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Abstract In this study, tube flow of Cu–water nanofluid

is considered with effect of different shaped nanoparticles.

Hamilton–Crosser model is used for the effective thermal

conductivity of the nanofluids. In addition, heat transfer

through the tube is also studied for this problem. Exact

solutions are obtained for governing modified equations

with long wavelength and low Reynold number ap-

proximation case, and are discussed graphically.

Keywords Peristalsis � Heat transfer � Copper �
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Introduction

Peristalsis is a phenomenon in which a series of wave-like

muscle contractions move the food to different stations in

the digestive tract of a human body. The process of peri-

stalsis begins when a bolus of food is swallowed and as a

result, the strong wave-like motions of the smooth muscle

in the esophagus carry the food to the stomach as the food

then turns into chyme. This phenomenon is also involved in

the intestines where the food is mixed and shifted back and

forth. Latham (Latham 1966) was the first person to define

the peristaltic pump. Soon after his significant work in

1966, many scientists and researchers turned their attention

towards the experimental approach of peristaltic motion

and peristaltic pumping. Barton and Raynor (1968) studied

the peristaltic motion of a fluid in a tube and calculated the

time required for thyme to traverse unto the small in-

testines. Shapiro et al. (1969) studied peristaltic flow with

long wavelength and low Reynolds number. Peristalsis

attracted thousands of researchers around the globe due to

its wide applications in the industry and in the field of

medicine, i.e., the heart–lung machine. Interesting contri-

bution towards peristalsis has been made since (Weinberg

1970; Sher Akbar 2015; Yin and Fung 1971; Sher Akbar

and Butt 2015a; Vajravelu et al. 2007; Sher Akbar and Butt

2015b; Sher Akbar 2014).

The convective flow mechanisms of nanofluids are the

subject of prominent work in this era. Current progress in

nanotechnology introduced the use of fluids mixed with

nanoparticles, called as nanofluids. The use of nanofluids in

industries has become of great importance due to its ap-

plications, particularly the enhancement of thermal con-

ductivity of a fluid (Rao 2010; Eastman et al. 2001; Choi

et al. 2001; Xie et al. 2002; Xie et al. 2003; Sher Akbar

et al. 2014; Sher Akbar and Butt 2014; Khan et al. 2014).

Experimental study has shown that the effect that

nanoparticles have on the enhancing the thermal conduc-

tivity depends on many circumstances including the shape

and size of the nanoparticles. These nanofluids contain

nanoparticles such as oxides, nitrides, metals or carbon

nanotubes. The shapes of these nanoparticles may be dif-

ferent i.e., bricks, spheres, disks, or rods (Timofeeva et al.

2009). Based on the research of Maxwell (1873), Hamilton

and Crosser (1962) found that the influence of particles

shape can be accounted for using the sphericity of the

particle. Further analysis could be seen through Refs. (Sher

Akbar 2015a; Ellahi 2015; Sher Akbar 2014a; Mathur and

He 2013; Sher Akbar 2015c; Gorji et al. 2014; Sher Akbar

2015d; Sher Akbar 2013; Sher Akbar 2014b).

In this article, we have studied the heat transfer char-

acteristics of a nanofluid with different shaped
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nanoparticles, using the Hamilton–Crosser model. The

objective of this study is to analyze how the shapes of these

nanoparticles effect towards the natural convection of the

fluid under consideration. The problem is formulated using

the Hamilton–Crosser model with heat transfer; the gov-

erning nonlinear differential equations are simplified using

the low Reynolds number and long wavelength assump-

tions. Exact solutions are obtained for the velocity and

temperature profile. Detailed discussion is presented over

the subject with graphical description.

Formulation of the problem

Consider a non-Newtonian axisymmetric flow of copper

nanofluids in a circular tube of finite length L. The inner

surface of the circular tube is ciliated with metachronal

waves and the flow occurs due to collective beating of the

cilia. Heat transfer analysis with the nanofluid is also taken

into account A wave propagating wall of the tube has given

a constant temperature T0 (Fig. 1).

In the fixed coordinates �R; �Zð Þ; the flow between the

two tubes is unsteady. It becomes steady in a wave frame

�r; �zð Þ moving with the same speed as the wave moves in

the �Z-direction. The transformations between the two

frames are:

�r ¼ �R; �z ¼ �Z � c�t; v ¼ V ; w ¼ W � c; p z; r; �tð Þ
¼ p Z; R; �t
� �

ð1Þ

The governing equations for an incompressible

nanofluid can be written as:
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where r and z are the coordinates. z is taken as the center

line of the tube and r transverse to it, u and v are the

velocity components in the r and z directions, respectively,

T is the local temperature of the fluid. Further, qnf is the

effective density, lnf is the effective dynamic viscosity,

(qcp)nf is the heat capacitance, anf is the effective thermal

diffusibility, and knf is the effective thermal conductivity of

the nanofluid, which are defined as (see refs. Sher Akbar

2014; Sher Akbar and Butt 2014).

qnf ¼ 1� /ð Þ qf þ /qf ; lnf ¼
lf

1� /ð Þ2:5
;

anf ¼
knf

qcp
� �

nf

; qcp
� �

nf
¼ 1� /ð Þ qcp

� �
f
þ/ qcp
� �

s
:

ð6aÞ

Here u is the solid nanoparticle volume fraction.

Maxwell (1873) and further developed Hamilton and

Crosser model (1962) to take into account irregular

particle geometries by introducing a shape factor.

According to this model, when the thermal

conductivity of the nanoparticles is 100 times larger

than that of the base fluid, the thermal conductivity can

be expressed as:

knf ¼ kf
ks þ mþ 1ð Þ kf � mþ 1ð Þ kf � ks

� �
/

ks þ mþ 1ð Þ kf þ / kf � ks
� �

 !

; ð6bÞ

where ks and kf are the conductivities of the particle

material and the base fluid. In this Hamilton–Crosser

model, m is the shape factor. The thermal conductivity

and viscosity of various shapes of alumina nanoparticles

in a fluid were investigated by Elena et al. (2009). They

analyzed experimental data accompanied by theoretical

modeling for different shapes of nanoparticles. Accord-

ing to them, the values of shape factor are given as in

Table 1 .Fig. 1 Geometry of the Problem
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We introduce the following non-dimensional variables:
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a
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Making use of these variables in Eqs. (2, 3, 4, 5), and

using the assumptions of low Reynolds number and long

wavelength, the non-dimensional governing equations after

dropping the dashes can be written as:

op

or
¼ 0; ð8Þ

dp

dz
¼ 1

1� /ð Þ2:5
1

r

o

or
r
ow

or

� �
�M2 wþ 1ð Þ þ Grh; ð9Þ

0 ¼ 1

r

o

or
r
oh
or

� �

þ n
ks þ mþ 1ð Þ kf þ / kf � ks

� �

ks þ mþ 1ð Þ kf � mþ 1ð Þ kf � ks
� �

/

 !

; ð10Þ

where M, n and Gr are the Hartmann number, heat

absorption parameter and Grashof number respectively.

The non-dimensional boundary conditions are given as:

ow

or
¼ 0;

oh
or

¼ 0 at r ¼ 0; ð11aÞ

w ¼ �1; h ¼ 0; at r ¼ h zð Þ ¼ 1þ e cos 2pzð Þ: ð11bÞ

Exact Solutions

Solving Eqs. (8, 9, 10) together with boundary conditions

in Eq. (11a, 11b), we obtain:

Table 1 Nanoparticle shape with their shape factor

Nanoparticles type Shape Shape factor

Bricks 3.7

Cylinders 4.9

Platelets 5.7
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h r; zð Þ ¼ 1

4
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The flow rate is given by:

F ¼ 2

Zh zð Þ

0

rwdr; ð14Þ

this implies:

The pressure rise can be found by using the expression:

DP ¼
Z1

0

dP

dz
dz: ð16Þ

Results and discussions

The exact solutions obtained in the previous section have

been discussed graphically for different physical pa-

rameters here. Figure 2 presents velocity profile for

different shapes of the nanoparticles i.e., Bricks, Cylinder

and Platelets and also for different values of Hartmann

number M. It is seen that when we increase Hartmann

number M velocity field increases near the tube wall but

decreases at the center of the tube. It is also seen that

velocity when magnetic field is small for bricks particle is

high and for cylinder particle is small, bus as we increasing

magnetic field then velocity for Platelets particle is high

but for Bricks particle it is small. Figure 3 present pressure

rise versus flow rate. It is observed that when we increase

Hartmann number M pressure rise increases and pressure

rise for Platelets case is high as compared to Bricks and

Cylinder particles.

Figure 4 shows the variation in the effective thermal

conductivity of the nanofluid for different shapes of the

nanoparticles i.e., Bricks, Cylinder and Platelets. We can

see a significant amount of difference in the thermal con-

ductivities of different shape nanoparticles, with Platelets

nanoparticles having the maximum thermal conductivity

and Bricks nanoparticles having the least. Note that the

solid nanoparticle volume fraction is directly proportional
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Platelets
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Fig. 2 Variation of velocity profile for different shape of the particle
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Fig. 3 Variation of pressure rise for different shape of the particle
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to the thermal conductivity of the fluid. The higher the

solid nanoparticle fraction the greater the thermal con-

ductivity of the fluid.

The effect of different shapes of nanoparticles on the

temperature distribution is shown in Fig. 5a, b. The pic-

torial view indicates that temperature of the fluid inside the

tube is greater at the center of the tube and significantly

less at the walls of the tube. Temperature rises as we

change the shape of nanoparticles from bricks to cylinders

and platelets, respectively. Also we observe that tem-

perature decrease with an increase in the heat absorption

parameter n and it falls down when we increase e. The
thermal conductivity of the fluid improves if we use the

particular brick shaped nanoparticles in the fluid.

Figure 6a, b are prepared to analyze the effect of dif-

ferent constraints on the pressure gradient. It is noticed that

the pressure gradient has a sinusoidal behavior and it rises

with a rise in the ratio of buoyancy forces to viscous forces

i.e., Grashof number Gr, and its values drop significantly as

the ratio of electromagnetic forces to viscous force in-

creases i.e., Hartmann number M. Just like temperature

rise, pressure gradient is also greater for platelets than that

of cylinder and brick shaped nanoparticles.

Figure 7a, b, c are prepared to analyze the effect of

cylinder and brick shaped nanoparticles on streamlines. It

is observed that number of bolus for Bricks particles are
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Fig. 4 Variation of effective thermal conductivity of the nanofluid
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high but size of the bolus for Bricks particle is small as

compared to the Cylinder particles.

Conclusion

Tube flow of Cu–water nanofluid is considered with effect

of different shaped nanoparticles. Hamilton–Crosser model

is used for the effective thermal conductivity of the

nanofluids.

1. It is seen that when we increase Hartmann number M

velocity field increases near the tube wall but decreases

at the center of the tube. It is also seen that velocity

when magnetic field is small for Bricks particle is high

and for cylinder particle is small.

2. It is observed that when we increase Hartmann number

M pressure rise increases and pressure rise for Platelets

case is high as compared toBricks andCylinder particles.

3. We can see a significant amount of difference in the

thermal conductivities of different shape nanoparticles,

with Platelets nanoparticles having the maximum

thermal conductivity and Bricks nanoparticles having

the least.

4. The solid nanoparticle volume fraction is directly

proportional to the thermal conductivity of the fluid.

The higher the solid nanoparticle fraction the greater

the thermal conductivity of the fluid.

5. Temperature rises as we change the shape of nanopar-

ticles from bricks to cylinders and platelets

respectively.

6. It is noticed that the pressure gradient is also greater

for platelets than that of cylinder and brick-shaped

nanoparticles.

7. It is observed that number of bolus for Bricks particles

are high but size of the bolus for Bricks particle is

small as compared to the Cylinder particles.
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