the remainder of this section, we describe another family of embedded minimal
surfaces in S, which was constructed by Kapouleas and Yang [30] using gluing
techniques. The idea here is to take two nearby copies of the Clifford torus, and
join them by a large number of catenoid bridges. In this way, one obtains a family
of approximate solutions of the minimal surface equation, and Kapouleas and Yang
showed that these surfaces can be deformed to exact solutions of the minimal surface
equation by means of the implicit function theorem.

In the following, we sketch the construction of the initial surfaces in [30]. The
Clifford torus can be parametrized by a map F : R> — §3, where

F(s,t) = «/LE (cos(«/zs), sin(x/is), cos(«/zt), sin(«/zt)).
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142 S. Brendle

The map F can be extended to a map @ : R? x %5 = S3 by

® (s, 1, u) = sin (u+ ) (cos(v/25). sin(v/2 s). 0, 0)
+cos (u 4 Z) (0,0, cos(v/2 1), sin(v/21))

(see [30], equation (2.1)). Note that F (s, 1) = ®(s, ¢, 0). Moreover, the pull-back of
the round metric on S under the map & can be expressed as

g = +sinu))ds @ds + (1 —sinQu)) dt ® dt + du ® du.

The approximate solutions constructed in [30] depend on two parameters, an integer
m (which is assumed to be very large) and a real number ¢ (which lies in a bounded
interval). Following [30], we put

1 m
T=—e¢ 4
m

+¢

Let ¢ : R — [0, 1] be a smooth cutoff function such that ¢ = 1 on (—o0, 1] and
¥ = 0on [2, 0o). Kapouleas and Yang then define

m T T

1 sz 412
Moy = {Cb(s,t,u) (T <Vs?2+12<— and lu = arcoshL]
and
Mior = [CID(S tou):vVst+12 > — max{|s| [t} <

/2
and — = Y (mvs? + 12) arcosh——— +2
+(1 — Y (mvVs? +12)) arcosh%].

f

The union M = M, U My, is a smooth surface with boundary. By gluing together
m? rotated copies of the surface M, we obtain a closed, embedded surface in $3 of
genus m? + 1. This surface depends on the parameters m and ¢, and will be denoted
by ¥,,,¢ . Since the catenoid in IR3 has zero mean curvature, the mean curvature of the
surface X, ¢ is small when m is sufficiently large (see [30], Lemma 3.18, for a precise
statement).

The key issue is to deform the surface ¥,, ; to an exact solution of the minimal
surface equation. This is a difficult problem, since the linearized operator has a non-
trivial kernel. Taking into account the symmetries of the problem, the approximate
kernel turns out to be one-dimensional. In fact, Kapouleas and Yang show that the
approximate kernel stems from the constant functions on My, (see [30], Proposition
4.14), and this obstacle can be overcome by a suitable choice of the parameter ¢:
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Theorem 2.4 (Kapouleas and Yang [30]) If m is sufficiently large, then there exists a
real number ¢y, with the property that £, ¢, can be deformed to an embedded minimal

surface S of genus m* + 1.

While the construction of Kapouleas and Yang is not explicit, the estimates in [30]
provide a very precise description of the surfaces >, when m is large. In particular, the
surfaces 3, converge, in the sense of varifolds, to the Clifford torus with multiplicity
2 as m — oo. Finally, we note that Kapouleas [28] has recently announced a similar
doubling construction for the equator.

3 Uniqueness questions for minimal surfaces and the Lawson conjecture

In this section, we discuss uniqueness results for minimal surfaces of genus 0 and 1.
In 1966, Almgren proved the following uniqueness theorem in the genus O case:

Theorem 3.1 (Almgren [2]) The equator is the only immersed minimal surface in S>
of genus 0 (up to rigid motions in S3).

Proof of Theorem 3.1 The proof relies on a Hopf differential argument. To explain
this, let F : §2 — $3 be a conformal minimal immersion, and let / denote its second
fundamental form. We will identify S? with C U {co}, where the north pole on §°

corresponds to the point at infinity. It follows from the Codazzi equations that the

function A (%, %) is holomorphic. Moreover, since the immersion F is smooth at

d 0

the north pole, the function & (ﬁ, a_z) vanishes at the north pole. By Liouville’s

theorem, the function & (ad—z, 5’—Z) vanishes identically. On the other hand, we have

h (aa—z, %) = 0 since the mean curvature of F vanishes. Thus, F is totally geodesic,

hence congruent to the equator.

In 1970, Lawson conjectured a similar uniqueness property for minimal tori in $°.
Specifically, Lawson conjectured the following:

Conjecture 3.2 (Lawson [38]) The Clifford torus is the only embedded minimal sur-
face in S3 of genus 1 (up to rigid motions in S°).

Note that Lawson’s conjecture is false if the surface if we allow the surface to have
self-intersections (see [36] or Theorem 1.4 above).

In March 2012, we gave an affirmative answer to Lawson’s conjecture (cf. [9]).
One of the main difficulties is that any proof of Lawson’s conjecture has to exploit the
assumption that X is embedded, as well as the condition that ¥ has genus 1. In order
to exploit the latter condition, we make use of the following result due to Lawson:

Proposition 3.3 (Lawson [37]) An immersed minimal surface in S° of genus 1 has
no umbilic points; in other words, the second fundamental form is non-zero at each
point on the surface.

Proof of Proposition 3.3 Let F : ¥ — S be a conformal minimal immersion of
genus 1, and let & denote its second fundamental form. We may write ¥ = C/A,
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where A is a lattice in C. As above, the Codazzi equations imply that the expression

h (3%, 3—82) defines a holomorphic function on C/A. By Liouville’s theorem, we have

h (;—Z, ad_z) = ¢ for some constant c. If ¢ = 0, then the surface is a totally geodesic
two-sphere, contradicting our assumption that ¥ has genus 1. Thus, ¢ # 0, and the
second fundamental form is non-zero at each point on the surface. This completes the

proof of Proposition 3.3.

Moreover, we will need the following result, which is a consequence of the well-
known Simons identity (cf. [49]):

Proposition 3.4 Suppose that F : = — S is an embedded minimal torus in S°. Then
the norm of the second fundamental form satisfies the partial differential equation

IVIA|?

+ (JA? =2)|A| = 0.
|A]

As(|A]) —

Sketch of the proof of Proposition 3.4 Using the Simons identity
As(IAP) —2|VA? +2 (AP —2) |A]* =0,
we obtain

IVIAI?  |VAP]? 2
——— + (AP -2)|Al =0.

Ax(|AD +
Y |A]

On the other hand, the Codazzi equations imply that [VA|?> = 2 |V|A||%. From this,
the assertion follows.

The proof of the Lawson conjecture in [9] involves an application of the maximum
principle to a function that depends on a pair of points. This technique was pioneered
by Huisken [25] in his work on the curve shortening flow for embedded curves in the
plane. Specifically, Huisken was able to give a lower bound for the chord distance in
terms of the arc length. This gives a new proof of Grayson’s theorem, which asserts that
any embedded curve shrinks to a point in finite time and becomes round after rescaling
(cf. [21,22]). Using a similar method, Andrews [3] obtained an alternative proof of
the noncollapsing property for mean curvature flow. The noncollapsing theorem for
the mean curvature flow was first stated in a paper by Sheng and Wang in [48]; the
result is a direct consequence of the work of White on the structure of singularities in
the mean curvature flow (cf. [54-56]).

The argument in [9] uses a different quantity, which involves the norm of the second
fundamental form. A major difficulty we encounter in this approach is that the Simons
identity for the norm of the second fundamental form contains a gradient term, which
turns out to have an unfavorable sign. As a result, the calculation becomes extremely
subtle and we need to make use of every available piece of information. We will
describe the details below. Suppose that F : ¥ — §> is a minimal immersion of a
genus | surface into $3. Moreover, let v(x) € TF(X)S3 be a unit normal vector field.
For abbreviation, we define a smooth function ¥ : ¥ — R by
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1IA()I
— 1AW
2

/2

where |A(x)| denotes the norm of the second fundamental form. Since F is a minimal
immersion, the principal curvatures at the point x satisfy |[A1| = |Az| = W(x). Note
that the function W is strictly positive by Proposition 3.3.

Given any number « > 1, we define a function Z, : ¥ x ¥ — R by

U(x) =

Zo(x,y) = aW(x) (1 = (F(x), F(y))) + (v(x), F(y)). 3

We begin by compute the gradient of the function Z,, . To that end, we fix two distinct
points x, y € X. Moreover, let (x1, x2) be a system of geodesic normal coordinates
around X, and let (y, y2) be a geodesic normal coordinates around y. Without loss of
generality, we may assume that the second fundamental form at x is diagonal, so that
h11(x) = A1, h12(x) = 0, and hp(x) = Az.

The first derivatives of the function Z, are given by

3 Zq
3)6,'

- v _ _ _
(x,y) =« E(x) (I —=(F(x), F()))
__|0F _ _ - [OF _ _
—a W (x) <a—(X), F(y)>+h,- (x) <—(X), F(y)> 4)
X; 0xk
and

0Zy
ayi

- - _ _ 0F _ _ doF _
(xX,y) = —aW(x) <F(X), a—y(y)>+<V(x), a—y_(y)>- )

We next consider the second order derivatives of Z at the point (X, ).

Lemma 3.5 The Laplacian of Z,, with respect to x satisfies an inequality of the form

5 a5
= Bxiz Y
a2 W(5) 2 JoF _ |\
=200 (0) - — 1_(F(;z),F(y)>Z<a_xi(x)’F(y)> (©)

i=

i i o & 0Za
FA(FE) = FOD (1Za@E 3)+ D [=2E )] ).
o | o
where Ay : (0, 00) — (0, 00) is a continuous function. Moreover, the Laplacian of
Z, with respect to y satisfies

2

0?Zy _ _ _ o
> 57 B ) S VD) +21ZeE I (7)
i=1 i
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Proof of Lemma 3.5 By the Codazzi equations, we have
2
a
— Rk =0.
> o @

i=1

Using this identity, we compute

22: 927, G 5) = azzlaz_‘l’(g)(l —(F(X), FO)))

v
~2a Z i @ <—(x> F(y)>

20 (PO, F) — A b, F)
= o (AzVOFIADP = 2¥(@) (1= (FE). FH)+2a ¥ (D)

2 22 a\Ij(') 8F(_) F(3)) =A@ Zo (%, 3)
— 2o —(X) { —(X), —|A(x X, y).
o ax,- axi Y “ Y

Proposition 3.4 implies that

|V 2
AE\IJ—T+(|A| —2)W =0.

This gives
5 % 5 20 VYOL (ry pn 4 2000
- ax? X,y)=0uo \IJ()Z‘) X), y (04 X

ov
—2a2—(x> <—(x> F<y>> AP Za (%, ).

The expression on the right hand side can be rewritten as

o

2
; ,2”) V(@) (1 (FE). FG))

. (@@) (1= (F@. FG)) - W@ <8—F(Jz) F(&>>)2
oy \0xi ’ P

: o U (X) aF _  _\?
+2aw(x)—mz<a—m(x),ﬂy)>

i=1

—JA®)* Zuo (X, 3).
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Using the relation (4), we conclude that

2 azza _ 1 2 5
; ax2 V= 0 ®a—(F®. FO) Z;' < (%), F(y)>
2

_ a W(X) 3
+ 20 W () — T FG).FO) Z<—(x) F(y)>

+AL(F(X) — F()) (|z (%, y)|+2'—<x y)')

where A : (0, 00) — (0, 00) is a continuous function. Since Az = Az W(x)2, the
identity (6) follows. Finally, we have

(J? ) =20 W(x) (F(x), F(y) —2{(v(x), F(y))
= 20 W (%) — 2 Zo (X, 7).

This proves (7).
Finally, we estimate the mixed partial derivatives of Z,,.

Lemma 3.6 For a suitable choice of the coordinate system (y1, y2), we have

(i i)‘)

Proof of Lemma 3.6 Let w; denote the reflection of the vector 3—5 (x) across the hyper-
plane orthogonal to F(x) — F(y), so that

2 92z,
D D
X; 9y

i=1

a3

= 20 V(X) + A4(|F(X) — F()D <|Za

where Ay : (0, 00) — (0, 00) is a continuous function.

:_()_ <3F® F(x) = F(i)> F(x) = F(y)
9 |[F(X) = FO)I[ |F(X) = F(M)I

If Z4(x,y) = 0and aai‘," (x,y) =0, then we have

span [—(y) (y)] = span{wy, wa}.

Hence, in this case, we may choose the coordinate system (1, y2) so that g{ ) =w;
fori =1, 2.
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We now return to the general case. We may choose the coordinate system (yi, y2)
in such a way that

>

i=1

_(y) —Ww;

. o 2 19Zy _
<M (|F(X) = F(y)D IZa(x,y)I+Z‘a—y(x,y)‘ ,
i=1 !

where A, : (0, 0c0) — (0, 00) is a continuous function. For this choice of the coordi-
nate system (yi, y2), we have

82
0x; dy;

(x,y) = —a—(x) <F(X) T(y)>+()» —a V(X)) <—(X) —(y)>

=i —a¥(x)) <§®’ —_(5’)>

1

+W),F(j’)) (A —a ¥(x)) <E(X) F(y)> <F(x) (y)>
1

‘WWM . <y>>

=i —a¥(x)) <wi, —_(ﬁ)>

oF
<F( ) (y)>

1= (F(X), F())

Thus, we conclude that

9Z, (X, 9) <k —a V(@)
ox; dy 0 o
2
Za 0Zy _ _
+A3(F(E) — F(7)D) (|Z (*, y>l+2‘—()‘ 29 b )
i=1 !

where A3 : (0, 00) — (0, c0) is a continuous function. Hence, the assertion follows
by summation over i. This completes the proof of Lemma 3.6.

Combining Lemmas 3.5 and 3.6, we can draw the following conclusion:

Proposition 3.7 (Brendle [9]) For a suitable choice of the coordinate system (y1, y2),
we have

@ Springer



A survey of recent results 149

||Ml\)

(x y)+2za 7y, & ‘)+Z 82(‘ ¥)

2 2

o —1 (%) aF
=TT T (FG), F(y)>Z< ) F(”>

+As(IF (@) — F(3))) (|Z @, y>|+z‘—<f y)‘+z‘—(2 y)‘)

where As : (0, 00) — (0, 00) is a continuous function.
After these preparations, we now state the main result in [9]:

Theorem 3.8 (Brendle [9]) Let F : £ — S3 be an embedded minimal surface in s3
of genus 1. Then F is congruent to the Clifford torus.

Proof of Theorem 3.8 Since X is embedded and has no umbilic points, we have

R (TN )]
o LVEZ, xF#Y W(x) (I = (F(x), F(y))

We now distinguish two cases:

Case 1 Suppose first that x = 1. In this case, we have Z(x, y) > 0 for all points
x,y € X. Letus fix a point x € ¥, and let {e1, e2} be an orthonormal basis of T3 X
such that h(ey, e;) = W(x), h(er,ez) = 0, and h(es, ep) = —W(x). Moreover, we
define

£ =W(E) F(X) —v(F) e R*

Finally, we assume that o : R — ¥ is a geodesic such that o (0) = X and 6/(0) = e;.
The function

f@t) =2Z1(0(0),0(1) = ¥(x) — (£, F(a(r)))

is nonnegative for all . A straightforward calculation gives

') = =&, dFoiy (0’ (1)),
(@) = (&, F(a(®) +h(a' 1), 0" (1) (&, v(o ),

and

f7(6) = (&, dFo (0" (1)) + h(c' (1), 0" (1)) (§, Dor(1yv)
+(DZ oy h) (o' (1), 0" (1)) (&, v(o (1))

In particular, for r = 0, we have f(0) = f/(0) = f”(0) = 0. Since the function f(¢)
is nonnegative, we conclude that f”/(0) = 0. This implies that (D h)(ei,er) = 0.
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Thus, (VW (x), e1) = 0. Replacing v by —v, we obtain (VW (x), e2) = 0. Since the
point x is arbitrary, the function W is constant, and the intrinsic Gaussian curvature
of ¥ vanishes identically. By a result of Lawson [36], the surface is congruent to the
Clifford torus.

Case 2 Suppose next that k > 1. After replacing v by —v, we may assume that

_ ( (v(x), F(y)) )
K= sup — .
xyes.xzy \ V) A = (Fx), F(»)))

By definition of «, the function Z, is nonnegative, and the set
= {x € ¥ : thereexistsapointy € X \ {x} such that Z, (x, y) = 0}

is non-empty. Using Proposition 3.7 and Bony’s maximum principle for degenerate
elliptic equations (cf. [7]), we conclude that the set €2 is open.

We claim that VW (x) = 0 for each point x € 2. Indeed, if x € €2, then we can find
apoint y € X\{x} satisfying Z, (x, y) = 0. Therefore, Proposition 3.7 implies that

Z (x ¥ +2 Z—(‘ ‘>+Z 2<x i)
i=1

K2 —1 (%) <8F >2
— z - F
ST T (FGLEG) - R

where (x1, x2) and (y1, y2) are suitable coordinate systems around x and y, respec-
tively. This gives

AF _ _
<_a (x),F(y)>=0
Xi

fori = 1, 2. Using (4), it follows that g—z(i) = 0 fori = 1, 2. Thus, the gradient of
W vanishes at each point in 2. By the unique continuation theorem for elliptic partial
differential equations (cf. [5]), the gradient of W vanishes identically. From this, we
deduce that the surface is congruent to the Clifford torus. This completes the proof of
Theorem 3.8.

The proof of the Lawson conjecture can be extended to give a classification of all
Alexandrov immersed minimal tori in S°:

Theorem 3.9 (Brendle [10]) Let F : ¥ — S* be an immersed minimal surface in S
of genus 1. Moreover, we assume that F is an Alexandrov immersion in the sense of
Definition 1.3 above. Then X is rotationally symmetric.

In the remainder of this section, we will describe the proof of Theorem 3.9. As
usual, we will identify S with the unit sphere in R*. By assumption, there exists a
compact manifold N and animmersion F : N — $3suchthatdN = L and F|x = F.
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It will be convenient to put a Riemannian metric on N so that F is a local isometry.
Since F is a local isometry, we can find a real number § > 0 so that F (x) # F (y) for
all points x, y € N satisfying dy (x, y) € (0, ).

For each point x € X, we denote by v(x) € TF(X)S3 the push-forward of the
outward-pointing unit normal to ¥ at the point x under the map F. Given any point
x € X and any number « > 1, we define

Do) ={p € $*:a W) (1 = (F), p)) + (v(x). p) <0}

Note that Dy (x) is a closed geodesic ball in $3 with radius less than 7. Moreover, the
point F(x) lies on the boundary d D, (x), and the outward-pointing umt normal vector
to d Dy (x) at the point F(x) is given by v(x).

Let I denote the set of all points (x, @) € ¥ x [1, oo) with the property that there
exists a smooth map G : Dy (x) — N such that FoG = idp,x) and G(F(x)) = x.

Lemma 3.10 Letus fixapair (x, «) € I. Thenthereis auniquemap G : Dy (x) — N
such that F o G = idp,(x) and G (F (x)) = x.

Proof of Lemma 3.10 1t suffices to prove the uniqueness statement. Suppose that G
and G are two maps which have the required propertles Then F(G( p)=F (G( p)) =
p forall points p € Dy (x). This implies dy (G (p), G(p)) ¢ (0,6) forall p € Dy (x).
By continuity, we either have G(p) = G( p) for all p € Dy(x) or we have G(p) #
G(p) for all p € Dy (x). Since G(F(x)) = G(F(x)) = x, the second case cannot
occur. Thus, we conclude that G(p) = G(p) forall p € Dy (x).

Lemma 3.11 The set I is closed. Moreover, the map G depends continuously on the
pair (x, a).

Proof of Lemma 3.11 Let us consider a sequence of pairs (x™,a™) € I such
that 1im,,— 0o (x™, &™) = (%, &). For each m, we can find a smooth map G :
D) (x) — N such that F o G™ = idDa(m)(x(m)) and G (F(xM)y)) = x(m),
Since F is a smooth immersion, the maps G are uniformly bounded in C? norm.
Hence, after passing to a subsequence, the maps G converge in C! to a map
G : Dg(x) — N satisfying FoG = idp;z) and G(F(x)) = x. It is easy to
see that the map G is smooth. Thus, (x, @) € I, and the assertion follows.

In the next step, we show that the set I is non-empty.
Lemma 3.12 We have (x, «) € I if « is sufficiently large.

Proof of Lemma 3.12 By Proposition 3.3, the function W is strictly positive. Hence,
the radius of the geodesic ball D, (x) C §3 will be arbitrarily small if « is sufficiently
large. Hence, if « is large enough, we can use the implicit function theorem to construct
a smooth map G : Dy(x) — N suchthat F o G = idp, (x) and G(F(x)) = x. This
proves Lemma 3.12.

We now continue with the proof of Theorem 3.9. Let

k =inf{a : (x,a) € I forall x € ¥}.
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Clearly, K € [1, 00). For each point x € X, there is a unique map Gy : D, (x) - N
such that Fo G, = idp, (x) and Gy (F(x)) = x. Foreach pointx € %, the map G, and
the map F|G, (b, (x)) are injective. To complete the proof, we distinguish two cases:

Case 1 We first consider the special case that x = 1. We begin with a lemma:

Lemma 3.13 Given any point X € X, there exists an open set V containing X such
that Z1(x,y) > Oforally e V.

Proof of Lemma 3.13 We argue by contradiction. Suppose that there exists a sequence
of points y™ € ¥ such that lim,,_, o, y" = x and Z;(x, y™) < 0 for all m. Since
Z1(x, y™) < 0, the point F(y") lies in the interior of the geodesic ball Dj(X).
Therefore, the point 7 := Gz (F(y")) lies in the interior of N. Since y™ lies on
the boundary N = %, it follows that

5 £ )
On the other hand, we have
F™) = Fo™)
and

lim 3 = lim Gz(F(y')) = Gz(F(X)) =X = lim y"™.
m—0o0

m—0oQ m— 00

This contradicts the fact that F is an immersion.

Lemma 3.14 Fix a point x € %, and let {ey, e3} is an orthonormal basis of Tz X such
that h(ey, e;) = W(x), h(er,ez) =0, and h(ez, ex) = —V(x). Then (V¥ (X), e1) =
0.

Proof of Lemma 3.14 For abbreviation, we define a vector £ € R* by
E=W(x) F(x) —v(x).

Note that £ is orthogonal to the tangent plane to d Fx(e1) and d Fz(e2). Leto : R —
Y be a geodesic such that (0) = X and ¢/(0) = e¢;. By Lemma 3.13, we have
Z1(x,y) > 0if y is sufficiently close to x. Consequently, the function

f@) =2Z1(0(0),0(1) = W(x) — (&, F(a(n))

is nonnegative when ¢ is sufficiently small. As above, we compute

1) = —(&, dFo (0’ (1)),
(0 = (& Flo@®)) +ho' (), o' 1) (&, v(o (1)),
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and

(1) = (&, dFo (0" ))) + h(c' (1), o' (1)) (€, Doy v)
+ (D2 M (@' (1), 6 (1)) (€, v(a (1))

Setting = 0, we conclude that f(0) = f'(0) = f”(0) = 0. Since the function f(¢)
is nonnegative in a neighborhood of 0, it follows that f””/(0) = 0. This implies that
(Dezlh)(el, e1) = 0. From this, the assertion follows easily.

Using Lemma 3.14, we conclude that the function W is constant along one set of
curvature lines on ¥. This implies that ¥ is rotationally symmetric.

Case 2 We next consider the case « > 1. In order to handle this case, we need several
auxiliary results:

Lemma 3.15 There exists a constant B > O with the following property: if x € ¥ and
p € 3D, (x) are two points satisfying |p — F (x)| < B, then we have dy (G« (p), X) >
Blp— Fx).

Proof of Lemma 3.15 Let us fix a point X € ¥. We consider the function
p:9D(x) = R, p—dn(Gz(p), X).

Clearly, p(F(x)) = 0, and the gradient of the function p at the point F (x) vanishes.
Moreover, since k > 1, the Hessian of the function p at the point F(x) is positive
definite. Hence, we can find a positive constant 8 > O such that p(p) > B |p — F(xX)|?
for all points p € 9D, (x) satisfying |p — F(x)| < B. This completes the proof of
Lemma 3.15.

Lemma 3.16 There exists a point x € X such that ¥ N G (0D, (X)) # {x}.

Proof of Lemma 3.16 Suppose this is false. Then £ N G, (8D, (x)) = {x} for all
x € X. This implies that dy(Gx(p), £) > 0 for all x € X and all points p €
dD(x)\ {F(x)}. Using Lemma 3.15, we conclude that there exists a positive constant
y > Osuch that dy (G« (p), Z) >y |p — F()c)|2 for all points x € X and all points
p € 0D, (x). Hence, if ¢ > 0 is sufficiently small, then the map G, : D, (x) - N
can be extended to a smooth map Gx : Dy_¢(x) — N satisfying Fo Gx =1idp, ,(x)-
Consequently, (x, x — ) € [ for all x € X. This contradicts the definition of «.

Let x € T be chosen as in Lemma 3.16. Moreover, let us pick a point y € X N
G;: (0D, (x)) such that x # ¥. Since y € G;(dD, (%)), we conclude that F () €
0D, (x) and G;(F(y)) = y. Moreover, we claim that F(x) # F(9); indeed, if
F(x) = F(9),then X = G;(F(X)) = G;(F(9)) = 9, which contradicts our choice
of y.

Lemma 3.17 We can find open sets U,V C X such that x € U, y € V, and
Z(x,y) = 0 forall points (x,y) e U x V.

Proof of Lemma 3.17 We argue by contradiction. Suppose that there exist sequences
of points x™, y™ e ¥ such that lim,, 0o x" = %, lim,_0 y™ = $, and
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Ze(x™ | yMmy < 0. Since Z,(x™, y™) < 0, the point F(y™) lies in the interior
of the geodesic ball D, (x). Therefore, the point ) := G Lo (F( y™))) lies in the
interior of N. Since the point y™ lies on the boundary dN = X, we conclude that

5 £ )
On the other hand, we have
FG™) = F(y™)
and

lim 57 = lim G (FG"™) =Gy(F($) == lim y™

m—00

by Lemma 3.11. This contradicts the fact that F is an immersion. Thus, Ze(x,y) =0
if (x, y) is sufficiently close to (X, ¥). This completes the proof of Lemma 3.17.

Since F(X) # F(¥), we can choose the sets U and V small enough so that FWU)N
F (V) = @. We now define

Q = {x € U : there exists a point y € V such that Z, (x, y) = 0}.

Since F(3) € D, (x), we have Z, (x, y) = 0. Consequently, x € . In particular, the
set 2 is non-empty. Using Proposition 3.7 and Bony’s version of the strict maximum
principle (cf. [7]), we conclude that the set €2 is open.

As above, we will show that the gradient of W vanishes at each point x € Q2. To see
this, we consider a pair of points x € U and y € V satisfying Z,(x, y) = 0. Using
Proposition 3.7, we obtain

Z

i=1

(x y+2 Z—(‘ ‘>+Z 2(x ¥

2

k2 —1 W (x) < >2
— F
=TT T (FGL FO)) ¢ Z 0

where (x1, x2) and (yj1, y2) are suitable coordinate systems around x and y, respec-
tively. From this, we deduce that

oF _ -

a—(x ), F(3))=0
Xi

fori = 1, 2. Using (4), we conclude that V¥ (x) = 0 for each point x € 2. Hence,

it follows from standard unique continuation arguments (cf. [5]) that the gradient of

W vanishes identically. This implies that F is congruent to the Clifford torus. This

completes the proof of Theorem 3.9.
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We note that all the results in this section have analogues for surfaces with constant
mean curvature. For example, the proof of Almgren’s theorem (Theorem 3.1) can be
adapted to show that an immersed constant mean curvature surface in S> of genus
0 is a geodesic sphere. Similarly, there is a generalization of Proposition 3.3 which
asserts that a constant mean curvature surface of genus 1 has no umbilic points, and
the norm of the trace-free part of the second fundamental form still satisfies a Simons-
type identity. Andrews and Li [4] observed that the proof of Theorem 3.8 can be
adapted to show that any embedded constant mean curvature surface of genus 1 is
rotationally symmetric. More generally, it was shown in [10] that any Alexandrov
immersed constant mean curvature surface in S° is rotationally symmetric.

Finally, in a recent paper [8], we obtained a uniqueness theorem for embedded
constant mean curvature surfaces in certain rotationally symmetric spaces. This result
generalizes the classical Alexandrov theorem in Euclidean space. Moreover, there
is a rich literature on constant mean curvature surfaces in asymptotically flat three-
manifolds; see e.g. [11,17,19,20,26,43].

4 Estimates for the Morse index and area of a minimal surface
and the Willmore conjecture

The Willmore energy of a two-dimensional surface ¥ in S is defined by

2
()= / (1 + HT) , 8)
b

where H denotes the mean curvature of X. Note that % (X) = 4 for the equator,
and #/ () = 272 for the Clifford torus.
We first collect some classical facts about the Willmore functional. The Gauss
equations imply that
1 H? K A2
+ e + 5

where K is the intrinsic Gaussian curvature of £ and A denotes the trace-free part of
the second fundamental form. Thus,

|AJ?
W (D) =2mx(T) +/ - )
)

by the Gauss—Bonnet theorem. The identity (9) shows that the Willmore functional
is invariant under conformal transformations in S3. More precisely, let us consider a
conformal transformation ¥ : §° — S3 of the form

1—|a|?
14+2({a, x)+ |a|?

Y(x)=a+ (x +a),
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where a is a vector a € R? satisfying |a| < 1. Then
W (Y(2) =W ()

for any surface & C S°.
The following result is well-known (see e.g. [40]):

Proposition 4.1 Let & be an immersed surface in S3, and let p be a point on . Then
W (X) > 4mm, where m is the multiplicity of X at p. In particular, W (X) > 4m.
Moreover, if W (%) < 8w, then X is embedded.

Sketch of the proof of Proposition 4.1 Let y : S> — §3 be a conformal transforma-
tion of the form

W=at—tP
Yy =a 1+2(a,x)—|—|a|2x @

where a is a vector a € R* satisfying |a| < 1. The conformal invariance of the
Willmore functional implies

2

1 —lal® _ ~
/ (1 +2 ) =area(Y (X)) < # (Y (X)) = # ().
x

{a, x) + la|?

If we puta = —(1—¢) p and take the limitas ¢ — 0, we conclude thatdrm < #' (%),
as claimed.

In [46], Ros discovered a connection between the Willmore energy of a surface X
and the area of a distance surface:

Proposition 4.2 (Ros [46]) Let X be an immersed surface in $3. Moreover, let v(x)
be the unit normal vector field along X, and let

Y, ={costx +sintv(x):x € X}.
Then
area(X;) < # (%)
fort € (—m, ).

Sketch of the proof of Proposition 4.2 The area of %; is given by

area(X;) = /(cost +sint Ap) (cost + sint A»),
)
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where A1 and A, denote the principal curvatures of . We next compute

(cost +sint Ap) (cost + sint Ap)

A+ A\ =2\
— 14 1+ A2 ~sin?t 1 2
2 2

( . Al +A2)2
—(sint —cost ——
H2

<14 —.

<1+ 1
Thus,

H2
area(X;) < / (1 + T) =" (%),
by

as claimed.

Combining Theorem 4.2 with the solution of the isoperimetric problem in RP? in
[44], Ros was able to give a sharp lower bound for the Willmore energy when ¥ has
antipodal symmetry:

Theorem 4.3 (Ros [46]) Suppose that ¥ is an embedded surface of genus 1 which is
invariant under antipodal reflection. Then # (£) > 2.

Sketch of the proof of Theorem 4.3 The surface ¥ divides S into two regions, which
we denote by N and N. Since the genus of ¥ is odd, the quotient of ¥ under the
natural Z, action is an orientable surface in RP3. Hence, there exists a unit normal
vector field v along ¥ which is invariant under antipodal reflection. Consequently,
both N and N are invariant under antipodal reflection.

Without loss of generality, we may assume that vol(N) < %vol(S3). Hence, we
can find a real number ¢ € [0, r) such that vol(N;) = % vol(S3), where

N, ={xeS:dx,N) <t}
By a theorem of Ritoré and Ros, any region in S> which has volume % vol($?) and is
invariant under antipodal symmetry has boundary area at least 277> (see [44] or [47],
Corollary 5). Therefore, area(d N;) > 272, On the other hand, the boundary of N is
contained in the set
Y, ={costx +sintv(x):x € X}.
Using Proposition 4.2, we conclude that

W (X) > area(X,) > area(dN,;) > 272,

as claimed.
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In 1965, Willmore proposed the problem of minimizing the Willmore energy among
surfaces of genus 1. This led him to the following conjecture:

Conjecture 4.4 (Willmore [57,58]) Let ¥ be a surface in S> with genus 1. Then
W (L) > 272

Theorem 4.3 shows that the Willmore conjecture holds for tori with antipodal
symmetry. We note that Topping [51] has obtained an alternative proof of Theorem
4.3, which is based on techniques from integral geometry. In 2012, Marques and Neves
[41] verified the Willmore conjecture in full generality. Their proof relies on the min-
max theory for minimal surfaces. The argument in [41] also uses a sharp estimate for
the Morse index of a minimal surface in S3, which we describe below. Recall that
the Jacobi operator of a minimal surface in 3 is defined by L = —Ayx — |A|? — 2.
Moreover, the Morse index of a minimal surface is defined as the number of negative
eigenvalues of the Jacobi operator, counted according to multiplicity.

The following theorem, due to Urbano, characterizes the Clifford torus as the unique
minimal surface in S which has genus at least 1 and Morse index at most 5.

Theorem 4.5 (Urbano [52]) Let ¥ be an immersed minimal surface in s3 of genus
at least 1. Then the Morse index of X is at least 5. Moreover, the Morse index of ¥ is
equal to S if and only if ¥ is congruent to the Clifford torus.

Proof of Theorem 4.5 Let U C C°°(X) be the space of all functions of the form
(a, v), where a is a fixed vector in R* and v denotes the unit normal vector to .
Since X is not totally geodesic, we have dim U = 4. Moreover, every functionu € U
satisfies Ay u + |A|2 u = 0,hence Lu = —2u. Thus, —2 is an eigenvalue of the Jacobi
operator L, and the associated eigenspace has dimension at least 4. However, the first
eigenvalue A1 of L has multiplicity 1. Therefore, A; < —2, and L has at least five
negative eigenvalues.

Suppose now that the Jacobi operator L has exactly five negative eigenvalues. Let
p denote the eigenfunction associated with the eigenvalue 1. Note that p is a positive
function. We consider a conformal transformation v : $> — §3 of the form

B 1 —lal?
yiy=a+t 1+2(a,x)+lal? (x +a),

where a is a vector a € R* satisfying |a| < 1. We can choose the vector a in a such a

way that
/ pYi(x) =0

)

fori € {1, 2, 3,4}, where ¥;(x) denotes the i-th component of the vector ¥/ (x) €
§3 c R

By assumption, L has exactly five negative eigenvalues. In particular, L has no
eigenvalues between A1 and 2. Since the function v; is orthogonal to the eigenfunction
p, we conclude that
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/(W%F— |A]2 ) =/1/fi (LY +2y;) = 0 (10)
> b

foreachi € {1, 2, 3, 4}. On the other hand, the conformal invariance of the Willmore
functional implies that

4
Z/ IVE;|? = 2area(y () < 2# (Y () =2#(T) = 2area(T). (11)

i=1 5

Moreover, it follows from the Gauss—Bonnet theorem that

4
Z/|A|2¢i2 =/|A|2 =2/(1 — K) > 2area(%). (12)
i=ly b b

Combining the inequalities (11) and (12) gives

4
Z/(W%F — AP y7) 0. (13)

i=ly

Putting these facts together, we conclude that all the inequalities must, in fact, be
equalities. In particular, we must have # (¥ (X)) = area(y(X)). Consequently, the
surface ¢ (X) must have zero mean curvature. This implies that (a, v) = 0 at each
point on X. Since ¥ is not totally geodesic, it follows that @ = 0. Furthermore,
since [5 p¥i = 0 and [ (IVZ;[> — |A]* ) = 0, we conclude that the function
Y; is an eigenfunction of the Jacobi operator with eigenvalue —2. Consequently,
Axs i + |A|2 Y; = 0 for each i € {l,2,3,4}. Since a = 0, we conclude that
Asx; + |A|2x,- = 0. Since Axx; + 2x; = 0, we conclude that |A|2 = 2 and
the Gaussian curvature of ¥ vanishes. This implies that ¥ is the Clifford torus.

Finally, it is straightforward to verify that the Jacobi operator on the Clifford torus
has exactly five negative eigenvalues. This completes the proof of Theorem 4.5.

Theorem 4.5 gives a lower bound for the number of negative eigenvalues of the
Jacobi operator L = —Ayx — |A|?> — 2. It is an interesting problem to understand
the nullspace of L. Clearly, if K is an ambient rotation vector field, then the function
(K, v) lies in the nullspace of L. It is a natural to conjecture that the nullspace of L
should consist precisely of the functions (K, v) where K is an ambient rotation vector
field.

We now describe the min-max procedure of Marques and Neves [41]. Let us fix an
embedded surface ¥ in S, and let v be the unit normal vector field along X. Given
any point a in the open unit ball B*, we consider the conformal transformation

(x) = L=l )
v = e e o r e ¢ T
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For each t € (—m, ), we denote by X(, ;) the parallel surface to ¥ (X) at distance
t. This defines a five-parameter family of surfaces in S°, which is parametrized by
B* x (—m, ). However, the map (a, t) — X, does not extend continuously to
B* x [—m, 7].

In order to overcome this obstacle, Marques and Neves consider the map

V.Y x[0,1]x[-m, 7] — 34, (x,r,s)—~ (1 —r)(cossx +sins v(x)).
For abbreviation, let
Qe ={Y(x,rs):xeX, r>0,VrZ+s2 <eg}.

Moreover, let T : B* — B* be a continuous map with the following properties:

o T =idon B*\ Q.

e T maps the point W(x,r,s) € Qe \ Q. to the point W(x,7,5) € Qo., where
Fe= (252 yrand§ = (Y22 s,

e T maps the point W (x, r, s) € Q, to the point x € X.

Given any pair (a, t) € B* x (=, ), one can define a surface ﬁl(a, 1) in the following
way:

e Suppose first that a € B* \ ;. In this case, one defines fi(,”) = X(T(a),0)-

e Suppose next that a € Q.. Leta = W(x,r,s), where x € X and v/r2 +s2 <
¢. In this case, one defines EAI(,N) to be a geodesic sphere centered at the point
—sin@ x — cos O v(x) of radius 5 — 0 + ¢, where § = arcsin(3) € [-75, T].

The family of surfaces ¥, ;) is called the canonical family associated with 3. Its main
properties are summarized in the following proposition:

Proposition 4.6 (Marques and Neves [41]) The canonical family has the following
properties:

e The map (a,t) — ﬁ:(a,t) extends to a continuous map from B* x [—m, 7] into the
space of surfaces (equipped with the flat topology).

e For each point a € S°, there is a unique number t(a) such that ¥ 1(ay) is a
totally geodesic two-sphere in S3. For abbreviation, let Q(a) € RP? denote the
unit normal vector to the surface ﬁ(a,f(a)).

e If T has genus at least 1, then the map Q : S° — RP? has non-zero degree.

To see that the map (a, 1) — fl(a,,) is continuous, one considers a sequence of points

of the form a; = W(x, r;, s;), where x € X and rl.2 + sl.2 N\ €. Leta; = W(x, i, 5),

- r.2+s.2 - ,/r2+s2 A

where 7; = (=———1)r; and§; = (=———1) 5;. Asi — oo, the surfaces X4, /) =

X, converge to a geodesic sphere centered at the point —sinf x — cos 0 v(x) of

radius 5 — 6 + ¢, where 6 € [—7, 7] is defined by tan 6§ = lim; . o ;—j = lim;_ oo i—i

In other words, sinf = lim;_ \/% = lim; o 3. From this, the continuity
ri+s;

property follows.
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Finally, using the conformal invariance of the Willmore functional and a result of
Ros [46] (cf. Proposition 4.2 above), one obtains

sup area(X ) < ¥ (%),

(a,t)eB*x (—m,m)

hence

sup area(S(a.) < ¥ (). (14)

(a,n)eB4x[—m,7]

We now state the main result in [41]:

Theorem 4.7 (Marques and Neves [41]) If X is an immersed minimal surface in 3
of genus at least 1, then area(X) > 272 Moreover, if ¥ is an arbitrary immersed
surface in S3 of genus at least 1, then # (X) > 2>,

The proof in [41] is rather technical. In the following, we will merely sketch the
main ideas. Suppose first that there exists an immersed minimal surface in $3 which
has genus at least 1 and area less than 272, By Proposition 4.1 above, any such surface
must be embedded. Let € denote the set of all embedded minimal surfaces in S which
have genus at least 1 and area less than 2772, Clearly, ¥ # . Moreover, it follows
from results in [35] that the genus of a minimal surface in ¢ is uniformly bounded
from above (cf. Theorem 4.8 below). Using a theorem of Choi and Schoen [15], we
conclude that € is compact (see also Theorem 5.2 below). Consequently, there exists
an embedded minimal surface ¥ € % which has smallest area among all surfaces
in%.

Let .% be the set of all continuous five-parameter families of surfaces {S( ) :
(a,t) € B* x [—m, 7]} with the property that S ;) = fl(a,,) for (a,t) € 9(B* x
[—m, m]). Marques and Neves then define

A = inf sup area(Se,r))- (15)

seF (a.1)eB*x[—m,7]
It is easy to see that A > 4. Moreover, since X is minimal, the inequality (14) gives

sup area(fl(a,,)) < area(X).
(a,t)eB*x[—m,7]

Note that area(X) < 272, so ¥ cannot be congruent to the Clifford torus. CAonse—
quently, ind(X) > 6 by Urbano’s theorem. By perturbing the canonical family X, s,

one can construct a new five-parameter family of surfaces S € % with the property that

sup area(Sy,)) < area(X).
(a,H)eB*x[—m,7]

Thus,

A < area(X). (16)

@ Springer



162 S. Brendle

There are two cases now:

Case 1 Suppose first that A > 4m. In this case, Marques and Neves show that
there exists an embedded minimal surface ¥ with area area(X) = A. In particu-
lar, area(f?) = A > 4m, so S must have genus at least 1. On the other hand, the
inequality (16) implies area(¥) = A < area(X). This contradicts the choice of X.

Case 2 Suppose next that A = 4. In this case, there exists a sequence S0 € .
such that

; 1
sup area(S((;)t)) <47+ —.
’ l

(a,t)eB*x[—m,7]

For each @ € B* and each i € N, the surfaces S((fl)t) form a sweepout of $3.

Let V® (a, r) denote the volume enclosed by the surface S fi)t), so that V® (a, —m)

= 0 and V(il(q, ) = vol(S3). We may approximate the function V@ (a, 1) by a
C!l-function V¥ (a, r) such that

. - 1
sup (VO 1) = VP(a, 0] < = vol(S?).
(a,0)eB*x[—m,7] !

By Sard’s lemma we can assume that %vol(S3) is a regular value of the function
(a,t) > VO(a,r1).
Therefore, the set

Q) = [(a, 1eB*x[—m,7]: VD, 1) = %VOI(S3)]

isa smooth hypersurface in B*x [—m, m]. Moreover, one can arrange that the boundary
Q0 < 9B* x (—m, ) is a graph over 834.~In other words, for each a € B* there
is exactly one number ¢ € (—m, &) such that V(a1 = % vol(S3).

Consider now a point (a,) € Q®. Then the surface Sé;) 9 divides $3 into two
regions, each of which has volume at least (% — ll) vol($3). On the other hand, we
@)

) (a,t)
Sé;)’t) is very close (in the sense of varifolds) to a totally geodesic sphere. Since

know that area(S, .\) < 4w + ll Hence, for each pair (a,?) € QO the surface

the space of totally geodesic spheres is homeomorphic to RP?, one obtains a map
F@O QO — RP3. Moreover, it turns out that @ (a, 1) = Q(a) for each point
(a,t) € (AB* x [—m, ]) N Q;, where Q is the map in Proposition 4.6. Hence, the
map Q : 9B* — RP? admits a continuous extension f@ : Q@ — RP3. This
contradicts the fact that Q has non-zero degree. Therefore, any immersed minimal
surface in $3 of genus 1 must have area at least 2772, This proves the first statement.

The proof of the second statement involves similar ideas (see [41] for details).
Suppose that X is an immersed surface of genus at least 1 with Willmore energy less
than 2772, Proposition 4.1 again implies that ¥ is embedded. Marques and Neves again
define
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A= in; sup area(Se, ).
Se7 (a,1)eB*x[—m,7]

As above the inequality (14) gives

A< sup area()i(a,,)) <W(%) < 27> (17)

(a,t)eB*x[—m,7]

Moreover, the fact that ¥ has genus at least 1 implies that A > 4m. Consequently,
there exists an embedded minimal surface ¥ such that area(f)) = A. Since aréa(f]) =
A > 4, the surface ¥ must have genus at least 1. On the other hand, it follows from
(17) that area(X) = A < 272, This contradicts the first statement.

We next mention a result concerning the Willmore energy of surfaces of high genus:

Theorem 4.8 (Kuwert et al. [35]) There exists a sequence of real numbers By €
(47, 81) such thatlimg_, o0 By = 87 and W (X) > Bg for every immersed surface X
in 83 of genus g. In particular, area(X) > Bg for every immersed minimal surface ¥
in 83 of genus g.

Finally, we note that [lmanen and White [27] have recently obtained sharp estimates
for the density of area-minimizing cones in Euclidean space. This result gives a lower
bound for the area of certain minimal hypersurfaces in the unit sphere.

5 The first eigenvalue of the Laplacian on a minimal surface

In this final section, we describe an estimate for the first eigenvalue of the Laplace
operator on a minimal surface. If ¥ is a minimal surface in S, then the restrictions of
the coordinate functions in R* satisfy

Asxi +2x; =0

fori € {1, 2, 3, 4}. It was conjectured by Yau [53] that the smallest positive eigenvalue
of the operator — Ay isequal to 2, provided that X is embedded. While Yau’s conjecture
is an open problem, there are various partial results in this direction. In particular, the
following result of Choi and Wang gives a lower bound for the first eigenvalue of the
Laplacian on a minimal surface.

Theorem 5.1 (Choi and Wang [16]) Let ¥ be an embedded minimal surface in S3,
and let ) be the smallest positive eigenvalue of the operator —Ax. Then A > 1.

Proof of Theorem 5.1 Suppose by contradiction that A < 1. Let ¢ : ¥ — R be an
eigenfunction, so that

Asp+ 1o =0.

The surface ¥ divides S into two regions, which we denote by N and N.Let v denote
the outward-pointing unit normal vector field to N. Moreover, let u : N — R and
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i : N — R be harmonic functions satisfying u|y = ii|y = ¢. Using the Bochner
formula, we obtain

1
|D%ul? +2|Vul> = 5 A(|Vul?).

We now integrating this identity over N and apply the divergence theorem. This gives

/|D2u|2+2/|Vu|2
N N

— lva
—/§< (IVul?), v)

)

= /(Dzu)(Vu, V)
>

2
= / Z(DQM)(e,-, V) (Vu, e;) + /(Dzu)(u, v) (Vu, v).
5 i=l1

b
Note that
2
(D*u)(v,v) = = D (D*u)(ei, &) = —Asg
i=1
since u is harmonic. We next define a function ¢ : ¥ — R by ¥ = (Vu, v). Then
(VEY, ei) = (D*w)(ei, v) + h(VZg, e).

Hence, we obtain

2
/|D2u|2+2/|vm2 =/Z<D2u)<e,~,v> <V%,el->—/Azw/f
N N y =l

)

=/<V2¢, vzw—/h(vzw, vzq))—/Aww
>

) )

= —/h(vzw, VEp) — 2/ Asp

p) )

=—/h(vzso, v2¢>+2x/w

z D)

= _/h(v%, VE¢)+2)»/|VM|2.

) N
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Since A < 1, we conclude that

/|Dzu|2 < —/h(vxw, Vi),

N )

An analogous argument gives
JE RN AR
N x

(Note that the outward-pointing unit normal vector field to N is given by —v, and the
second fundamental form with respect to this choice of normal vector is —/.) Adding

both identities gives
[+ [ 107 <o
N N

Therefore, Vu is a parallel vector field on N. Substituting this back into the Bochner
formula, we conclude that Vu = 0. Thus, u is constant, and so is ¢. This is a contra-
diction.

As a consequence of Theorem 5.1, Choi and Schoen obtained a compactness the-
orem for embedded minimal surfaces in S3.

Theorem 5.2 (Choi and Schoen [15]) Given any integer g > 1, the space of all
embedded minimal surfaces in S° of genus g is compact.

Choe and Soret were recently able to verify Yau’s conjecture for the Lawson surfaces
and the Karcher—Pinkall-Sterling examples (cf. [12,13]). The following result is a
consequence of Courant’s nodal theorem and plays an important role in the argument:

Proposition 5.3 Let ¥ be a closed surface equipped with a Riemannian metric. Let A
be the smallest positive eigenvalue of the operator —Ax, and let ¢ be the associated
eigenfunction. Moreover, let W be another eigenfunction of the operator —Ax, with
eigenvalue ;1 > 0. If {{y = 0} C {¢ = 0}, then A = L.

Proof of Proposition 5.3 By assumption, we have {¢ # 0} C {/ # 0}. Hence, if we
put D4+ = {¢ > 0}, then we have

Dy =Dy N{y >0) U (DN {y <0},

Note that the sets D4 N {¢y > 0} and D4 N {Y < 0} are disjoint open subsets of
. Moreover, the set D is connected by Courant’s nodal theorem (cf. [18], p. 452).
Thus, we conclude that either D, N{y¥ > 0} = Dy or Dy N{Y < 0} = D. In other
words, the restriction of i to the set D is either strictly positive or strictly negative.
Similarly, we can show that the restriction of v to the set D_ = {¢ < 0} is either
strictly positive or strictly negative.
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If ¥ |p, and ¥|p_ are of the same sign, then fz ¥ # 0, which is impossible. Thus,
Y¥|p, and ¥|p_ must have opposite signs. This implies that fz oy # 0. Since ¢ and
Y are eigenfunctions of —Ay with eigenvalues A and u, we conclude that A = p, as
claimed.

Corollary 5.4 (Choe and Soret [13]) Let £ be an embedded minimal surface in S3
which is symmetric under the reflection o(x) = x — 2 (a, x) a for some unit vector
a € R*. Moreover, let A be the smallest positive eigenvalue of the operator — A, and
let ¢ : ¥ — R be an eigenfunction with eigenvalue A. If . < 2, then the eigenfunction
@ is invariant under the reflection o.

Proof of Corollary 5.4 We argue by contradiction. Suppose that ¢ o 0 # ¢. Let ¢ =
poo —gand Y = (a, x). Then ¢ is an eigenfunction of — Ay, with eigenvalue A, and v
isan eigenfunction of — Ay, with eigenvalue 2. Moreover, we have {yy = 0} C {¢ = 0}.
Hence, Proposition 5.3 implies that A = 2. This is a contradiction.

Theorem 5.5 (Choe and Soret [13]) Suppose that X is one of the Lawson surfaces
or one of the surfaces constructed by Karcher—Pinkall-Sterling. Then the smallest
positive eigenvalue of — Ay is equal to 2.

We will only give the proof of Theorem 5.5 in the special case when X is one of the
Lawson surfaces. A key ingredient in the proof of Choe and Soret is the fact that the
Lawson surfaces are invariant under reflection across certain geodesic two-spheres in
$3. To describe these symmetries, let us fix two positive integers k and m. For each
i € Zpk+1), we consider the reflection o; (x) = x — 2 (a;, x) a;, where

@i+ 1) w(2i +1)
a; = {sin , —COS ,0,0).
2k + 1) 2k + 1)

Similarly, for each j € Zy(41), we define 7;(x) = x — 2 (b, x) bj, where

2j+1 2j+1
bj:<0,0,sinn( /D — osn( J+ )).

2m+ 1) P 2m+
Let I' be the subgroup of O(4) generated by the reflections o; and ;. Note that the

geodesic tetrahedron

T = xeS3:—x1 sinL <)C2czosL
2(k+1) 2k +1)

N xeS3:x1 sinL > X3 cosL
2k + 1) 2k + 1)

N{xe S :—x3 sinL < X4 cosL
2(m + 1) 2(m +1)

N xeS3:x3 sirlL>x4cosL
2(m +1) 2(m +1)

is a fundamental domain for I'.
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As in the proof of Theorem 2.1, let X ¢ be an embedded least area disk whose
boundary is the geodesic quadrilateral with vertices Py, Qp, P1, and Q1. Note that the
reflections o and tp map the boundary d X o to itself.

Lemma 5.6 The surface X is invariant under the reflections oy and 7.

Proof of Lemma 5.6 1t suffices to show that X ¢ is invariant under the reflection oyp.
Note that the set {x € X9, : (ap,x) = 0} is a union of finitely many smooth arcs.
In the first step, we show that the set ¥, = {x € ¢ : (ao, x) > 0} is connected.
Indeed, if X is disconnected, then there exists a connected component of ¥ which
is disjoint from the boundary 92 . Let us denote this connected component by D.
Clearly, D is a stable minimal surface whose boundary is contained in the totally
geodesic two-sphere {x € S3 : (ag, x) = 0}. Using the function (ag, x) as a test
function in the stability inequality, we conclude that the second fundamental form
vanishes at each point on D (see [45], Lemma 1). Therefore, X g is totally geodesic,
which is impossible. Thus, X is connected. An analogous argument shows that the
set X_ = {x € ¥g,0 : {(ao, x) < 0} is connected as well. Since X o is homeomorphic
to a disk, we conclude that ¥ and ¥_ are simply connected.

After replacing Xo o by 00(Zo,0) if necessary, we can arrange that area(Xy) <
%area(Eo,o). The surface 2_]+ U ao(fbr) is homemorphic to a disk, and its area is
bounded from above by the area of X 9. Consequently, the surface S Uog(Zy)is
a least area disk. In particular, the surface ¥, U oo(Z ) is smooth and has zero mean
curvature. Hence, the unique continuation theorem implies that fl+ U O—O(z_:_l’_) = 30,0.
This shows that X ¢ is invariant under the reflection o, thus completing the proof of
Lemma 5.6.

After these preparations, we now describe the proof of Theorem 5.5. Let ¥ =
Ui, j)eAeven i) be the Lawson surface constructed in Theorem 2.1. It follows from

Lemma 5.6 that the surface ¥ is invariant under I'. Let F : B? — 30,0 be a conformal
parametrization of o o. After composing F with a Mobius transformation on B, we
can arrange that F~! oogo F(s,1) = (—s,t)and F~' o g0 F(s, ) = (s, —t). Thus,
the pre-image of the surface X o N 7 under the map F is a quadrant in B”. From this,
we deduce that the fundamental patch

S=XNT =(ZooNTHU(Z_1,_1NT)

is simply connected, and the intersection of S with each face of T is a connected curve.

Let 1 be the smallest positive eigenvalue of the operator —Ay, and let ¢ be an
associated eigenfunction. If A < 2, then ¢ is invariant under I" by Corollary 5.4. The
nodal set {¢ = 0} is a union of finitely many smooth arcs. Let us choose a piecewise
smooth curve C C § N {¢ = 0} which starts at a point on the boundary 9§ and ends
at another point on the boundary 9S. There exists a connected component of S\C
which is disjoint from one of the faces of T'. Let us denote this connected component
by D, and let D’ be another connected component of S\ D which is disjoint from D.
By assumption, we have D N F = (, where F is one of the faces of the geodesic
tetrahedron 7.

Let us pick two points x and y in the interior of S such that x € D N {¢ # 0}
and y € D' N {p # 0}. Finally, let z € {¢ # 0} denote the reflection of x across
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F. By Courant’s nodal theorem, two of the points x, y, z lie in the same connected
component of {¢ # 0}. There are three cases now:

Case 1 Suppose that x and y lie in the same connected component of {¢ # 0}. Let
a : [0, 1] — {¢ # 0} be a continuous path such that «(0) = x and «¢(1) = y. We can
find a continuous path & : [0, 1] — S N {¢ # 0} with the property that «(0) = x and
a(t) = p(t) a(t) for some element p(¢) € I". Clearly, @(1) = y. Since the path &(¢)
cannot intersect C, it follows that x and y belong to the same connected component
of S\C. This contradicts our choice of x and y.

Case 2 Suppose that y and z lie in the same connected component of {¢ # 0}. Let
a : [0, 1] = {¢ # 0} be a continuous path such that «(0) = z and «(1) = y. In this
case, there exists a continuous path @ : [0, 1] = SN {p # 0} such that ®(0) = x and
a(t) = p(t) a(t) for some element p(¢) € I". Clearly, @(1) = y. Since the path &(¢)
cannot intersect C, it follows that x and y belong to the same connected component
of S\C. This contradicts our choice of x and y.

Case 3 Suppose that x and z lie in the same connected component of {¢ 7# 0}. Let
o : [0,1] — {p # 0} be a continuous path such that «(0) = x and o(1) = z. We
can find a continuous path & : [0, 1] — S N {¢ # 0} with the property that & (0) = x
and a(t) = p(t) a(t) for some element p(¢) € I'. Clearly, (1) = x. Moreover, since
the path @(¢) cannot intersect C, we conclude that the path a&(z) is disjoint from F.
From this, we deduce that p(#) € I'g, where I'g denotes the subgroup of I which
is generated by the reflections across the faces of T different from F. On the other
hand, the identity x = a(1) = p(1) (1) = p(1) z implies p(1) ¢ ['g. Again, this is
a contradiction. This completes the proof of Theorem 5.5.
Finally, let us mention the following theorem due to Ros [45]:

Theorem 5.7 (Ros [45]) Let X be an embedded minimal surface in S3, and let a be
a unit vector in R*. Then the set {x € £ : (a, x) > 0} is connected.

Sketch of the proof of Theorem 5.7 If X is atotally geodesic two-sphere, the assertion
is trivial. We will, therefore, assume that ¥ is not totally geodesic. Let D be a connected
component of the set {x € ¥ : (a, x) > 0}, and let I denote the boundary of D, so
that ' C {x € S3: (a, x) = 0}. Since D is a nodal domain of an eigenfunction of the
Laplace operator, the boundary I is a union of finitely many smooth arcs. The surface
¥ divides S3 into two regions, which we denote by N and N. Note that the regions
N and N are mean convex. Since the curve I" is null-homologous in N, we can find
an area-minimizing surface S C N such that S = I'. Similarly, there exists an area-
minimizing surface S C N satisfying 85 = I'. Note that I" may not be connected, and
Sand S might be disconnected as well. Using the function (a, x) as a test function in
the stability inequality, we conclude that S is totally geodesic (see [45], Lemma 1).
An analogous argument shows that S is totally geodesic.

We now distinguish two cases:

Case 1 Suppose first that

SUSc{xesS®: (ax)=0.
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Since 89S = 38 = I', we have
SUS={xeS: (ax) =0}
Since the surfaces S and S cannot touch away from I', we conclude that
xeT:(a,x)=0=SUS N =T.

This shows that {x € X : (a, x) > 0} = D, as claimed.

Case 2 Suppose finally that
SUS ¢ {xe S : (a x)=0}.
Without loss of generality, we may assume that
S¢{xes:(a,x)=0)
Let Sp be connected component of S such that
So ¢ {x € 8 (a,x) =0}.
Since Sy is totally geodesic, we have
So C{x eS8 :(b,x)=0}
for some unit vector b # a. This implies
3SocaSN{xe s :(b,x)=0}C{xeS:(a,x)=(b,x) =0}

Thus, S is a totally geodesic hemisphere. Moreover, Sp does not touch ¥ except along
the boundary. We now rotate the surface So until it touches ¥. When that happens,
the two surfaces coincide by the strict maximum principle. In particular, it follows
that ¥ is totally geodesic, contrary to our assumption. This completes the proof of
Theorem 5.7.

Note that, if Yau’s conjecture is true, then the function (a, x) is a first eigenfunction
of the operator —Ay;, and Theorem 5.7 is a consequence of Courant’s nodal theorem.

We remark that many results in this section can be extended to higher dimensions.
For example, the eigenvalue estimate of Choi and Wang works in all dimensions. More-
over, the two-piece property was generalized to higher dimensions in [13]. Finally,
Tang and Yan [50] recently obtained a sharp eigenvalue estimate for isoparametric
minimal surfaces in S”.
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