
TEST (2014) 23:473–477
DOI 10.1007/s11749-014-0387-1

DISCUSSION

Comments on: Latent Markov models: a review
of a general framework for the analysis of longitudinal
data with covariates

Leonard J. Paas

Published online: 21 August 2014
© Sociedad de Estadística e Investigación Operativa 2014

1 Introduction

First of all I find that the authors have written an excellent, comprehensive framework
on latent Markov modeling. This model and related models, such as mixture models,
latent class models and hidden Markov models, have been covered extensively in
the literature (e.g., De Angelis and Paas 2013; Hokimoto and Shimizu 2014; Paas
et al. 2007; Wedel and Kamakura 2000). Bartolucci, Farcomeni and Pennoni (BFP)
addressed many important issues from this extensive body of literature, which resulted
in an exhaustive theoretical framework.

In this comment, I will discuss the practical application of the latent Markov model,
which deserves additional attention. I propose that the latent Markov model has poten-
tial for predictive purposes, which is highly relevant for practitioners, as will be dis-
cussed in Sect. 2 of this comment. Section 3 discusses an important caveat for the
practical application of latent Markov modeling, involving the selection of an appro-
priate number of latent classes. The limited space of a comment does not facilitate
addressing a large range of major issues for the application of the latent Markov model,
but can provide a starting point.

This comment refers to the invited paper available at doi:10.1007/s11749-014-0381-7.

I am grateful to Meike Morren and Jeroen Vermunt for the useful suggestions on a previous version of this
comment.

L. J. Paas (B)
Department of Marketing, Faculty of Economics and Business, VU University,
Room 6A31, De Boelelaan 1105, 1081 HV Amsterdam, The Netherlands
e-mail: l.j.paas@vu.nl

123

http://dx.doi.org/10.1007/s11749-014-0381-7


474 L. J. Paas

2 The applications of predicting future observed responses in latent Markov
models

Applied academics and practitioners often use statistical models for prediction pur-
poses rather than for explaining phenomena (Hair et al. 2009). Section 3.4 of the
BFP-paper, based on Paas et al. (2007), addresses the application of the latent Markov
model for predicting binary ownership indications for financial products. Moreover,
promising findings on the application of hidden Markov modeling for prediction have
been reported by De Angelis and Paas (2013) and Hokimoto and Shimizu (2014). The
hidden Markov model is closely related to the latent Markov model, but is usually
applied for time series predictions for a single unit, as also pointed out in the BFP-
paper. Latent Markov modeling is for assessing responses of multiple units over time.
BFP used ideas stemming from the hidden Markov literature for discussing the latent
Markov model. I suggest that findings on using the hidden Markov model for predic-
tion purposes can also could also be relevant when applying latent Markov models for
this purpose. This will be addressed further below.

The BFP-paper distinguishes between the latent and measurement component in
the latent Markov model. The former component describes class sizes at the first
measurement occasion and transition probabilities between latent classes across con-
secutive time-points. The measurement component provides conditional probabilities
for having specific values on observed responses, given a subject’s latent class mem-
bership probabilities. Based on the BFP-notation, predicted values on the r observed
response variables (product ownership indications in this comment) at a future time-
point T + 1 for each subject i are collected in the vector Y (T+1)

i . Paas et al. (2007)

introduced equations for predicting values in Y (T+1)
i for all n subjects in the analyzed

dataset, as pointed out in section 3.4 of the BFP-paper. This results in a matrix Y (T+1),

with n rows and r columns. Y (T +1) is derived from the values that the n subjects have
on the r observed responses and the x covariates at time-point T and all previous
times, and the latent Markov model that was derived from these data. For subject i
prior latent class membership probabilities for all k latent classes at T +1 are predicted
and stored in the vector U (T+1)

i . This is based on the Baum–Welch algorithm, which is
also discussed in section 5 of the BFP-paper. These predictions are combined with the
conditional distributions across all observed response variables over the latent classes,
stored in the matrix Y (t)|U (t), i.e., the measurement component. This yields values for
the vector Y (T+1)

i for each n, resulting in the matrix Y (T+1). To explain the rationale
underlying this prediction method, consider that a subject is more likely to own a
credit card at T + 1 when she/he has a larger probability to belong to a latent class
at T + 1 in which a high-conditional ownership probability occurs for this specific
product (Paas et al. 2007). The equations introduced in Paas et al. (2007) provide the
exact probabilities that the n subjects own this product at T + 1 and the other r − 1
products. These predicted values can be calculated in computer programs (Vermunt
and Magidson 2013).

Such predictions are obviously useful for banks. Those consumers who do not own,
for example, a credit card at T , but are likely to switch to a latent class with a high-
conditional probability for owning this product at T +1, could be offered this product.
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Such an offer may prevent acquisition of this product at a competing bank. Alternative
models for such prospect selection purposes have been discussed in the literature (e.g.,
Knott et al. 2002; Paas and Molenaar 2005). I propose that the predictive potential
of latent Markov modeling should be compared with the alternatives. The literature
on the predictive potential of the hidden Markov model can provide avenues for such
further research.

In a recent paper, De Angelis and Paas (2013) apply hidden Markov modeling for
predicting the value of an important US stock index at T + 1 and later time-points.
Such predictions are useful for supporting investment decisions. If the stock index
is more likely to increase in value, it is more prudent to invest and vice-versa. The
model can also be used to pinpoint the end of a financial crisis. If the hidden Markov
model predicts a stable or increasing value of the stock index for a period of at least
13 weeks, it is likely that stock market has entered a phase with little volatility (De
Angelis and Paas 2013). De Angelis and Paas (2013) do point out that further research
is required, but potential implications for investors and policy-makers are obvious.
Interestingly, the hidden Markov model that is reported in De Angelis and Paas (2013)
outperforms alternatives for predicting stock index developments, e.g., the commonly
used GARCH model.

In another practical application, Hokimoto and Shimizu (2014) used two alternative
hidden Markov models for predicting sea surface elevation, refer to their paper for
descriptions. The predictions in Hokimoto and Shimizu (2014) are also practically
relevant, addressing the evaluation of human safety risks in sea activities, such as
navigation and fishing. One of the two applied hidden Markov models in Hokimoto
and Shimizu (2014) outperforms the other hidden Markov model and also alternatives
such as the ARIMA model. The promising hidden Markov model applications and
results (De Angelis and Paas 2013; Hokimoto and Shimizu 2014), suggest that future
research could aim to assess the conditions under which different formulations of
the latent Markov model provide more accurate or useful predictions than alternative
statistical models in a large range of applied domains.

3 Assessing the optimal number of latent classes

This section addresses an important caveat of using the latent Markov model for
applied (prediction) purposes, i.e., selecting an appropriate number of latent classes
in large datasets. This is salient due to increased availability of large datasets, also
referred to as big data (Manyika et al. 2011). The BFP-paper mentions various so-called
information criteria, and suggests BIC as effective for selecting an optimal number of
latent classes. However, research comparing the effectiveness of information criteria,
and other approaches for selecting an optimal number of latent classes, is usually
based on relatively small datasets. Tuma and Decker (2013) presented an extensive
overview on approaches for selecting an appropriate number of latent classes for
the more general family of segmentation models. Latent Markov modeling can be
considered as a technique for conducting longitudinal segmentation analyses. In the
overview, the largest simulation datasets contain 2,500 cases, most are smaller. In a
recent paper, which was also cited in the BFP-paper, Bacci et al. (2013) evaluated
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criteria for determining the number of latent classes in latent Markov models, using
simulated datasets with up to 500 cases.

The latent Markov model is often applied to larger datasets, e.g., n = 7,676 in
Paas et al. (2007), see section 3.4 of the BFP-paper. Such datasets often lead to a
large number of latent classes. The values on information criteria such as AIC and
BIC keep declining when the number of classes increases. This also applies for the
CAIC criterion, which penalizes additional parameters more strongly. Some of these
latent classes may contain very small (fractions of) percentages of the subjects. An
interesting approach that may mitigate such issues was discussed in Magidson and Ver-
munt (2004), see also Vermunt and Magidson (2013). This bivariate residual (BVR)
approach quantifies the extent to which a model reproduces associations between
the observed responses. The approach is based on the Pearson chi-square statistic
and the number of degrees of freedom. Lower values imply a better reproduction
of the observed associations (Magidson and Vermunt 2004). If all BVR’s have an
approximate maximum value of 1, the model is considered adequate. Magidson and
Vermunt (2004) suggest that larger BVR’s may sometimes occur for one or a few spe-
cific observed bivariate association(s). They mention an example with four observed
responses, A, B, C and D. In this specific example, a poor fit of a two-class model is
found, but this only applies for the association between the observed responses to C and
D. Magidson and Vermunt (2004) suggest that researchers can accommodate for this
by adding a direct effect between C and D, implying partially relaxing the local inde-
pendence assumption, referred to as contemporary dependence in the BFP-paper. This
prevents increasing the number of latent classes, on the account of a single bivariate
association.

The increasing interest in big data implies that future simulation studies on selecting
an optimal number of classes in latent Markov models, and related models, should
include larger simulated datasets. Such studies may assess the effectiveness of the
more traditional information criteria, e.g., AIC and BIC, and potential alternatives,
e.g., the BVR approach (Magidson and Vermunt 2004), the likelihood ratio test or the
quality of classification approach mentioned in the BFP-paper. Moreover, statisticians
can aim to develop new criteria that ensure latent classes fulfill a specific minimum
size in large datasets, as sizability is an important criterion for many applications of
models that are used for classifying subjects (Wedel and Kamakura 2000).

In sum, the latent Markov model has already been applied in an impressive range of
domains, as is apparent in the BFP-paper. Research on selecting the optimal number
of latent classes in large datasets may further enhance relevance of the latent Markov
model for applied academics and practitioners, e.g., database analyst in firms. This
also applies for studies comparing the predictive potential of latent Markov models
with alternative models in different domains, as discussed in Sect. 2 of this comment.
The theoretical framework presented in the BFP-paper is highly useful for these direc-
tions for further research and also for other future research avenues on the practical
applications of the latent Markov model.
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