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Abstract In the originally published article, there is a gap that resulted from relying
on a result that appeared in the literature but was false. In this note we point to the
mistake and describe the consequences. With some additional care, our main results
are shown to hold.
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1 Statement of the Gap and Consequences

In the originally published article, there is a gap in the proof of Theorem 2.4 where we
invoke Proposition 3.2 in an early version of [3]. This result says that the characters
of MV1 lying in π−1(Bd) are precisely point evaluations. The proof of the cited
Proposition, in turn, relied on [1, Theorem 3.2], which states that the characters of Ld

lying in π−1(Bd) are precisely point evaluations. That theorem is not true for d = ∞,
as the following example shows. In the example, we work with the algebra M∞ of
multipliers on Drury-Arveson space.

The online version of the original article can be found under doi:10.1007/s11785-014-0360-8.
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Example Let (vn) be a sequence in B∞ with the property that ||vn|| → 1, but (vn)

converges weakly to zero. By passing to a subsequence, we may assume that (vn) is
interpolating for M∞ [In the originally published article, Proposition 9.1]. Thus, the
unital homomorphism � : M∞ → �∞ defined by �( f )(n) = f (vn) is surjective,
so its adjoint �∗ is an embedding of the Stone-Čech compactification βN into the
character space of M∞. We claim that every point in βN \ N lies in the fiber over the
origin, i.e., π(�∗(βN \ N )) = {0}. Indeed, let ϕ ∈ βN \ N. Then for every k ≥ 1, we
have

(�∗(ϕ))(Mzk ) = ϕ((Zk(vn))) = lim
n→∞ Zk(vn) = 0.

This shows that there are points in π−1(Bd) which are not point evaluations.
We can use this construction to show that there are also algebras MV with characters

that are fibered over points in Bd \ V . Let (vn) be as above, and assume that v0 = 0.
Let f ∈ M∞ satisfy f (0) = 1 and f (vn) = 0 for n ≥ 1. Then V = f −1(0) is a
variety such that 0 /∈ V , but the fiber π−1(0) is large.

As a consequence of this problem, our proof of Theorem 2.4, and therefore Corol-
laries 2.6 and 2.7, are incomplete in the case where d = ∞ (we do not know if the
result stated is false). This gap does not affect any of the results in Sections 3–6, since
they did not require these results in the case d = ∞.

We will prove below that Theorem 2.4 (and therefore its corollaries) holds at least
when the embedding f1 : D → B∞ is the embedding giving rise to the spaces Hs

(s ≤ 0) studied in Examples 7.7 and 8.6, which were the cases of greatest interest
in the paper. As a result, all the results of Section 7 hold with the exception of the
second sentence in the statement of Proposition 7.3, which says that MV and MṼ are
isomorphic via the natural map if and only if they are isomorphic via any isomorphism.
This statement is still true if one assumes that at least one of the spaces is Hs (s ∈
[−1, 0]). Most of the results in Section 8 also hold, with the exception of Lemma 8.4
and statements (1) and (3) in Theorem 8.5. Statements (1) and (3) are not known to hold
in full generality, but do hold if one assumes that one of the spaces is Hs , s < −1,
so Example 8.6 still exhibits an uncountable family of non-isomorphic multiplier
algebras associated to compact varieties. Lemma 8.4 holds if the compact variety V
arises from one of the spaces Hs , s < −1, by the results in Section 9 of [4]. As a
result, Proposition 9.3 is only known to hold if the compact variety is of this type. The
other results in Section 9 are not affected.

2 Proof of Theorem 2.4 for the Spaces Hs

Recall the statement of Theorem 2.4:

Theorem 2.4 (In the originally published article) Let Vi be discs in Bd as described
above. Let ϕ : MV1 → MV2 be a continuous algebra homomorphism. Then F =
Fϕ |V2 is a holomorphic map with multiplier coefficients. If F is not constant, then F
maps V2 into V1. In this case, ϕ∗|V2 = F and ϕ is given by composition with F, that
is,
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ϕ(h) = h ◦ F for all h ∈ MV1 .

In particular, if ϕ is injective, then F is not constant. And if ϕ is an isomorphism, F
is a biholomorphism of V2 onto V1.

The only problem with the published proof is that there is gap in showing that
ϕ∗(ρv) has to be point evaluation. The proof of the theorem holds for any algebra
M f (D) for which it is true that

(1) for every λ ∈ V , the fiber π−1(λ) is a singleton containing only point evaluation
at λ, and

(2) π(M(MV )) ∩ Bd = V .

If we add the assumption that both algebras MV1 and MV2 have these properties,
then the proof as it appears is correct. In Sect. 2.1 we will show that the embeddings
considered in Examples 7.7 and 8.6 satisfy properties (1) and (2).

If we only assume that MV1 satisfies properties (1) and (2), then the proof of
Theorem 2.4 is only good up to the point where it is proved that if ϕ is an isomorphism
then F is a biholomorphism. In the paper we deduced this statement by replacing ϕ
with ϕ−1. However, if we only assume that MV1 satisfies those properties, then ϕ and
ϕ−1 are not interchangeable. In Sect. 2.2 below we show how to complete the proof
if one only makes special assumptions on MV1 .

If V is the intersection of zero sets of functions in Ad , the norm closure of the
polynomials in Md , then each f ∈ Ad extends to a continuous function on Bd . So
we can talk about their zero sets in the closed ball.

Proposition Suppose that a variety V in Bd is the intersection of zero sets of a family
F ⊂ Ad such that

⋂
f ∈F f −1(0) = V . Then π(M(MV )) = V .

Proof Since MV � Md/JV where JV is the ideal of multipliers vanishing on V ,
every character ϕ of MV lifts to a character ψ of Md that annihilates JV . Assume
that ϕ ∈ π−1(λ) for λ ∈ Bd , whence ψ ∈ π−1(λ) also. Then ψ( f ) = f (λ) for every
polynomial f , and hence for every f ∈ Ad . In particular, as every f ∈ F belongs to
JV , we have 0 = ψ( f ) = f (λ). Therefore λ ∈ V by hypothesis. �

2.1 Proof that Mult Hs Satisfies Properties (1) and (2)

The algebras MV considered in Sections 7 and 8 are determined by the family of
polynomials bn Zn

1 = bn
1 Zn for n ≥ 2. It is clear that the intersection of their zero sets

in B∞ is exactly V . Thus they satisfy property (2) by the Proposition.
The following lemma provides a simple sufficient condition under which π−1(0)

is a singleton.

Lemma In the setting of Sections 7 and 8, the following assertions are equivalent:

(i) For every g ∈ MV with g(0) = 0, there is g̃ ∈ MV such that g = z1g̃.
(ii) For every g ∈ Mult(H f ) with g(0) = 0, we have g/z ∈ Mult(H f ).

(iii) The sequence
( an

an−1

)
n≥1 is bounded.
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Proof The equivalence of (i) and (ii) follows by an application of the isomorphism

MV → Mult(H f ), g �→ g ◦ f.

Suppose that (iii) holds. Then

D : H f → H f , h �→ h − h(0)

z
,

is a bounded linear map. Indeed D maps zn to zn−1, and ||zn||2 = 1
an

. Let g ∈
Mult(H f ) with g(0) = 0. Then for every h ∈ H f , we have

DMgh = D(gh) = g

z
h.

This shows that g/z ∈ Mult(H f ) and that DMg = Mg/z . Hence, (ii) holds.
Conversely, suppose that (ii) is satisfied. Then

D̃ : Mult(H f ) → Mult(H f ), g �→ g − g(0)

z
,

is defined and clearly linear. Since convergence in Mult(H f ) implies pointwise con-
vergence on D, we conclude with the help of the closed graph theorem that D̃ is
bounded. In particular,

1

an−1
= ||zn−1||2Mult(H f )

= ||D̃zn||2Mult(H f )
≤ ||D̃||2 ||zn||2Mult(H f )

= ||D̃||2 1

an
.

Thus, (iii) holds. �
It is not hard to modify Example 6.12 in [3] to see that the conditions in the preceding

lemma are not always satisfied.
Now recall that for s ∈ R, Hs is the reproducing kernel Hilbert space on the unit

disc with kernel

k(z, w) =
∞∑

n=0

(n + 1)s(zw̄)n .

Corollary Let ρ be a character of Mult(Hs), s ≤ 0. If λ ∈ D, and ρ(z) = λ, then
ρ( f ) = f (λ) for every f ∈ Mult(Hs). For s < −1, the same is true for λ ∈ T.

Proof Case: λ ∈ D, s ≤ 0. Since Mult Hs is automorphism invariant, it is enough to
prove this for λ = 0. Let f ∈ Mult(Hs) be such that f (0) = 0, i.e., f ∈ ker ρ0. By
the above lemma, f = zg, where g ∈ Mult(Hs). But then ρ( f ) = ρ(z)ρ(g) = 0, so
f ∈ ker ρ. We find that the maximal ideal ker ρ contains the maximal ideal ker ρ0,
thus ρ = ρ0.



Erratum to: Multipliers of Embedded Discs 327

Case: λ ∈ D, s < −1. When s < −1 the argument from the previous paragraph
does not suffice, since automorphisms of the disc do not take 0 to T. We use some
results from Shields [4, Section 9]. He provides a sufficient condition (Prop.32) for
the multiplier algebra to be strictly cyclic, which is readily verified for Hs if s < −1.
Then he shows (Prop.31, Cor.1) that the maximal ideal space of Mult(Hs) is naturally
identified with D. �

2.2 Proof that F is a Biholomorphism in the Case that MV1 Satisfies (1) and (2) and
ϕ is an Isomorphism

Assume that ϕ is an isomorphism. If MV1 satisfies (1) and (2), then the proof of
Theorem 2.4 shows that ϕ∗ takes point evaluations to point evaluations, that F is
holomorphic, and that ϕ is given by

ϕ(h) = h ◦ F.

To show that F is biholomorphism, one needs to apply the same arguments to (ϕ−1)∗,
but for this one needs that (ϕ−1)∗ takes point evaluations to point evaluations. This is
achieved as follows.

By an adaptation of [2, Section 11.3], the fact that ϕ is implemented by composition
implies that ϕ is weak-∗ continuous. Since the closed unit ball B1 of MV1 is weak-∗
compact, and since the weak-∗ topology on MV2 is Hausdorff, ϕ

∣
∣

B1
: B1 → ϕ(B1) is

a homeomorphism in the weak-∗ topologies. Every bounded set in MV2 is contained
in rϕ(B1) for some r > 0, hence ϕ−1 is weak-∗ continuous on bounded sets. It follows
from the Krein-Smulian theorem that ϕ−1 is weak-∗ continuous. In particular, (ϕ−1)∗
takes point evaluations to point evaluations, and the proof of Theorem 2.4 can be
completed as in the paper.
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