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can be find in literature. In this paper a probabilistic math-
ematical representation of the unknown source is proposed, 
such that the asparagus patch model of the source can be 
approximated. The chosen probabilistic design parameters 
have a uniform distribution. The computation of the value C2 
can be done in conjunction with the CSMA method, know-
ing the apparent mass of the load and the random accelera-
tion specification at the interface between load and source, 
respectively. Data of two cases available from literature has 
been analyzed and discussed to get more knowledge about 
the applicability of the probabilistic method.

Keywords Random vibration · Force limited vibration 
testing (FLVT) · Coupled systems modal approach 
(CSMA) · Probabilistic system

1 Introduction

In spacecraft structure design force limits are established 
to prevent over-testing of the test-article (load), because 
its dynamic behavior on the shaker table is different from 
its dynamic behavior when placed on the actual supporting 
structure (source).

In [25] the history, the actual status and application 
guidelines of the force limited vibration testing (FLVT) are 
discussed and 41 interesting references regarding the FLVT 
are provided.

During the FLVT both the random acceleration as well 
as the random force limits are specified, however, the ran-
dom acceleration specification may be overruled by the 
random force limits.

The well-known semi-empirical method (SEM) of the 
force-limit approach is a method to establish force-limits at the 
interface between the load and the shaker table, [10, 24, 25].

Abstract To prevent over-testing of the test-item dur-
ing random vibration testing Scharton proposed and dis-
cussed the force limited random vibration testing (FLVT) 
in a number of publications. Besides the random vibration 
specification, the total mass and the turn-over frequency of 
the test article (load), C2 is a very important parameter for 
FLVT. A number of computational methods to estimate C2 
are described in the literature, i.e. the simple and the com-
plex two degree of freedom system, STDFS and CTDFS, 
respectively. The motivation of this work is to evaluate the 
method for the computation of a realistic value of C2 to per-
form a representative random vibration test based on force 
limitation, when the description of the supporting structure 
(source) is more or less unknown. Marchand discussed the 
formal description of obtaining C2, using the maximum PSD 
of the acceleration and maximum PSD of the force, both at 
the interface between test article and supporting structure. 
Stevens presented the coupled systems modal approach 
(CSMA), where simplified asparagus patch models (parallel-
oscillator representation) of load and source are connected. 
The asparagus patch model consists of modal effective 
masses and spring stiffnesses associated with the natural fre-
quencies. When the random acceleration vibration specifica-
tion is given the CSMA method is suitable to compute the 
value of the parameter C2. When no mathematical model of 
the source can be made available, estimations of the value C2 
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where WFF(f ) is the random force spectral density, WAA(f ) 
is the specified random acceleration spectral density, Mo is 
the total mass of the test article and C2 is a dimensionless 
semi-empirical constant which depends on the configura-
tion. f (Hz) is the frequency and f0 is the natural frequency 
of the primary mode with a significant modal effective 
mass of the load. The factor n can be estimated from the 
apparent mass of the load, in general, n = 2. C2 should not 
be selected without adequate justification [22].

Scharton et al revisited the force limiting vibration test-
ing in a presentation [22] and reviewed the methods of esti-
mation of C2 using the simple two degree of freedom sys-
tem (STDFS).

Dharanipathi main conclusions in [8] are that the range 
of values of C2 is between 2 and 5, however, there are sev-
eral cases where C2 = 10 . . . 17, and he stated that C2 does 
not depend on the damping in the structure.

In [27] Soucy et al recommend values for C2, however, 
based on limited number of measured (flight) data. It has 
been observed that in normal conditions C2 = 2 might be 
chosen for complete spacecraft or strut mounted heav-
ier equipment. C2 = 5 might be considered for directly 
mounted lightweight test items.

Based on the frequency shift of a two degree of freedom 
system [23] Scharton developed two methods to establish 
the value C2; the simple two degree of freedom system 
(STDFS) [24] and the complex two degree of freedom sys-
tem (CTDFS) [6].

In [13] Gordon proposed a conservative analytical value 
of C2 = 9, which is based on the STDFS when the load/
source ratio is 0.16. This conservative estimation of C2 will 
cover model uncertainties and the test configuration remain 
relatively simple because no force measurement devices 
are used during the random vibration test.

Salvignol reported in his paper [21] the use of C2 = 3 
during the random vibration test on the NIRspec (Near 
Infrared) instrument, part of the integrated science instru-
ment (ISIM) on the James Webb telescope.

Stevens presented a paper [28], to compute the force lim-
its, based on the coupled system modal approach (CSMA). 
The coupled asparagus patch models of both source and 
load are needed. These models can be extracted from finite 
element analysis models or apparent mass measurements. 
This CSMA method forms the core of this paper.

In general, the mathematical model (FEM, modal effec-
tive masses, . . .) of the load is available, because the ran-
dom vibration test will be conducted under the responsibil-
ity of contractor/subcontractor which is responsible for the 
design of the load as well. To apply the methods to obtain 

(1)
WFF(f ) = C2M2

oWAA(f ) f ≤ f0,

WFF(f ) = C2M2
oWAA(f )

(

f0
f

)n

f > f0,

the value C2 the dynamical properties of the source need to 
be known as well, however, if the mathematical description 
of the supporting structure (source) is lacking a probabilis-
tic approach is necessary.

In this paper the replacement of the source by a proba-
bilistic-source is discussed. The mathematical modeling of 
the probabilistic source will be an asparagus patch model, 
consisting of a number of parallel placed lightly damped 
SDOF systems, with the modal effective masses [12, 18] 
as the discrete mass and the spring stiffnesses representing 
the undamped natural frequencies. The CSMA method [28] 
is applied to compute maximum random accelerations and 
forces at the interface between load and source.

The Rosenblueth point estimated moments (PEM) will 
be applied [17, 20] to minimize the number of samples 
(analysis cases) describing the probabilistic design param-
eters. The probability density functions of the probabilistic 
design parameters is assumed to be uniform.

The proposed probabilistic method has been verified by 
investigating available data from literature [7, 10], to study 
the applicability of the probabilistic approach. In the sec-
ond example [10] besides the Rosenblueth PEM method 
the Monte Carlo Simulation (MCS) method [1] is applied 
as well.

The mean value µ, the 1σ value and the µ+ 3σ value of 
the semi-empirical constant C2 are computed and compared 
with published data.

2  Force limits analysis method

The semi-empirical force-limit vibration test (FLVT) 
approach has been established to prevent over-testing of 
a flexible test item when placed on the shaker table with 
a very high impedance compared to the impedance of the 
supporting structure of the test item. This (FLVT) test phi-
losophy or method is described in [25]. The simple equa-
tions to compute the PSD of the force limits WFF from the 
PSD of the random acceleration test specification WAA are 
already given in Eq. (1).

Marchand provides in [16] an equation to compute the 
value of C2 in the interface between the source and the 
load, both consisting of MDOF systems. Considering that 
the maximum PSD of the interface force WFFmax

 and the 
maximum PSD of the interface acceleration WAAmax

, which 
need not to occur at the same frequency, the value of C2 can 
be defined as

where Mo is the total mass of the load. Later on the total 
mass of the load will be denoted by Ml.

(2)C2 =
WFFmax

M2
oWAAmax

,
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3  Coupled system modal approach method 
(CSMA)

The CSMA method, proposed by Stevens in [28], is the 
selected method to compute the force limits for the random 
vibration testing of the load. The dynamic or apparent mass 
of the load [9], as well as the random acceleration test spec-
ification are required.

The reduced asparagus patch models of both source 
and load are shown in Fig. 1. The spring stiffnesses and 
damper values are, respectively, given by kil = ω2

ilmil and 
cil = 2ζiωilmil, where ωil, i = 1, 2, . . . , n are the natu-
ral frequency of the load. ζi is the modal damping ratio of 
mode i. The residual mass of the load is denoted by mrl. 
The notations for the source are similar.

The random acceleration vibration specification WAA(f ) 
at the interface between the source and the load is pro-
vided (specified) by the customer and is a requirement for 
the design of the load. In general, this specification is an 
envelope that is based on data “smooths over” of peaks and 
valleys. The load is very responsive at the anti-resonance 
frequencies and acts as a dynamic absorber to reduce the 
input.

To compute the parameter C2 in Eqs. (1) and (2) is 
applied. Therefore we need to compute a set of scaled 
random acceleration spectra at the interface between the 
load and the source. This set of scaled random accelera-
tion spectra are multiplied by the absolute value squared of 
the apparent mass of the load to obtain the composite of 
the random force spectra at the interface. The mathemati-
cal models (parallel oscillators, Fig. 1) of the source and 
the load are represented by their modal effective masses 
and associated spring stiffness and damping and are cou-
pled. The modal effective masses can be either calculated 
by a modal analysis with a fixed-free finite element model 
[30], or extracted from a measured apparent mass of the 

load, i.e. on a shaker table performing sinusoidal base-exci-
tation [11, 26]. The boundary conditions of the asparagus 
model of the source are assumed to be fixed at the interface 
between load and source.

To calculate the maximum random force spectrum at the 
interface between source and load the following procedure 
is followed:

–– Generate the mathematical models (asparagus patch 
models) of both the source and load (Fig. 1), to perform 
a coupled random response analysis as described later 
in the procedure.

–– Compute the apparent mass (dynamic mass) of the load, 
rigidly fixed at the interface between source and load.

–– Define the random load spectrum WF(f ) to be applied 
subsequently at every oscillator of the source. This may 
be a unitary band-limited white noise spectrum.

–– Perform for every subsequent loaded oscillator of the 
source a random acceleration response analysis and 
scale that response spectra at the interface such that the 
maximum acceleration at a certain excitation frequency 
is equal to the specified random acceleration spectrum 
WAA(f ) at that frequency (see Fig. 2). This random 
acceleration specification is given by the customer. Mul-
tiply these scaled random acceleration spectra by the 
squared absolute value of the apparent mass spectra of 
the load. The composite (envelope) random force spec-
trum WFF(f ) then represents the upper bound of the ran-
dom force spectrum at the interface. Later on the follow-
ing simple constant spectra are taken: WAA(f ) = 0.01 g2
/Hz and WF(f ) = 1 N2/Hz, both between 20–2000Hz as 
usual in spacecraft structures design.

–– Apply Eq. (2) to compute the semi-empirical constant 
C2. In that equation Mo is the rigid body mass of the 
load. Later on the the mass of the load Mo is denoted 
by Ml.

Fig. 1  Coupled system in 
parallel-oscillator representation
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One of the main tasks in the previous procedure is to 
establish the asparagus patch models of the source and the 
load followed by the random response analyses. The ele-
ments needed to perform the computations of C2 are dis-
cussed in detail in subsequent sections.

4  Definition (availability) of source and load

To perform a random vibration test of the load the test con-
ductor needs the availability of a hardware (H/W) model 
of the load, i.e. the item to be tested on a shaker table. 
When the FLVT [25] is planned the value of C2 (1) shall 
be obtained either by experience (data base) [25] or apply-
ing the simple two degree of freedom (STDFS) system and 
or the complex two degree of freedom (CTDFS) system 
as described in [19]. When modal characteristics of both 
source and load can be made available from FEA/FEM or 
measurements Eq. (2) can be used [15]. Simplified com-
putations may be done when the CSMA method will be 
applied as illustrated in Fig. 1.

4.1  Load

4.1.1  Mathematical model

We assume the availability of a mathematical description 
(finite element model) of the load. An estimation of the modal 
damping ratio shall be done, in general, based on past experi-
ences or measurements. The finite element model degrees of 
freedom at the interface between the load and source shall be 
fixed. The following modal data of the load is needed to build 
the asparagus patch model for the CSMA method:

–– The total mass of the load Ml (kg).
–– The undamped natural frequencies fi, i = 1, 2, . . . , n (Hz) 

assuming clamped conditions at the interface load/source.

–– The associated modal effective masses 
mil, i = 1, 2, . . . , n (kg) and the residual mass mrl, in the 
three translational directions, respectively. The cross-
coupling is not considered.

–– The estimated or measured modal damping ratios 
ζi, i = 1, 2, . . . , n.

–– The apparent mass Mal(f ) (kg) of the load in the three 
translational directions with respect to the interface.

4.2  Source

Coté [5] stated in his paper that the asparagus patch model 
of the source (common to the load); modal effective 
masses, natural frequencies, can be extracted from a finite 
element model, experiment or from experience. However, 
in this subsection we assume that the finite element model 
or experimental results cannot be made available, so the 
simplified model will be constructed using engineering 
design rules (i.e. ECSS 1 standards and handbooks).

The dynamic characteristics (design parameters) of the 
source with respect to the interface between the load and 
the source are considered to be probabilistic related to the 
modal properties of the load.

The fuzzy design parameters are discussed in detail in 
[31] and are common to the modal data of the load. The 
fuzzy design parameters of the source are described in the 
following section.

5  Virtual building of asparagus patch model of the 
source

The design parameters of the source are related to the mass 
and modal properties of the load and are discussed in [31].

5.1  Total mass

The total rigid body mass of the source Ms shall be pro-
vided (i.e. by the prime contractor). If the Ms can’t be made 
available the following total mass variation is assumed:

5.2  Natural frequencies

When the lowest undamped natural frequency of the load is 
fl, the interface source/load fixed, the assumed undamped 
natural frequency of the source will vary between

1 European Corporation of Space Standardization

(3)Ms = 0.1 · · · 10Ml

(4)f1s =
fl

2
· · ·

fl√
2
.

Response at interface

Scaled response

Specification

g2/Hz

f (Hz)

WAA(f)

spectrum

Fig. 2  Scaled random response spectrum
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This range is based on the design practice that the dynamic 
interference between load and source is minimized.

This undamped natural frequency of the source is asso-
ciated with a high modal effective mass m1s.

The following (first guess) distribution of natural fre-
quencies, with substantial modal effective mass, is defined 
by:

Force limits typically cover only the first three modes [14]. 
Therefore, it is usually adequate to specify the force limits 
of the load only in the frequency regime encompassing a 
few modes for each axis, which might be up to approxi-
mately 100 Hz for a large spacecraft, 500 Hz for an instru-
ment, or 2000 Hz for a small component [25].

5.3  Modal effective masses

The first undamped natural frequency f1s will be associ-
ated with the first significant modal effective mass m1s.  
The fundamental modal effective masses of simple sys-
tems is assumed to be a first approximation of modal effec-
tive mass of the source. This modal effective mass will be 
assumed in the following mass range:

This range may be confirmed by the calculation of the 
modal effective mass of simple structures [31]. The resid-
ual mass is the sum of the modal effective masses excited 
outside the frequency range of interest and the residual 
mass mrs will be assumed to be 5 % of the total mass of the 
source, such that

The summed modal effective masses of the computed 
modes shall be about 95 % of the total mass of the source 
Ms.

Further �m is the sum of the missing modal effective 
masses that must be still distributed and is defined by

The deterministic distribution (best guess) of the modal 
effective mks(fks), k = 2, . . . , 4 will be descending and the 

(5)
f2s = 2f1s,

f3s = 4f1s,

f4s = 6f1s.

(6)m1s = 0.4 · · · 0.6Ms.

(7)mrs = 0.05Ms.

(8)�m = Ms − (m1s + mrs).

effective masses of the remaining modes are distributed 
according to the following descending scheme:

5.4  Modal damping ratio

We will assume a variation of the modal damping ratio 
in the interval ζ = 0.01 · · · 0.1. The modal damping ratio 
is constant and applies for all modes, both for load and 
source.

6  Probabilistic approach

6.1  Summary of mean and standard deviation of design 
variables

The probability density function of the stochastic design 
variables Ms, f1s,m1s and ζ are assumed to be uniform.

The summary of mean and standard deviation of the 
selected design variables, with a uniform distribution 2 is 
presented in Table 1.

6.2  Probabilistic analysis by the Rosenblueth 2k+1 
PEM & CSMA

The Rosenblueth point estimates moment method (PEM) 
for probability moments [17, 20], computes the mean 
and the variance of the value C2 in combination with the 
CSMA. If the number of design variables is k, 2k + 1 sam-
ples (analysis cases) have to be computed.

The Y0 value of C2 is computed by substituting the mean 
values µ for all k design variables in the asparagus patch 
model of the source, Ynm value of C2 is computed by substi-
tuting for the nth design variable the value µn − σn and for 
the other design variables the mean values and the Ynp value 
of C2 is computed by substituting for the nth design varia-
ble the value µn + σn and for the other design variables the 
mean values, respectively. Index m indicates subtracting the 

(9)
m2s = 0.5�m,

m3s = 0.3�m,

m4s = 0.2�m.

2 f (x) = 1/(b− a), a ≤ x ≤ b, f (x) = 0, otherwise, µ = (a+ b)/2, 
σ = |b− a|/(2

√
3), [2]

Table 1  Mean and standard 
deviation stochastic variables

Description Symbol Interval Mean µ Standard deviation σ

Mass (kg) Ms [0.1Ml, 10Ml] 5.0500Ml 2.8579Ml

Natural frequency (Hz) f1s [0.5f1l, 0.5
√
2f1l] 0.6036fl 0.0598fl

Modal effective mass (kg) m1s [0.4Ms, 0.6Ms] 0.5000Ms 0.0577Ms

Modal damping ratio (–) ζ [0.01, 0.1] 0.055 0.0260
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standard deviation and index p indicated adding the stand-
ard deviation.

The mean Yn of two point estimates Ynp, Ynm is given by

and the variance is Vn can be obtained by

When we assume that all design variables are statistically 
independent the following approximation of the mean 
Ȳ = µY and the variance VY = σy/µY can be made [20]

and

7  Test cases

7.1  Introduction

The probabilistic description of the asparagus patch model 
of the source has been investigated using two cases taken 
from literature:

–– ESA study: “IFLV-Improvement of Force Limites 
Vibration Testing Methods for Equipment Instrument 
Unit Mechanical Verification”, [7].

–– The Linear Drive Unit (LDU), which is an Orbital 
Replacement Unit (ORU) of the International Space 
Station (ISS) program, [10].

(10)Yn =
∣

∣Ynp + Ynm
∣

∣/2, n = 1, . . . , k,

(11)Vn =
∣

∣

∣

∣

Ynp − Ynm

Ynp + Ynm

∣

∣

∣

∣

, n = 1, . . . , k.

(12)
Ȳ

Y0
=

2k+1
∏

n=1

Yn

Y0
,

(13)1+ V2
Y =

2k+1
∏

n=1

(1+ V2
n ).

7.2  ESA IFLV study

This real life example is taken from the ESA study: “IFLV-
Improvement of Force Limited Vibration Testing Methods 
for Equipment Instrument Unit Mechanical Verification” 
presented by Destefanis in [7]. The IFLV study facilitated 
a full test campaign (both sine and random) on a test sys-
tem composed of a honeycomb panel (source) which sup-
ported an optical unit (MIRI) (load) and an electronic box 
(EBOX) (not considered) (see Fig. 3). Force measurement 
devices (FMDs) were installed at the mechanical interfaces 
between units and honeycomb plate (1210 mm × 910 mm). 
The test runs were performed both on the system and on the 
units (MIRI, EBOX) standalone, therefore collecting exper-
imental evidence of the difference (in terms of mechanical 
interface forces) between soft mounted and hard mounted 
configurations. However, the numerical data of the inter-
face forces were difficult to assess.

7.2.1  Mass properties of IFLV system

The individual mass properties of the test setup are taken 
from [7]. These mass properties were extracted from the 
very detailed finite element models of the EBOX, MIRI, 
panel and FMD and are presented in Table 2, however, the 
EBOX is further not considered in this paper. The third col-
umn represents the mass properties of the hard-mounted 
MIRI and FMD’s (FMD’s between the MIRI and shaker 
slip table).

7.2.2  Dynamic properties of IFLV system and individual 
parts

Numerical modal analyses were done on the total test setup 
(with and without FMD’s), the EBOX, the MIRI and the 

(a) Total configuration (b) MIRI

Fig. 3  IFLV total and MIRI test setup on shaker slip table, courtesy [7]
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Honeycomb panel hard-mounted, respectively. The clas-
sical results are: the undamped natural frequencies and 
associated modal effective masses. The modal effective 
masses are associated to the Z axis, that is perpendicular to 
the sandwich panel. In the other directions no information 
about modal effective masses and associated natural fre-
quencies were made available. The honeycomb panel had 
been supported along the edges. The results of the modal 
analyses are given in Table 3. The values of the natural 
frequency and the modal effective mass of the honeycomb 
panel are only given for information, because later on the 
dynamic properties of the honeycomb panel are estimated 
in a probabilistic manner and other boundary conditions are 
applied.

7.2.3  C2 interface MIRI/panel

The values of C2 are applicable in the Z-direction, thus per-
pendicular to the panel, and in particular between the sand-
wich panel and het MIRI instrument. The C2 values, com-
puted by the STDFS method are taken from [7].

Applying the CSMA method the dynamic properties 
of the panel are computed with respect to the interface 
between panel and MIRI instrument. The natural frequency 
of the honeycomb panel supported at the midpoint, [3], is 
approximately 50 Hz. The corresponding modal effective 
mass varies between 1.50–3.0 kg. The CSMA method gives 
C2 values in line with the other methods. The computa-
tional results of C2 are presented in Table 4.

7.2.4  Probabilistic computation of C2

The deterministic asparagus patch model of the load (MIRI) 
is derived from the dynamic properties with respect to the 
interface between the load and the source (sandwich panel) 

taken from Table 3 and presented in Table 5. The residual 
mass is augmented with an artificial high natural frequency 
outside the frequency range of 20–2000 Hz. The sum of 
the modal effective and residual masses is equal to the total 
mass of the MIRI, Ml = 27.945 kg. The dynamic properties 
of the sandwich panel are assumed to be unknown.

The damping is probabilistic and applicable to both the 
load and the source.

To start the probabilistic computation of C2, with the 
Rosenblueth 2k + 1 point estimation method, the uniform 
distributions of the design variables of the source; the total 
mass Ms, the first fundamental natural frequency f1s, the 
first primary modal effective mass m1s and modal damping 
ζ, as presented in Table 1, are used.

The results of the probabilistic computations, the mean 
µ, the standard deviation σ and the µ+ 3σ of C2 with 
additional variations of the distributions of the total Ms, 
the modal effective mass m1s and the fundamental natural 
frequency f1s are presented in Table 6. The intervals of the 
design variables: m1s, f1s and ζ are well chosen, however, 
the estimation of the mass of the source Ms shall be good 
as possible.

In Table 7 the influence of the modal damping ratio has 
been numerically investigated. Except for very high damp-
ing the modal damping ratio ζ has less influence on C2.

Compared to the estimated values of C2, given in Table 4, 
it can be concluded from the probabilistic computations 
that a good estimation of the total mass of the source Ms 
is of importance to obtain more reliable figures of C2

µ+3σ. 
The distributions of the other design parameters were well 
chosen, however, the values of C2

µ+3σ are enveloping the 
STDFS calculations as given in Table 4. That means that 
the load is good dynamically uncoupled from the source. 
This is one of the major assumptions in the probabilistic 
approach.

A dynamically stiff source with a high interval of the 
natural frequency f1s in conjunction with the proposed 
interval of the modal effective masses m1s will increase the 
statistical estimation of C2, in general, due to increasing 
dynamic coupling between load and source.

Table 2  Mass properties of individual items

Mass item Total configuration (kg) MIRI (kg)

Optical unit MIRI 27.945 27.945

Electronic box EBOX 1.257

Sandwich honeycomb panel 3.166

Force measurements devices & 
plates

4.266 1.693

Total mass 36.634 29.639

Table 3  Mass and modal properties [7]

Mass item M (kg) f1(Hz) m1 (kg)

Optical unit MIRI 27.945 104.71 27.47

Sandwich honeycomb panel 3.166 287.74 1.50

Table 4  Values of modal effective masses and C2 (Z-dir), Q = 10 [7]

MIRI Honeycomb  
panel

Load/
source

m2 (kg) m1 (kg) C2 Remark

MIRI/
panel

27.47 1.50 1.10 STDFS [25]

27.47 1.50 2.56 CTDFS [25]

27.47 (105 Hz) 1.50–3.0 (50 Hz) 1.70–1.74 CSMA [28]

Experience gained 2–5 Chang [4]
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A low interval of natural frequency f1s associated with a 
low interval of the modal effective mass m1s of the source 
will lower the values of C2

µ+3σ. That means the load is sup-
ported by a flexible source with less dynamic interaction.

The selection of the interval of the modal effective mass 
m1s has less influence on the values of C2.

The clustering of the natural frequencies has less influ-
ence. In Table 7 it can be seen that the influence of the 
modal damping is not so sensitive as the estimation of the 
total mass of the source.

7.3  LDU/FSE/FRAM

The Linear Drive Unit (LDU) is an Orbital Replacement 
Unit (ORU) of the International Space Station (ISS) pro-
gram. During the flight of the LDU to the ISS, it is con-
nected to a Space Shuttle Orbiter by an adaptor plate 
and locking system. The LDU is connected to the adap-
tor plate by four points, which will be known as interface 
points. The configuration of the LDU, flight support equip-
ment (FSE) adapter plate and active flight release attach-
ment mechanism (FRAM) together forms the integrated 
model. The integrated model is attached to the Orbiter at 
seven points, which have various constraint directions. The 
models are shown in Fig. 4. The mass of the LDU (load) 
is Ml = 113.85 kg and the remaining FSE and FRAM 
parts (source) make up Ms = 187.33 kg. The modal effec-
tive masses of the significant modes and the C2 of the 

Table 5  Asparagus patch model MIRI, Z-dir

Modal effective mass (kg) m1l = 27.47 mrl = 0.475

Natural frequency (Hz) f1l = 104.71 frl = 2500

Modal damping ratio ζ (–) 0.01–0.1

Table 6  Rosenblueth 
probabilistic computations of 
C2, Z-dir, Ml = 27.945 kg (ref. 
means reference values)

Design variable Distribution Mean µ SD σ C2
µ C2

σ C2
µ+3σ

Ms (ref.) [0.1Ml, 10Ml] 5.05 Ml 2.858Ml 6.34 1.24 10.05

Ms [0.1Ml, 1Ml] 0.505 Ml 0.260Ml 3.55 0.63 5.44

Ms [0.05Ml, 0.15Ml] 0.1Ml 0.029Ml 2.85 0.57 4.30

Ms 0.113Ml 0.113Ml 0.0Ml 2.58 0.58 4.32

Ms 0.01Ml 0.01Ml 0.0Ml 2.50 0.54 4.13

Ms (ref.) [0.05Ml, 0.15Ml] 0.1Ml 0.029Ml

m1s (ref.) [0.4Ms, 0.6Ms] 0.5Ms 0.0577Ms 2.85 0.57 4.30

m1s [0.6Ms, 0.8Ms] 0.7Ms 0.0577Ms 2.66 0.60 4.46

m1s [0.2Ms, 0.4Ms] 0.3Ms 0.0577Ms 2.24 0.33 3.22

Ms (ref.) [0.05Ml, 0.15Ml] 0.1Ml 0.029Ml

m1s (ref.) [0.4Ms, 0.6Ms] 0.5Ms 0.0577Ms

f1s (ref.) [0.5f1l, 0.707f1l] 0.6036 f1l 0.0598 f1l 2.85 0.57 4.30

f1s [0.2f1l, 0.5f1l] 0.35 f1l 0.0866 f1l 2.11 0.24 2.85

f1s [0.707f1l, 0.8f1l] 0.754 f1l 0.0268 f1l 5.30 0.96 8.18

Ms (ref.) [0.05Ml, 0.15Ml] 0.1Ml 0.029Ml

m1s (ref.) [0.4Ms, 0.6Ms] 0.5Ms 0.0577Ms

f1s (ref.) [0.5f1l, 0.707f1l] 0.6036 f1l 0.0598 f1l
f2s, f3s, f4s (ref.) 2f1s, 4f1s, 6f1s 2.85 0.57 4.30

f2s, f3s, f4s 1.25f1s, 1.5f1s, 2f1s 3.29 0.15 3.75

f2s, f3s, f4s 1.5f1s, 2f1s, 3f1s 2.88 0.26 3.66

Table 7  Rosenblueth PEM 
computations of mean µ, 
standard deviation σ and µ+ 3σ 
value of C2, varying the modal 
damping ratio ζ

MIRI Z-direction

�= Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ

Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 6.33 1.24 10.05

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.01] 7.05 1.32 11.02

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 6.47 1.26 10.23

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.1, 0.1] 5.50 0.96 8.39

9 [0.112, 0.114] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.58 0.58 4.32
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semi-empirical force limits equations (1) are given in the 
next sections.

The dynamic properties of the FSE/FRAM (source) are 
not presented in [10], hence unknown.

7.3.1  Dynamic properties LDU and value C2

The natural frequencies and associated modal effective 
masses of the first three dominant modes of the LDU, fixed 
at the interface between LDU and FSE (see Fig. 4), are 
taken from the paper of Fitzpatrick [10] and presented in 
Table 8. The Z-dir is perpendicular to the mounting plane

7.3.2  C2 from literature

The value C2 was derived from the STDFS equations and 
the scaled force power spectral density response at the 
interface between LDU/FSE and taken from [10] and given 
in Table 9. The scaled random interface force is computed 
from the enveloped random acceleration specification mul-
tiplied by the squared magnitude of the apparent mass of 
the LDU (load).

The PSD acceleration at the four interface points 
between the LDU and FSE/FRAM are represented by the 
four dotted curves. The final random acceleration specifica-
tion is the envelope of these four curves. This is illustrated 

in Fig. 5a. The drawn curve in Fig. 5b represents the PSD 
of the interface force and corresponds to the enveloped 
random acceleration. Applying Eq. (2) the value C2 can be 
established.

7.3.3  Probabilistic computations of C2

The asparagus patch model of the load (LDU) is derived 
from the dynamic properties with respect to the interface 
between the load and the source (FSE/FRAM) taken from 
Table 8 and presented in Table 10. The residual mass is 
augmented with an artificial high natural frequency outside 
the frequency range of 20–2000 Hz. The sum of the modal 
effective and residual masses is equal to the total mass of 
the LDU, Ml = 133.85 kg.

Two probabilistic methods are applied to compute C2:

–– The Monte Carlo Simulation (MCS) method [1].
–– The Point estimates for probability moments [20].

–– We start the probabilistic computations of C2 with the 
Monte Carlo Simulation (MCS) approach with 2000 
runs and in each run 4 uniform distributed random sam-
ples. Hence in total 8000 samples. The MCS method 
may be interpreted as an optimization method trying to 
find the maximum value of C2 subjected to constraint 
functions (the intervals of the design variables) [29].

Most of the MCS computations are repeated applying 
the Rosenblueth point estimation method, which means 9 
samples. Variations of the design variables; the total mass 
of the source Ms and the modal viscous damping ratio ζ are 
investigated. The presented results of the computations are 
the mean µ, the standard deviation σ and the µ+ 3σ values 
of C2.

Fig. 4  LDU-FSE-FRAM FEM in launch configuration [10]

Table 8  Dynamic properties LDU, courtesy [10]

Modal effective mass

Mode �= Frequency (Hz) X-dir (kg) Y-dir (kg) Z-dir (kg)

1 59.0 0.4 0.0 36.0

4 75.0 0.1 49.9 0.1

7 92.7 27.9 0.1 18.2
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The computations of C2 applying the MCS method with 
8000 samples are given in Table 11, and the computations 
of C2, and applying the Rosenbleth PEM method the prob-
abilistic results with 9 samples are provided in Tables 12, 
13, 14, 15, 16 and 17.

In Table 11 we present the mean µ, the standard devia-
tion 1σ, the µ+ 3σ and maximum values of C2 when the 

number of samples is 8000. The design variables Ms and 
ζ are varied. The total value of the source mass Ms is: (a) 
the standard interval and (b) tailored to the real value of Ms

. The value of the modal damping ratio ζ is varied too: (a) 
the standard interval and (b) a constant value. The compu-
tations of C2 are done in X-, Y- and Z-direction. When the 
mass of the source is tailored to the real value the values 
of C2 are lower compared to values of C2 when applying 
the standard interval of Ms. There is little influence of the 
modal damping ratio ζ on the C2.

The distributions of C2 are calculated with the MCS 
method and shown in Fig. 6. The standard intervals and 
uniform distributions of the design variables are taken 
(Table 1). The distribution are similar to the Lognormal 
distribution [1]. Assuming the Lognormal distribution for 
C2 the probability Prob(C2 ≤ C2

µ+3σ ) = 0.9915. In gen-
eral, the values C2

µ+3σ don’t cover the computed maximum 
values C2

max, however, the maximum values have a very low 
density.

The computations of C2 with the Rosenblueth PEM 
method are presented in Table 12. The number of samples is 
9. The mean µ, the standard deviation 1σ and µ+ 3σ values 
of C2 are computed. No maximum values could be obtained. 
The results presented in Table 12 are comparable to those 
presented in Table 11. The accuracy achieved by the Rosen-
blueth PEM method is comparable to the MCS method with 
8000 samples. The modal damping ratio ζ has a minor influ-
ence, but tailoring the total mass of the source Ms is very 
beneficial and will improve to computations of C2.

Fig. 5  Scaled random interface force procedure, courtesy [10]

Table 9  Values of C2 and n, from STDFS and analytical data (FEA), 
courtesy [10]

STFDS (Q = 10) X-dir Y-dir Z-dir

C2 3.48 2.5 4.8 2.7

n 2 2 2 1.5

Table 10  Asparagus patch model LDU, X, Y and Z-dir, 
Ml = 113.85 kg

X-direction

Modal effective mass (kg) m1l = 29.7 mrl = 85.95

Natural frequency (Hz) f1l = 92.7 frl = 2500

Y-direction

Modal effective mass (kg) m1l = 49.9 mrl = 63.95

Natural frequency (Hz) f1l = 75.0 frl = 2500

Z-direction

Modal effective mass (kg) m1l = 36.0 m2l = 18.2 mrl = 59.65

Natural frequency (Hz) f1l = 59.0 f2l = 92.7 frl = 2500
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In Table 13 the distribution of the source natural fre-
quency f2s, f3s, f4s has been altered compared to the stand-
ard proposed values given in Eq. (5). This leads to an 
increase of the values of C2.

In the Tables 14 and 15 the effect of the variation of the 
interval of the dominant modal effective mass m1s is inves-
tigated. Decreasing the interval has minor influence, how-
ever, increasing the interval compared to Eq. (6) has a major 
increasing impact on the values of C2. A high modal effec-
tive mass will increase dynamic responses at the interface.

In the Tables 16 and 17 the intervals of the first natural 
frequency of the source fs are varied. The effect of decreas-
ing or increasing the interval, compared to Eq. (4) leads to 
increase of the computed values of C2.

From previous Tables it turned out that the most impor-
tant design variable is the total mass of the source Ms. It is 
worthwhile to invest time to find a good approximation of 
Ms.

8  General conclusions/recommendations

Two testcases from literature were investigated to confirm 
the basis for the probabilistic approach to estimate the value 
of C2, which is the key variable in the semi-empirical method 
of the force limited random vibration testing (Eq. 1):

–– ESA study: “IFLV-Improvement of Force Limited Vibra-
tion Testing Methods for Equipment Instrument Unit 
Mechanical Verification”, [7]. The ratio of the masses of 

the load and the source is Ml/Ms = 27.47/1.5 = 18.34, 
which is a high value. The probabilistic analysis results 
are presented in the Tables 6 and 7.

–– The Linear Drive Unit (LDU), which is an Orbital 
Replacement Unit (ORU) of the International Space Sta-
tion (ISS) program, [10]. The ratio of the masses of the 
load and the source is Ml/Ms = 113.85/187.33 = 0.61, 
which is a more reasonable ratio. The probabilistic anal-
ysis results are presented in the Tables 11 – 17.

–– In both examples the dynamic properties of the test-item 
(load) are known, while these properties are unknown 
for the supporting structure (source) The proposed prob-
abilistic approach to estimate C2 is performed, however, 
in combination with the CSMA method. The interface 
response analyses are done using the CSMA method.

The dynamic properties of the unknown source are 
described by four main design variables with a uniform 
probability distribution: the total mass of the source Ms, the 
first dominant natural frequency f1s, the associated modal 
effective mass m1s and the modal damping ratio ζ, which is 
applicable to load too. The other design variables f2s, f3s.f4s 
and m2s,m3s.m4s and the residual mass mrs are related to the 
main design variables.

After the probabilistic analyses of both examples the fol-
lowing general conclusions can be drawn:

–– If the ratio Ml/Ms ≥ 1 the probabilistic approach will 
overestimate C2, hence C2 < C2

µ+3σ.

Table 11  MCS results of 
mean µ, standard deviation σ 
and µ+ 3σ value of C2, 8000 
samples

Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ C2

max

×Ml ×f1l ×Ms

(kg) (Hz) (kg)

X-dir

[0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 1.76 0.45 3.11 4.70

[0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 1.78 0.48 3.21 4.12

[1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 1.57 0.24 2.28 2.43

[1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 1.58 0.25 2.33 2.31

Y-dir

[0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.44 0.87 5.06 7.44

[0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 2.48 0.93 5.27 7.02

[1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.06 0.44 3.39 3.62

[1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 2.09 0.46 3.48 3.39

Z-dir

[0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.13 0.65 4.08 5.92

[0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 2.15 0.69 4.22 5.40

[1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 1.85 0.34 2.86 3.01

[1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 1.87 0.36 2.93 2.90
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–– If the ratio Ml/Ms ≈ 1 the probabilistic approach will 
provide a realistic value of C2, hence C2 ≈ C2

µ+3σ.
–– It is very helpful to estimate the mass Ms of the source 

as good as possible. This will improve the estimation of 
C2 considerably.

–– The Rosenblueth PEM method turned out to be a very 
efficient alternative for the MCS method.

–– When the dynamic properties of the test-item (load) are 
known and the dynamic properties of supporting struc-
ture (source) are unknown the recommended values for 
the design variables, intervals and associated uniform 
distributions, which are presented in Table 18, can be 

applied to perform the probabilistic computations of 
the semi-empirical constant C2. That means that the 
dynamic characteristics of both the load and the source 
are properly separated and the dynamic coupling mini-
mized.

If the mass of the source can’t be made available 
the recommended interval for the mass of the source is 
Ms = [0.1, 10]Ml (see Table 1), however, there may load/
source combinations where Ms/Ml > 10,Ml/Ms ≪ 1.

Only two cases, reported in the literature, were investi-
gated applying the probabilistic approach, therefor there is 
still a need for further study.
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Fig. 6  Distributions of C2 in X-, Y-, Z-directions, with standard intervals and distributions of design variables (Table 1)
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Table 12  Rosenblueth PEM 
computations of mean µ, 
standard deviation σ and µ+ 3σ 
value of C2

�= Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ

Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)

X-direction

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 1.80 0.38 2.95

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 1.81 0.39 2.98

9 [1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 1.56 0.22 2.23

9 [1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 1.57 0.22 2.25

Y-direction

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.49 0.74 4.72

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 2.54 0.76 4.82

9 [1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.04 0.41 3.26

9 [1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 2.06 0.42 3.32

Z-direction

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.21 0.55 3.88

9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 2.23 0.56 3.92

9 [1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 1.80 0.30 2.71

9 [1.64, 1.65] [0.5, 1
2

√
2] [0.4, 0.6] [0.05, 0.05] 1.83 0.31 2.75

Table 13  Rosenblueth 
PEM computations of mean 
µ, standard deviation σ 
and µ+ 3σ value of C2, 
f2s = 1.5f1sf3s = 2f1s, f4s = 2.5f1s

Dir. �= Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ

Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)

X 9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 2.74 1.03 5.84

Y 9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 4.20 0.42 5.47

Z 9 [0.1, 10] [0.5, 1
2

√
2] [0.4, 0.6] [0.01, 0.1] 3.73 1.14 7.16

Table 14  Rosenblueth PEM 
computations of mean µ, 
standard deviation σ and µ+ 3σ 
value of C2, m1s ∈ [0.2, 0.4]Ms

Dir. �= Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ

Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)

X 9 [0.1, 10] [0.5, 1
2

√
2] [0.2, 0.4] [0.01, 0.1] 1.50 0.19 2.08

Y 9 [0.1, 10] [0.5, 1
2

√
2] [0.2, 0.4] [0.01, 0.1] 1.95 0.39 3.12

Z 9 [0.1, 10] [0.5, 1
2

√
2] [0.2, 0.4] [0.01, 0.1] 1.75 0.29 2.62

Table 15  Rosenblueth PEM 
computations of mean µ, 
standard deviation σ and µ+ 3σ 
value of C2, m1s ∈ [0.6, 0.8]Ms

Dir. �= Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ

Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)

X 9 [0.1, 10] [0.5, 1
2

√
2] [0.6, 0.8] [0.01, 0.1] 2.63 1.04 5.75

Y 9 [0.1, 10] [0.5, 1
2

√
2] [0.6, 0.8] [0.01, 0.1] 3.89 1.86 9.48

Z 9 [0.1, 10] [0.5, 1
2

√
2] [0.6, 0.8] [0.01, 0.1] 3.33 1.46 7.69

Table 16  Rosenblueth PEM 
computations of mean µ, 
standard deviation σ and µ+ 3σ 
value of C2, f1s ∈ [0.3, 0.5]f1l

Dir. �= Ms f1s m1s ζ C2
µ C2

σ C2
µ+3σ

Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)

X 9 [0.1, 10] [0.3, 0.5] [0.4, 0.6] [0.01, 0.1] 1.82 0.65 3.77

Y 9 [0.1, 10] [0.3, 0.5] [0.4, 0.6] [0.01, 0.1] 3.20 1.10 6.50

Z 9 [0.1, 10] [0.3, 0.5] [0.4, 0.6] [0.01, 0.1] 2.58 0.84 5.10
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It is of great interest to consider situations where 
Ml/Ms ≪ 1, and therefor recommended to be investigated 
with the probabilistic approach for comparison with real-
life cases. From the STDFS method an increase of the 
value C2 may be expected as shown in Fig. 7.
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Samples ×Ml (kg) ×f1l (Hz) ×Ms (kg)
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2

√
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2

√
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√
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�m = Ms − (m1s + mrs)

Natural frequencies (Hz) f2s = 2.0f1s, f3s = 4.0f1s, f4s = 6.0f1s
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Fig. 7  Computation of C2 with the STDFS method [23]
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