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Using the operator valued Fourier transform, the \(C^{*}\)-algebras of connected real two-step nilpotent Lie groups are characterized as algebras of operator fields defined over their spectra. In particular, it is shown by explicit computations, that the Fourier transform of such \(C^{*}\)-algebras fulfills the norm controlled dual limit property.



                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            
                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Deformations of nilpotent groups and homotopy symmetric $$C^*$$ -algebras
                                        
                                    

                                    
                                        Article
                                        
                                         13 February 2016
                                    

                                

                                Marius Dadarlat & Ulrich Pennig

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        The $$C^*$$ -algebra of the semi-direct product $$K < imes A$$
                                        
                                    

                                    
                                        Article
                                        
                                         03 June 2020
                                    

                                

                                Hedi Regeiba & Jean Ludwig

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        On Kostant’s theorem for Lie superalgebras
                                        
                                    

                                    
                                        Chapter
                                        
                                         © 2014
                                    

                                

                                
                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    References
	Brown, I.: Dual topology of a nilpotent Lie group. Ann. Sci. l’É.N.S. 4e Sér. Tome 6(3), 407–411 (1973)

	Corwin, L., Greenleaf, F.P.: Representations of nilpotent Lie groups and their applications. Part I. Basic theory and examples. In: Cambridge Studies in Advanced Mathematics, vol. 18. Cambridge University Press, Cambridge (1990)

	Dixmier, J.: \(C^{*}\)-algebras. Translated from French by Francis Jellett. In: North-Holland Mathematical Library, vol. 15. North-Holland, Amsterdam (1977)

	Lahiani, R.: Analyse Harmonique sur certains groupes de Lie à croissance polynomiale. Ph.D. thesis, University of Luxembourg and Université Paul Verlaine-Metz (2010)

	Leptin, H., Ludwig, J.: Unitary representation theory of exponential Lie groups. In: De Gruyter Expositions in Mathematics, vol. 18. Berlin (1994)

	Lin, Y.-F., Ludwig, J.: The \(C^{*}\)-algebras of \(ax+b\)-like groups. J. Funct. Anal. 259, 104–130 (2010)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Ludwig, J., Turowska, L.: The \(C^{*}\)-algebras of the Heisenberg Group and of thread-like Lie groups. Math. Z. 268(3–4), 897–930 (2011)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Ludwig, J., Zahir, H.: On the nilpotent \(*\)-Fourier transform. Lett. Math. Phys. 30, 23–24 (1994)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Pukanszky, L.: Leçons sur les représentations des groupes. Dunod, Paris (1967)
MATH 
    
                    Google Scholar 
                

	Regeiba, H.: Les \(C^{*}\). Ph.D. thesis, Université de Lorraine (2014)

	Regeiba, H., Ludwig, J.: \(C^{*}\)-Algebras with Norm Controlled Dual Limits and Nilpotent Lie Groups (2013). arXiv:1309.6941
                        


Download references




Acknowledgments
This work is supported by the Fonds National de la Recherche, Luxembourg (Project Code 3964572).


Author information
Authors and Affiliations
	Mathematical Research Unit, Université du Luxembourg, 6, rue Richard Coudenhove-Kalergi, 1359, Luxembourg, Luxembourg
Janne-Kathrin Günther

	UMR 7502, Institut Elie Cartan de Lorraine, Université de Lorraine, Ile du Saulcy, 57045, Metz Cedex 01, France
Janne-Kathrin Günther & Jean Ludwig


Authors	Janne-Kathrin GüntherView author publications
You can also search for this author in
                        PubMed Google Scholar



	Jean LudwigView author publications
You can also search for this author in
                        PubMed Google Scholar





Corresponding author
Correspondence to
                Janne-Kathrin Günther.


Appendix
Appendix

                  
                    Lemma 1
                  

                  Let V be a finite-dimensional euclidean vector space and S an invertible, skew-symmetric endomorphism. Then V can be decomposed into an orthogonal direct sum of two-dimensional S-invariant subspaces.

                
                  
                    Proof
                  

                   
                              S extends to a complex endomorphism \( S_{\mathbb {C}}\) on the complexification \(V_{\mathbb {C}}\) of V, which has purely imaginary eigenvalues.

                  If \( i\lambda \in i{\mathbb {R}}\) is an eigenvalue, then also \( -i\lambda \) is a spectral element. Denote by \( E_{i\lambda } \) the corresponding eigenspace. These eigenspaces are orthogonal to each other with respect to the Hilbert space structure of \( V_{\mathbb {C}}\) coming from the euclidean scalar product \( \langle \cdot ,\cdot \rangle \) on V.

                  Let for \( i\lambda \) in the spectrum of \( S_{\mathbb {C}}\)
                              
$$\begin{aligned} V^{\lambda }:=(E_{i\lambda }+E_{-i\lambda })\cap V. \end{aligned}$$

If \( \lambda \ne 0 \), \( dim (V^{\lambda } ) \) is even and \(V^{\lambda } \) is S -invariant and orthogonal to \(V^{\lambda '} \), whenever \( |\lambda |\ne |\lambda '| \):

                  Indeed, one then has for \( x\in V^{\lambda }, x'\in V^{\lambda '}\) that
$$\begin{aligned} x+iy\in & {} E_{i\lambda } \quad \text {and} \quad x-iy\in E_{-i\lambda }\quad \text { for some }y\in V \quad \text {as well as}\\ x'+iy'\in & {} E_{i\lambda '} \quad \text {and} \quad x'-iy'\in E_{-i\lambda '} \quad \text { for some }y'\in V. \end{aligned}$$

Therefore,
$$\begin{aligned} \langle {x+iy},{x'+iy'}\rangle =0 \quad ~\text {and} \quad \langle {x-iy},{x'+iy'}\rangle =0. \end{aligned}$$

Thus, one has
$$\begin{aligned} \langle {x},{x'+iy'}\rangle =0 \quad \text {and hence} \quad \langle {x},{x'}\rangle =0. \end{aligned}$$

Suppose that \(dim (V^{\lambda } )>2\), choose a vector \( x\in V^{\lambda } \) of length 1 and let \(y=S(x)\). Since \(S_{\mathbb {C}}^2=-\lambda ^2 \text {Id}\), both on \(E_{i\lambda }\) and on \(E_{-i\lambda }\),
$$\begin{aligned} S(y)=S^2(x)=-\lambda ^2 x. \end{aligned}$$

This shows that \( W_1^{\lambda }:= \text {span} \{x,y\} \) is an S-invariant subspace of \( V^{\lambda } \). If \( V_1^{\lambda } \) denotes the orthogonal complement of \( W_1^{\lambda } \) in \( V^{\lambda } \), then \(V_1^{\lambda } \) is S -invariant, since \(S^t=-S\).

                  In this way one can find a decomposition of \( V^{\lambda } \) into an orthogonal direct sum of two-dimensional S -invariant subspaces \(W_j^{\lambda } \) and by summing up over the eigenvalues, one obtains the required decomposition of V.
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