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Abstract Restricted Boltzmann Machines (RBMs), two-

layered probabilistic graphical models that can also be in-

terpreted as feed forward neural networks, enjoy much

popularity for pattern analysis and generation. Training

RBMs however is challenging. It is based on likelihood

maximization, but the likelihood and its gradient are com-

putationally intractable. Therefore, training algorithms such

as Contrastive Divergence (CD) and learning based on

Parallel Tempering (PT) rely on Markov chain Monte Carlo

methods to approximate the gradient. The presented thesis

contributes to understanding RBM training methods by

presenting an empirical and theoretical analysis of the bias

of the CD approximation and a bound on the mixing rate of

PT. Furthermore, the thesis improves RBM training by

proposing a new transition operator leading to faster mixing

Markov chains, by investigating a different parameteriza-

tion of the RBM model class referred to as centered RBMs,

and by exploring estimation techniques from statistical

physics to approximate the likelihood. Finally, an analysis

of the representational power of deep belief networks with

real-valued visible variables is given.
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1 Introduction

In the last years, models extending or borrowing concepts

from Restricted Boltzmann Machines (RBMs, [19]) have

been applied with great success as generative models,

classifiers, feature extractors or as building blocks of deep

architectures such as Deep Belief Networks (DBNs, [12]).

Restricted Boltzmann machines are undirected graphical

models that can also be interpreted as two-layered

stochastic neural networks, see Fig. 1. As an undirected

graphical model, an RBM represents a probability distri-

bution that can be used in an unsupervised learning

problem to model some distribution over some input

space. Given a set of samples as training data, learning

corresponds to adjusting the model parameters of the

RBM such that the represented probability distribution fits

the training data as well as possible. That is, the model

parameters are adjusted such that the likelihood of the

parameters given the training data is maximized. Max-

imum likelihood learning is in general challenging for

undirected graphical models because maximum likelihood

parameters cannot be found analytically and the log-

likelihood gradient needed for gradient-based optimiza-

tion is not tractable, since it involves averages over a

number of terms exponential in the size of the model.

Therefore, common training algorithms conduct Markov

Chain Monte Carlo (MCMC) methods to approximate the

gradient. An overview about RBMs and their most com-

mon training techniques can be found in our recent re-

view article [10].

The presented thesis investigates existing training algo-

rithms for RBMs empirically and theoretically, contributes

to improving training, and analyses the representational

power of DBNs.
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2 An Analysis of RBM Training Algorithms

Compared to 1986, when RBMs were introduced [19],

RBMs can now be applied to more interesting problems.

This is due to the increase in computational power and the

development of new learning strategies which started

around 2002 [11]. Obtaining unbiased estimates of the log-

likelihood gradient by MCMC methods typically requires

many sampling steps and thus is computationally too de-

manding. Hinton [11] however showed that the biased es-

timates obtained by initializing a Gibbs chain with a

training example and running it for just a few steps can be

sufficient for RBM training. The resulting approximation

of the log-likelihood gradient is referred to as Contrastive

Divergence (CD).

2.1 An Analysis of the Bias of CD Learning

The bias of CD depends not only on the number of sam-

pling steps, but also on the mixing rate of the Gibbs chain

(i.e. the speed of the convergence of the Markov chain to

the model distribution) and mixing slows down with in-

creasing magnitude of model parameters [1, 11]. The

magnitude of the RBM parameters increases during train-

ing, and so does the CD-bias. We show in a detailed em-

pirical analysis [6] that this can lead to a distortion of the

learning process: after some learning iterations, the likeli-

hood can start to diverge in the sense that the model sys-

tematically gets worse. This divergence depends on the

number of Gibbs sampling steps used to gain a sample, the

number of hidden variables of the RBM, and on the usage

of weight-decay or an adaptive learning rate.

To deepen the theoretical understanding of the CD-bias

we derive a new upper bound that reflects the dependencies

of the bias on the number of sampling steps and the

magnitude of the RBM parameters [9]. It is further affected

by the distance in variation between the modeled distri-

bution and the starting distribution of the Gibbs chain.

It was previously reported [1] that despite of the bias, the

signs of most components of the CD update are equal to the

corresponding signs of the log-likelihood gradient. There-

fore, we investigate [7] training based on resilient back-

propagation [17] as an optimization technique depending

only on the signs. However, in our experiments this did not

prevent the divergence caused by the approximation bias.

2.2 An Analysis of the Mixing Rate of PT Sampling

One of the most promising sampling techniques used for

RBM training so far is Parallel Tempering (PT), which

maintains several Gibbs chains in parallel and is designed

to produce a faster mixing Markov chain. This can prevent

the likelihood from diverging [5]. We analyze the con-

vergence rate of PT for sampling from RBMs by deriving a

lower bound on the spectral gap, which shows an expo-

nential dependency on the size of the smallest layer and the

sum of the absolute values of the RBM parameters ([8],

Chapter 6).

3 Improvements for RBM Training

We contribute in different ways to improving RBM train-

ing as it is described in the following.

3.1 A New Transition Operator for Sampling

in RBMs

Since the bias of the gradient approximation and the per-

formance of RBM learning algorithms heavily depend on

the mixing rate of the Markov chain employed for drawing

samples, it is of high interest to use sampling techniques

with a fast convergence rate. Likewise, when using RBMs

as generative models, one is interested in sampling tech-

niques leading to a fast convergence of the Markov chain to

the stationary distribution, since this is the distribution one

wishes to draw samples from. Contrastive divergence

learning as well as PT rely on Gibbs sampling, which is a

Metropolis-type transition operator. We propose [3] to re-

place Gibbs sampling by another transition operator from

this family. This operator—we refer to as flip-the-state

transition operator—maximizes the probability of state

changes and can replace Gibbs sampling in RBM learning

Fig. 1 The undirected, bipartite graph of an RBM with m visible

variables v ¼ ðv1; . . .; vmÞ to model observable data and n hidden

variables h ¼ ðh1; . . .; hnÞ to capture dependencies between the

visible variables. The set of parameters of an RBM is given by the

bias values bj and ci associated to the jth visible and ith hidden unit,

respectively, and a weight parameter wij associated to the connection

of both (i ¼ 1; . . .; n; j ¼ 1; . . .;m). The modeled probability distribu-

tion is given by pðv;hÞ ¼ 1
Z
e�Eðv;hÞ with normalization constant Z ¼

P
v;h e

�E v;hð Þ and energy Eðv;hÞ ¼ �
P

i;j vjwijhi �
P

j vjbj �
P

i hici
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algorithms without producing computational overhead. It is

shown analytically that the operator induces an irreducible,

aperiodic, and hence properly converging Markov chain,

also for the typically used periodic update schemes. Fur-

thermore, we demonstrate empirically that using the flip-

the-state operator can lead to faster mixing and in turn to

more accurate learning.

3.2 An Analysis of Centered RBMs

An undesired property of training RBMs based on the log-

likelihood gradient is that the learning procedure is not

invariant to the data representation. For example training

an RBM on the MNIST data set of handwritten digits

(white digits on black background) leads to a better model

than training it on the data set generated by flipping each

bit (black digits on white background). So far, two ways of

achieving invariance to such changes of the data repre-

sentation have been described. First, the enhanced gradient

was designed as an alternative update direction that can

replace the gradient and leads to the desired invariance [4].

Second, subtracting the data mean from the visible vari-

ables was reported to lead to similar learning results on

flipped and unflipped data sets [20]. Removing the data

mean of all variables is generally known as the centering

trick. It was recently applied to deep Boltzmann machines,

where it leads to better conditioned optimization problems

and improves some aspects of model performance [16]. We

analyse centered binary RBMs (see [8], Chapter 8, and

[15]), where we allow to subtract arbitrary offset values

from visible and hidden variables. It is shown analytically

that centering can be reformulated as a different update

rule for training normal binary RBMs. The corresponding

update direction becomes equivalent to the enhanced gra-

dient for a certain choice of offsets and yields the desired

invariance to the data representation for a broad set of

offset values. Numerical simulations show that centering

leads to better models in terms of the log-likelihood, and to

an update direction closer to the natural gradient. Optimal

model performance is achieved when subtracting mean

values from both visible and hidden variables. It is further

shown that the enhanced gradient suffers from divergence

more often than other centering variants, which can be

prevented by using an exponentially moving average for

the offset estimation.

3.3 New Estimators for the Normalization Constant

of RBMs

Assessing model performance is difficult since the likeli-

hood of RBMs is not tractable due to a normalization

constant which depends exponentially on the size of the

RBM. It can be reliably estimated using Annealed

Importance Sampling (AIS) [18], which however needs too

much computation time to efficiently monitor the training

process. Therefore, we explore ([8], Chapter 9) alternative

techniques from statistical physics for estimating the nor-

malization constant, including Bennetts Acceptance Ratio

(BAR) [2]. A unifying framework for deriving these

methods as well as AIS is given and an empirical analysis

shows that BAR gives superior results and outperforms

AIS. Moreover, BAR allows to reuse the samples generated

for learning when employed to track the partition function

during PT based training.

4 An Analysis of the Representational Power
of DBNs with Real-valued Visible Variables

Deep belief networks are built by stacking RBMs, and

known to be able to approximate any distribution over fixed-

length binary vectors [14]. However, DBNs are often used

for modeling distributions of real valued variables. There-

fore, we analyze [13] the approximation properties of DBNs

with two layers of binary hidden units, and visible units with

conditional distributions from the exponential family. It is

shown that they can, under mild assumptions, model any

additivemixture of distributions from the exponential family

with independent variables. An arbitrarily good ap-

proximation in terms of Kullback–Leibler divergence of an

m dimensional mixture distribution with n components can

be achieved by a DBNwith a layer ofm visible variables and

n and nþ 1 hidden variables in the first and second hidden

layer, respectively. Furthermore, we show that relevant in-

finite mixtures can be approximated arbitrarily well by a

DBN with a finite number of variables. This includes the

important special case of infinite additive mixtures of

Gaussian distributions, which in turn can model any strictly

positive density over a compact domain with arbitrary high

accuracy [21]. Therefore, DBNs with Gaussian visible and

binary hidden variables can also model any strictly positive

density over a compact domain arbitrarily well.
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