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Abstract In an effort to slow transmission of blood-borne pathogens among intravenous
drug misusers, clinicians through harm reduction programs have tried to educate intravenous
drugmisusers about the dangers of sharing needles and other injecting equipment. These pro-
grams encourage the use of new needles for every injection or, when new equipment is not
available, too clean needles by bleaching them before they are reused. In this paper, a math-
ematical model for the transmission dynamics of hepatitis C virus (HCV) has been proposed
and investigated. The impacts of bleaching and individual withdrawal on the transmission
dynamics of HCV are discussed through the basic reproductive number and numerical simu-
lations. For the time dependent control, we formulate the appropriate optimal control problem
and investigate the necessary conditions for HCV control in order to determine the impact
of bleaching on HCV prevalence. Although, bleaching is not 100% effective, results in this
paper suggests that if bleaching is 70% effective in the absence of time dependent control
then cumulative cases of new HCV infections may have a significant decline. However, in
the presence of time dependent control we have established that if bleaching is 55% effective
HCV may die out.

Keywords HCV ·Drugmisuse ·Mathematical models ·Bleaching · Individual withdrawal ·
Optimal control theory

Mathematics Subject Classification 92D30 · 93D20 · 34G20

Introduction

Hepatitis C is a disease with a significant global impact. According to the World Health
Organization there are 170 million people infected with the hepatitis C virus (HCV), cor-
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responding to 3% of the world’s total population. Intravenous drug addiction is a high-risk
factor for acquiring chronic HCV infection [1]. Serologic testing for antibodies to HCV has
shown that between 36 and 95% of intravenous drug users (IDUs) have been exposed to HCV
[2,3]. HCV is a blood-borne pathogen responsible for a substantial proportion of cases of
post-transfusion hepatitis, liver cirrhosis and hepatocellular carcinoma [4,5]. In developing
countries, the reuse of needles and syringes without sterilization for therapeutic injections has
been implicated as a vehicle for transmission of blood-borne organisms including hepatitis
B virus (HBV), human immunodeficiency virus (HIV), Ebola virus, Lassa fever virus, and
HCV [6,7].

Mathematical modeling provides an alternative means to define our problems, organize
our thoughts, understand our data, communicate and test our understanding, and make pre-
dictions. The deterministic compartmental model provides means of obtaining insight into
the dynamics of viral transmission among intravenous drug misusers. As with most models
for disease transmission and control, our model is based on the simple SIR model [8]. The
main parameter of the SIR model is the basic reproduction number, R0. If this parameter is
below unity, then the disease dies out, whereas if this parameter is above unity, any small
introduction of infected individuals in the population results in an oscillatory approach to an
endemic equilibrium.Mathematically, there is a trivial equilibrium, known as the disease-free
equilibrium, which is globally asymptotically stable whenever R0 < 1 [9]. A brief survey
on previous works provides the context of this paper. Various theoretical studies have been
carried out on the mathematical modelling of HCV transmission dynamics focusing on a
number of different issues, see [10–18] to mention a few.

Moneim and Mosa [12], analyzed a HCV model with susceptible, infected type one
and type four hepatitis C. Their work established that the mutation rate of the virus within
infected individuals is a major factor to make the HCV endemic in the population. The impact
of vaccination on controlling HCV was considered by Dontwi et al. [13], in their study they
concluded that the frequency of sharing injecting materials has an impact on the force of
infection and the prevalence of HCV. Hence vaccination programs aimed to attain “herd
immunity” that ensures that no epidemic can take place may be a crucial measure to control
HCV among intravenous drug misusers. The role of preferential sexual contacts between
intravenous drug misusers and non intravenous on the transmission dynamics of HCV was
studied by Bhunu and Mushayabasa [14]. Results from their work suggested, that apart
from drug injection misuse, sexual activity might also be responsible for increasing HCV
cases. More recently, Mushayabasa et al. [16] proposed a four-compartment, deterministic
model to analyze the effects of educational campaigns on controlling HCV among women in
prison settings. The model suggested that educating women prisoners about abstaining from
intravenous drug misuse may significantly reduce HCV prevalence among women in prison
settings. This work also highlighted that targeted education campaigns, may be effective at
stopping transmission of HCV more than 80% of the time.

Although a number of deterministic models for HCV have been proposed, none of these
studies has considered the effect of bleaching and individual withdrawal on modelling the
transmission dynamics of HCV among IDUs. It is therefore against this background that this
study finds its relevance and motivation, by formulating a mathematical model to investigate
the impact of bleaching and individuals withdrawal on the transmission dynamics of HCV
among intravenous drugmisusers. Themodel incorporates somekey epidemiological features
such as the rate of progression to latent stage,which anumber of studies havebeenoverlooking
although it is a very important stage for an infection such a HCV. Furthermore, the study
investigates the effects of peer influence and depression on the transmission dynamics of
HCV.
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The paper is structured as follows. The HCV transmission model is formulated and pre-
sented in the next section. Model analysis and results are presented in “Model Analysis and
Results” section. Concluding remarks round up the paper.

Model Framework

Consider a population consisting of four sub-populations namely, susceptible intravenous
drug misusers (SD), susceptible non-intravenous drug misusers (SN ), Latently infected
individuals (L), infectious individuals, both acute and chronic (I ), and individuals who
spontaneously clear the virus upon infection T . Thus, the total population (N ) is given by
N = SD +SN +L+ I +T . Let� denote a constant recruitment rate into the susceptible non-
intravenous drugmisusers population. Assuming homogeneousmixing of the population, the
Susceptible intravenous drug misusers are infected with HCV through sharing contaminated
needles or syringes at rateλ = βc(1−q)(1−φ)I

N−q I ,whereβ is the probability ofHCV transmission
per needle sharing, and c denotes the average number of needle sharing partners. The role of
bleaching is modeled by a factor (1−φ), with, 0 ≤ φ ≤ 1. If φ = 0 it implies that bleaching
is 0% effective to prevent HCV infection among intravenous drug misusers, while φ = 1
implies that bleaching is 100% effective to prevent HCV infection among intravenous drug
misusers. A fraction, q of infectious individuals is assumed to withdraw from intravenous
drug misuse activity. The fraction q appears in both the numerator and the denominator of
the incidence term. Let μ be a constant per capita death rate for all sub-populations in the
absence of HCV. We assume that susceptible non-intravenous drug misusers can acquire
intravenous drug misuse habits through effective contacts with active intravenous drug mis-

users at rate λp = βpcp(SD+L+(1−q)I+T )

N−q I , βp is the probability of becoming an intravenous
drug misuser per effective contact with an active intravenous drug misuser, cp denotes the
average number of effective contacts necessary for to become an intravenous drug misuser
(contact rate).

Although, peer influence plays a crucial role on increasing the total population of intra-
venous drug misusers (especially among the youth who often use or abuse drugs within their
peer groups and are often guided by the peer norm, where drugs may be considered normal),
it is worth noting that some individuals may decide to become intravenous drug misusers by
choice as a result of other factors like depression (when certain things happen to someone that
is considered very sad and disheartening, then the individuals may think that the best way to
become happy once more is to use drugs which may later on turn to be a habit, hence a drug
misuser). Thuswe assume α to be the constant rate at which susceptible non-intravenous drug
misusers engage into intravenous drug misuse activity without the influence of intravenous
drug misusers.

Furthermore, we assume that susceptible non-intravenous drug misusers who are infected
on their first exposure to intravenous drugs move into the L class at a rate θλ, where θ

(0 ≤ θ ≤ 1) models the reduced chances of a susceptible non-intravenous drug misuser to be
infected on his/her first exposure to intravenous drugs compared to a susceptible intravenous
drug misusers. It is worth noting that, there is a possibility of susceptible non-IDUs to be
infectedwithHCVon their first exposure to drugmisuse due to the fact the IDUs practicewhat
is termed “flash-blood”. Flash-blood is an intravenous drug administration technique used
by recreational drug users in which an individual injects himself with blood extracted from
another drug user [19]. The purpose of this technique is to experience substance intoxication
(a “high”) or help combat symptoms of drug withdrawal [19].
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Fig. 1 Model flow diagram

The incubation period after exposure to HCV is between 15 and 150 days (average 50
days) [20], hence we have denoted the incubation period in our model by γ. Upon infection
with the virus, a fraction of people (about 26%) spontaneously clear the acute infection
[10]. The specifics of spontaneous clearance are not well known,although women and young
adults exhibit higher spontaneous recovery rates. Here, we assume that parameter f represent
a fraction of infected individuals who will clear the virus. The fact that people who clear
the virus upon infection become immune to the disease remains a debate. In this paper, we
assume that a proportion σ of ‘self cured’ infections will lose their immunity at rate ω and
become susceptible to infection.

From the aforementioned model description and assumptions, we establish the following
deterministic system of nonlinear differential equations.

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ṠN = � − (α + λp)SN − (μ + θλ)SN ,

ṠD = (α + λp)SN − (μ + λ)SD + σωT,

L̇ = λ(SD + θ SN ) − (μ + γ )L ,

İ = (1 − f )γ L − μL ,

Ṫ = f γ L − (μ + σω)T .

(1)

The model flow diagram is depicted in Fig. 1.

Model Analysis and Results

Feasible Region

In this section, we study the basic results of solutions of model system (1), which are essential
in the proofs of stability results.

Lemma 1 The non-negative orthant R5+ is positively invariant for the system (1).

Proof Model system (1) can be written in the form X ′ = AX + B, with

A =

⎡

⎢
⎢
⎢
⎢
⎣

−(α + μ + θλ + λp) 0 0 0 0
(α + λp) −(λ + μ) 0 0 σω

λ θλ −(μ + γ ) 0 0
0 0 (1 − f )γ −μ 0
0 0 f γ 0 −(μ + σω)

⎤

⎥
⎥
⎥
⎥
⎦

, and B =

⎡

⎢
⎢
⎢
⎢
⎣

�

0
0
0
0

⎤

⎥
⎥
⎥
⎥
⎦

.

(2)
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Note that B ≥ 0, and A is a Metzler matrix (a Metzler matrix is a matrix with off-diagonal
entries non-negative [21]) which imply that the system (1) is positively invariant in R

4+. ��
Lemma 2 Each non-negative solution is bounded in L1-norm by max {N (0),�/μ}.
Proof The L1 norm of each non-negative solution is N and it satisfies the inequality N ′ ≤
�−μN . Solutions to the equation M ′ = �−μM are monotone increasing and bounded by
�/μ if M(0) < �/μ. They are monotone decreasing and bounded above if M(0) ≥ �/μ.
Since N ′ ≤ M ′ the claim follows. ��
Corollary 1 The region

� =
{

(SN , SD, L , I, T ) ∈ R
5+ : N ≤ max

{

N (0),
�

μ

}}

,

is invariant and attracting for system (1).

Thus, the model is mathematically and epidemiologically well-posed and it is sufficient
to consider the dynamics of the flow generated by system (1) in �.

The Disease-Free Equilibrium and Its Stability

Model system (1) has an evident disease-free equilibrium (DFE) given by,

E0 =
(
S0N , S0D, L0, I 0, T 0

)

=
( �

α + μ + βpcp
,

�(α + βpcp)

μ(α + μ + βpcp)
, 0, 0, 0

)
.

The basic reproductive number is defined as the number of secondary cases generated by a
primary case when the virus is introduced in a population of fully susceptible individuals at a
demographic steady state [8]. Following van den Driessche et al. [9], and using the notation
defined therein, the matrices F and V for the new infection terms and the remaining transfer
terms are, respectively, given by

F =
⎡

⎣
0

βc(1 − q)(1 − φ)(βpcp + θμ + α)

βpcp + α + μ

0 0

⎤

⎦

and

V =
[

γ + μ 0
−(1 − f )γ μ

]

.

Thus, the reproductive number for system (1) denoted by Rbw is given by

Rbw = βcγ (1 − f )(1 − q)(1 − φ)(βpcp + θμ + α)

μ(γ + μ)(βpcp + α + μ)
(3)

Rbw measures the average number of new infections generated by a single intravenous drug
misuser during his/her entire infectious period when he/she is introduced into a susceptible
population in the presence of the aforementioned intervention strategies. In the absence of
withdrawal (q = 0) and bleaching (φ = 0), the reproductive number (R0) is given by

R0 = βcγ (1 − f )(βpcp + θμ + α)

μ(γ + μ)(βpcp + α + μ)
. (4)
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Relating Eqs. (3) and (4) one gets

Rbw = (1 − q)(1 − φ)R0. (5)

This suggests that bleaching and withdrawal have a positive impact on controlling HCV
among intravenous drug misusers since Rbw < R0 (note that 0 < q ≤ 1, 0 < φ ≤ 1). In
the absence of bleaching the reproductive number is given by

Rw = (1 − q)R0. (6)

The threshold quantity Rw is defined as the average number of secondary HCV infections
caused by a single infected individualwhen introduced in a completely susceptible population
in the absence of syringe bleaching. From Eq. (6) we deduce that in the absence of syringe
bleaching, withdrawal alone have a positive impact on controlling HCV. In the absence of
withdrawal the reproductive number is given by

Rb = (1 − φ)R0. (7)

The threshold quantity Rb gives the average number of new HCV infections generated by
a single infected individual in a completely susceptible population when bleaching is the
only intervention strategy. Comparing Eqs. (5–7), one will observe that implementing more
than one intervention strategy may prove to be more useful, than implement one, since
Rbw < (Rb,Rw) < R0.

Theorem 1 E0 is globally-asymptotically stable (GAS) in the feasible region D ifRbw ≤ 1.

Proof Following Kamgang and Sallet [22], we write system (1) in the form
{
ẋ1 = A1(x) · (x1 − x∗

1 ) + A12 · (x2),

ẋ2 = A2(x)x2,

on the positively invariant set � ⊂ R
n1+n2+ . Here x1 = (SN , SD, T ) and x2 = (L , I ). Here

x1 ∈ R
3+ denotes the densities in the different compartments of uninfected individuals and

x2 ∈ R
2+ denotes the numbers of infected individuals. For simplicity we identify x1 with

(x∗
1 , 0), and x2 with (0, x2) in R

n1+n2+ . Thus, we have to prove that the following conditions

(H1) The system is defined on a positively invariant set � of the non-negative orthant. The
system is dissipative on �.

(H2) The sub-system x ′
1 = A1 · (x1, 0) · (x1 − x∗

1 ) is globally asymptotically stable at the
equilibrium x∗

1 on the canonical projection of � on R
n1+ .

(H3) The matrix A2(x) is Metzler (A Metzler matrix is a matrix with off-diagonal entries
non-negative [21]) and irreducible for any given x ∈ �.

(H4) There exists an upper-bound matrix Ā2 for M = {A2(x)/x ∈ �} with the property
that either A2 /∈ M or if A2 /∈ M, (i.e., A2 = max� M), then for any x̄ ∈ � such
that Ā2 = A2(x̄), x̄ ∈ R

n1+ × {0} (i.e., the points where the maximum is realized are
contained in the disease-free sub-manifold).

(H5) ρ( Ā2) ≤ 0.

are satisfied. If conditions (H1–H5) are satisfied, then E0 is globally asymptotically stable
for in .
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We express the sub-system x ′
1 = A1 · (x1, 0) · (x1 − x∗

1 ):
⎧
⎪⎨

⎪⎩

ṠN = � − (α + μ)SN − μβpcp SD
�

SN ,

ṠD = αSN + μβpcp SD
�

SN − μSD + σωT,

Ṫ = −(μ + σω)T .

(8)

System (8) is globally asymptotically stable at the equilibrium at the origin., that is (x∗
1 , 0).

This equilibrium corresponds to E0, satisfying conditions H1 and H2. The matrix A2(x) is
given by

A2(x) =
⎡

⎣−(γ + μ) − (1 − q)(1 − φ)
β I (θ SN + SD)

(N − q I )2
(1 − q)(1 − φ)

β(θ SN + SD)

(N − q I )2
(1 − f )γ −μ

⎤

⎦

The upper bound of x ∈ � is given by

Ā2 =
⎡

⎣
−(γ + μ)

βc(1 − q)(1 − φ)(βpcp + θμ + α)

βpcp + α + μ

(1 − f )γ −μ

⎤

⎦ ,

which is a Metzler matrix for any x ∈ � and this satisfies condition H3 and H4. Condition
H5 requires that ρ Ā2 ≤ 0, i.e

βcγ (1 − f )(1 − q)(1 − φ)(βpcp + θμ + α)

μ(γ + μ)(βpcp + α + μ)
≤ 1,

Rbw ≤ 1.

This completes the proof. ��
Sensitivity Analysis of Model Parameters

Sensitivity analysis of model parameters is very important to design and control strategies
as well as a direction to future research. There are many methods available for conducting
sensitivity analysis such as differential analysis, response surface methodology, the Fourier
amplitude sensitivity test (FAST) and other variance decomposition procedures, fast proba-
bility integration and sampling-based procedures.

FAST is a variance-based global sensitivity analysis method which originated in study of
coupled chemical reaction systems in 1973 [23]. The sensitivity value is defined based on
conditional variances which indicate the individual or joint effects of the uncertain inputs
on the output. FAST first represents conditional variances via coefficients from the multiple
Fourier series expansion of the output function. Then the ergodic theorem is applied to
transform the multi-dimensional integral to a one-dimensional integral in evaluation of the
Fourier coefficients.A set of incommensurate frequencies is required to perform the transform
and most frequencies are irrational. To facilitate computation a set of integer frequencies is
selected instead of the irrational frequencies [23].

In this section, sensitivity analysis has been performed using parameter values in Table 1.
We utilized the approach in Ref. [24]. Parameters which give a positive outcome, imply that
when they are increased then the magnitude of the reproductive number will increase. If the
outcome is negative it implies that the parameter is negatively correlated to the reproductive
number, thus an increase in the magnitude of the parameter will lead to a decrease in the
magnitude of the reproductive number.
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Table 1 Model parameters and their interpretations

Parameter definition Symbol Units Point estimate (range) Source

Bleaching φ – 0.55(0.0–1.0) Estimate

Incubation rate γ Year−1 7.3 (2.433–24.333) [20]

Recruitment rate � People year−1 10,000 Estimate

IDU adoption rate α Year −1 0.1 (0–0.2) [16]

Natural mortality rate μ Year −1 0.0852 (0.01–0.1) [10]

Modification parameter θ – 0.8 (≤1) [16]

Proportion of withdrawal q – 0.1 (0.0–0.2) Estimate

Proportion of cured infection
immune

1 − σ – 0.25 (0.01–0.25) [10]

Probability of HCV transmission
per needle sharing

β – 0.1 (0.0084–0.1) [11]

Fraction of infected individuals
who clear infection

f – 0.26 (0.01–0.26) [10]

Average number of needle
sharing partners

c People year−1 4.0 (1.0–10.0) [11,14]

Probability of becoming an IDUs
per contact with an IDUs

βp – 0.2 (0.01–0.2) [14]

Average number of contacts
necessary for to become an
IDUs

cp People year−1 3.0 (1.0–5.0) [14]

Immune waning rate ω Year−1 0.2 (0.1–0.5) Estimate

Definition 1 The normalized forward-sensitivity index of a variable, say h, that depends
differentially on a parameter, say ψ is defined as:

�h
ψ := ∂h

∂ψ
× ψ

h
. (9)

Using the approach in Eq. (9) we carry out the sensitivity analysis of the reproductive number
Rbw with respect to the parameters which define it, for example the sensitivity indices of
Rbw with respect to β, q and γ are, respectively given by,

�
Rbw
β : β

Rbw

∂Rbw

∂β
= 1.

The sensitivity indices of all model parameters which define Rbw are presented in Table 2,
arranged from the most sensitive to the least sensitive.

Results in Table 2 suggests that an increase in natural mortality rate and bleaching by
5% will lead to a decrease in the magnitude of the reproductive number by 5%. An increase
on the average number of needle sharing partners and the probability of HCV transmission
per needle sharing by 6% will increase the reproductive number by 6%. Overall results in
Table 2 suggests that parameters φ, μ, q and f are inversely correlated to Rbw implying
that an increase in the magnitude of these parameter will lead to decrease in the magnitude
of Rbw, but more specifically an increase in φ and μ may bring significant results. Further
parameters β, c , βp , cp , γ and θ are positively correlated to Rbw, thus an increasing in
magnitude of these parameters will lead to an increase in Rbw.
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Table 2 Model parameters and their interpretations

Parameter definition Symbol Sensitivity
index

1 Bleaching φ −1

2 Natural mortality rate μ −1

3 Average number of needle sharing partners c 1

4 Probability of HCV transmission per needle
sharing

β 1

5 Probability of becoming an IDUs per contact
with an IDUs

βp 0.017

6 Average number of contacts necessary for to
become an IDUs

cp 0.017

7 Incubation rate γ 0.012

8 IDU adoption rate α 0.0028

9 Modification parameter θ 0.089

10 Proportion of withdrawal q −0.11

11 Fraction of infected individuals who clear
infection

f −0.351

Endemic Equilibrium Point

Due to its complex nature system (1) has an endemic equilibrium solved in terms of λ∗ and
λ∗
p , given by,

E∗

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S∗
N = �

(α + μ + θλ∗ + λ∗
p)

,

S∗
D = �( f γ θλ∗σω + α(γ + μ)(μ + σω) + (γ + μ)(μ + σω)λ∗

p)

(μ(λ∗ + μ)(μ + σω) + γ (μ(μ + σω) + λ∗(μ + (1 − f )σω))(α + μ + θλ∗ + λ∗
p))

,

L∗ = �λ∗(μ + σω)(α + θ(λ∗ + μ) + λ∗
p)

(μ(λ∗ + μ)(μ + σω) + γ (μ(μ + σω) + λ∗(μ + (1 − f )σω))(α + μ + θλ∗ + λ∗
p))

,

I ∗ = γ λ∗γ�(1 − f )(μ + σω)(α + θ(λ∗ + μ) + λ∗
p)

(μ(λ∗ + μ)(μ + σω) + γ (μ(μ + σω) + λ∗(μ + (1 − f )σω))(α + μ + θλ∗ + λ∗
p))

,

T ∗ = f γ λ∗�(α + θ(λ∗ + μ) + λ∗
p)

(μ(λ∗ + μ)(μ + σω) + γ (μ(μ + σω) + λ∗(μ + (1 − f )σω))(α + μ + θλ∗ + λ∗
p))

,

λ∗
p = βpcp(S∗

D + L∗ + (1 − q)I ∗ + T ∗)
N∗ − q I ∗ , λ∗ = βc(1 − q)(1 − φ)I ∗

N∗ − q I ∗ .

(10)

Numerical Results and Discussion

In order to illustrate the results of the foregoing analysis, we have simulated model system
(1) using the parameters in Table 1.

In Fig. 2 we examine the impact of bleaching on controlling HCV more closely, we
determined that bleaching was highly likely to control the disease if it can be more than 70%
effective (Fig. 3). In practice, however, this may be difficult or expensive to achieve. We note
that bleaching level of 50–70% or above 70% will be effective to control the disease more
often than not.

123



110 Differ Equ Dyn Syst (January 2017) 25(1):101–116

Fig. 2 Effect of different bleaching levels onRbw
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Fig. 3 Contour plot for Rbw as a function of q, φ

In Fig. 3, illustrates the effects of increasing bleaching and withdrawal levels. We observe
that a value of 70% or more in both bleaching efficacy and withdrawal may be effective on
controlling new HCV cases. Results shown here (Fig. 3) concurred with findings in Fig. 2.

Impact of Individual Withdrawal on HCV Population Levels

In this section we numerically investigate the role of individual withdrawal on HCV preva-
lence in the absence of bleaching. In Fig. 4 we observe that in the absence of bleaching
individuals withdrawal may be effective to eliminate HCV in the community after a period
of 30 or more years provided 90% or more of active infectious IDUs withdraw individually
from misusing the intravenous drugs. In practice, however, this may be difficult or expensive
to achieve. Hence, it may be essential to couple this natural intervention with other HCV
intervention strategies. It is worth noting that varying φ (bleaching level) gives almost a
similar trend hence the figure has been left out.

The Optimal Control Problem and Its Analysis

In this section, an intervention method, called a control, is introduced in our initial model (1).
A control is represented as function of time and assigned reasonable upper and lower bounds.
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Fig. 4 Time series plots showing the effects of withdrawal in the absence of bleaching on different population
subgroups defined by system (1), over a period of time. Parameter values used are in Table 1 together with the
following initial conditions: SN = 1000, SD = 500, L = 300, I = 200 and T = 0

The goal of the control is to reduce HCV transmission through time dependent bleaching.
For convenience we will denote this control by ub(t) and this will replace the fixed bleaching
level, φ, in our initial model. Using the same parameter and class names as before, the system
of differential equations describing our model with a control is:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dSN
dt

= � − βpcp(SD + L + (1 − q)I + T )SN
N − q I

−
[
(1 − ub)

θβc(1−q)I
N−q I + α + μ

]
SN ,

dSD
dt

=
[

βpcp(SD + L + (1 − q)I + T )SN
N − q I

+ α

]

SN

−
[
(1 − ub)

βc(1−q)I
N−q I + μ

]
SD + σωT,

dL

dt
= (1 − ub)

βc(1 − q)I

N − q I
(SD + θ SN ) − (γ + μ)L ,

d I

dt
= (1 − f )γ L − μI,

dT

dt
= f γ L − (μ + σω)T .

(11)

For this, we consider the objective functional

J = min
ub

∫ t f

0

[

I (t) + W

2
u2b(t)

]

dt, (12)

where W ≥ 0 is based on the benefits and costs of bleaching, ub represents the effectiveness
of bleaching. If ub = 1, it implies that bleaching is 100% effective, whereas ub = 0 implies
that bleaching has no effect on controlling HCV. We assume that the costs of bleaching are
nonlinear and take quadratic form here. We seek to find an optimal control ub such that

J (u∗
b) = min{J (ub)|ub ∈ U}, (13)
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whereU = {
(ub) such that ub ismeasurablewith 0 ≤ ub ≤ 1 for t ∈ [0, t f ]} is the control set.

The necessary conditions that an optimal must satisfy come from the Pontryagin’s maximum
principle [25]. This principle converts system (11) into a problem of minimizing pointwise
a Hamiltonian, H, with respect to ub:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H = I + W

2
u2b + λ1

[

� − βpcp(SD + L + (1 − q)I )SN
N − q I

−
(
(1 − ub)

θβc(1−q)I
N−q I + α + μ

)
SN

]

+ λ2

[(
βpcp(SD + L + (1 − q)I )SN

N − q I
+ α

)

SN

−
(
(1 − ub)

θβc(1−q)I
N−q I + μ

)
SD + σωT

]

+ λ3

[

(1 − ub)
βc(1 − q)I

N − q I
(SD + θ SN ) − (γ + μ)L

]

+ λ4[(1 − f )γ L − μI ]

+ λ5[ f γ L − (μ + σω)T ],

(14)

where λi , i = 1, 2, . . . , 5, are adjoint variables or shadow prices. By applying the Pontrya-
gins’s Maximum Principle [25], and the existence result for the optimal control theory from
[26] we obtain

Theorem 2 For the optimal control u∗
b that minimizes J (ub) over U , then there exist adjoint

variables λi , i = 1, 2, . . . , 5 satisfying

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dλ1

dt
= μλ1 + α(λ1 − λ2) + βpcp(SD + L + (1 − q)I + T )(λ1 − λ2)

N − I q
+βcθ I (1−ub)(1−q)(λ1−λ3)

N−I q ,

dλ2

dt
= μλ2 + βpcpSN (λ1 − λ2)

N − I q
+ βcI (1 − q)(1 − ub)(λ2 − λ3)

N − I q
,

dλ3

dt
= μλ3 + γ (λ3 − λ4) + f γ (λ4 − λ5) + βpcpSN (λ1 − λ2)

N − I q
,

dλ4

dt
= −1 + μλ4 + βpcp(1 − q)SN (λ1 − λ2)

N − I q
+ βpcpqSN (SD+L+(1−q)I+T )

(N−I q)2
(λ1 − λ2)

+ βcI (1 − q)(1 − ub)[(λ2 − λ3)SD + θ(λ1 − λ3)SN ]
N − I q

(

1 − q

N − q I

)

dλ5

dt
= μλ5 + σω(λ5 − λ2) + βpcpSN (λ1 − λ2)

N − I q
,

(15)

with transversality conditions λi (t f ) = 0 for i = 1, 2, . . . , 5.

Proof The form of the adjoint equation and transversality conditions are standard results
from Pontryagin’s Maximum Principle [25]; therefore, solutions to the adjoint system exist
and are bounded. To determine the characterization of u∗

b, we take the partial derivative of
H with respect to ub and set it to zero. Thus,
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dH

dub
= ub − βcI (1 − q)[SD(λ3 − λ2) + θ(λ3 − λ1)SN ]

N − I q
at u∗

b,

making u∗
b subject of formulae, we have

u∗
b = βcI (1 − q)[SD(λ3 − λ2) + θ(λ3 − λ1)SN ]

W (N − I q)
.

In compact form we conclude that

u∗
b = min

{

max

{

0,
βcI (1 − q)[SD(λ3 − λ2) + θ(λ3 − λ1)SN ]

W (N − I q)

}

, 1

}

. (16)

Due to the priori boundedness of the state system, adjoint systemand the resultingLipschitz
structure of the ODEs, we obtain the uniqueness of the optimal control for small t f . The
uniqueness of the optimal control follows from the uniqueness of the optimality system (15),
with characterization (16). There is a restriction on the length of time interval in order to
guarantee the uniqueness of the optimality system. The smallness restriction of the length on
the time is due to the opposite time orientations of system (15).

Optimal Control Numerical Results

In this section, we numerically examine the impact of control and optimization of bleaching
on HCV dynamics. We utilize the “Forward-Backward Sweep Method” outlined in [27].

Stopping Criteria The implementation of the stopping criteria for the numerical scheme
employed in this paper uses the relative errors for the control, state variables, and adjoint
variables. Thus, the optimal control iterations are performed until convergence in the relative
update between all the state variables, the adjoint functions and the control functions are less
than a defined tolerance (TOL) value, that is,

min
i

∣
∣
∣xki − xk−1

i

∣
∣
∣

∣
∣xki

∣
∣

< TOL

where xi is either a state variable, the adjoint function or the control. The value TOL = 0.001
has been used in this study. Parameter values are defined in Table 1. Now, we investigate the
effectiveness of the three optimal intervention strategies focusing on the following cases:

From the numerical simulations in Fig. 5 we observe that the bleaching with control has
a significant impact on reducing HCV prevalence among intravenous drug misusers. In Fig.
5a, b we note that the impact of bleaching with control will be more significant after a period
of 20 years from the start, however, this due to the fact that after a period of 20 years from
the start, the population of HCV exposed individuals will be dying out. Figure 5c suggests
that it may require at least 40 years for HCV infectious population to die out. Overall, results
in Fig. 6 demonstrate that if bleaching is 55% effective then it may require at least 40 years
for HCV to die out among intravenous drug misusers. Thus, in resource limited settings this
might be a useful HCV intervention strategy considering that it is well known that the cost
for bleaching is not high, compared to other HCV intervention strategies.

In Fig. 6 we examine the feasibility of the control. In optima control theory a control is
regarded to be feasible if it starts at the upper bound and remain there till the end point (final
time). A control which is feasible or attainable is essential on problem solving, hence more
effort and resources should be devoted to such an intervention strategy for effective problem
solving. Here, we observe that the control ub is at the upper bound from the start until the final
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Fig. 5 Time series plots showing the effects of optimal control on different population subgroups defined by
system (11), over a period of 80 years. Parameter used are in Table 1 with W = 100

Fig. 6 Time series plots showing
the effects of optimal control on
different population subgroups
defined by system (11), over a
period of 80 years. Parameter
used are in Table 1 with
W = 100
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time suggesting that this strategy might be sustainable to be implemented over the period of
time under consideration.

Concluding Remarks

HCV infections is among the most costly consequences of illicit drug use, having a high
impact on individuals and on health care systems. Injecting drug misusers have been among
the first and largest transmission groups for new HCV infections in many developing and
developed countries. In this paper, we have formulated a simple mathematical model for
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HCV transmission aimed at exploring the impact of bleaching and individual withdrawal
on controlling HCV among IDUs. We computed the basic reproduction number Rbw and
established the threshold dynamics of the model. We demonstrated that whenRbw ≤ 1, then
the infection-free equilibrium point is globally stable. We performed a sensitivity analysis
in order to identify parameters that have a significant influence on the magnitude of the
reproductive number Rbw. The sensitivity analysis results demonstrate that parameters β

(the probability of HCV transmission per needle sharing) and c the average number of needle
sharing partners are most sensitive toRbw (positively), while parameters φ (bleaching effect)
and μ (natural mortality) are most sensitive toRbw. An increase in either β or c by 10% can
lead to increase in the size of Rbw by 10% while and increase in either φ or μ by 10% can
lead to a decrease in the magnitude ofRbw by 10%. Since we do not have control over μ we
conclude that bleaching can have a significant impact on controlling new HCV infections.
We then extended the first model to incorporate time dependent bleaching. An important
result from the extended model is that a cost effective bleaching of about 55% efficacy can
be successful to eliminate HCV in the community.

There are a number of limitations to our study, which should be acknowledged. We
assumed homogeneousmixing of the populationwhichmight not be the case in some commu-
nities since these individuals have different “interests”. Thus, a complex network framework
[28–30] may be useful to obtain results that could be close to the real world scenario. Fur-
ther, we assumed that HCV is transmitted through sharing contaminated needles or syringes,
only, yet some studies have suggested that HCV is also transmitted sexually (see [14,31] and
references therein).
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