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Abstract: This paper deals with the problem of designing a robust discrete output-feedback based repetitive-control system for a class
of linear plants with periodic uncertainties. The periodicity of the repetitive-control system is exploited to establish a two-dimensional
(2D) model that converts the design problem into a robust stabilization problem for a discrete 2D system. By employing Lyapunov
stability theory and the singular-value decomposition of the output matrix, a linear-matrix-inequality (LMI) based stability condition
is derived. The condition can be used directly to design the gains of the repetitive controller. Two tuning parameters in the LMI
enable the preferential adjustment of control and learning. A numerical example illustrates the design procedure and demonstrates the
validity of the method.
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1 Introduction

By repeating the same operation, a person gradually be-
comes skilled, and finally can operate with great efficiency
and precision. In fact, the repetition of operation is a pro-
cess of learning and gradual progress. Based on the inter-
nal model principle[1], Inoue et al.[2] added a human-like
learning capability to a control system and devised a new
control strategy called repetitive control (RC). Fig. 1 shows
the configuration of a discrete-time repetitive-control sys-
tem (RCS).

Fig. 1 Configuration of a basic discrete-time repetitive-control

system

In Fig. 1, G(z) is a compensated plant, and z is a shift
operator. The part enclosed by the dotted line is a repet-
itive controller that contains a pure delay with a positive-
feedback loop. For a given periodic reference input r(k)
with period of N , a repetitive controller gradually improves
the tracking precision through repeated learning actions,
which involve adding the control input of the previous pe-
riod v(k −N) to that of the present period to regulate the
control input. As a result, the tracking error is reduced step
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by step. Finally, the output tracks the reference input with-
out any steady-state error. RC is similar to iterative learn-
ing control (ILC)[3], which is another well-known method
that makes use of the previous control trials. However, the
difference between RC and ILC regarding the initial state
of every period makes the issues of interest (stabilization,
control system design, etc.) for these two methods very
different.

An RCS has its inherent two-dimensional (2D) structural
characteristics. It actually involves two different actions:
Control within each repetition period and learning between
periods. However, most analysis and design methods for an
RCS developed for one-dimensional (1D) space ignore the
difference between these two actions and only consider their
overall effect. Consequently, they are incapable of making
fundamental improvements in transient performance[4−6].
For the case of continuous RC, Zhou et al.[7, 8] employed
2D system theory[9, 10] to design a robust RCS. Mapping
the RCS to 2D space yields a continuous-discrete 2D model.
Unlike the 1D methods, the method in [7, 8] enables prefer-
ential adjustment of control and learning. The resulting
control system exhibits both satisfactory robustness and
good tracking performance.

RCS has been studied mainly in the continuous time do-
main. However, in practical control systems, digital im-
plementation of repetitive controller is simpler than ana-
log counterpart. So, developing a design method for a
discrete-time robust RCS has practical significance. Ref-
erences [11,12] proposed a design method for discrete-time
robust RCS, which is based on a discrete 2D model. It con-
verted the system design to the robust stabilization problem
for a discrete 2D system. However, the whole state of the
plant is needed for the design of the controller, which is un-
fortunately unavailable in many practical applications. A
design method that employs only the output of a plant is
more practical.
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This paper presents a method of designing a discrete-
time robust RCS based on static output-feedback for a class
of linear plants with periodic uncertainties. First, applying
the lifting technique, a new discrete 2D model is established
that accurately describes the characteristics of RCS and al-
lows us to adjust control and learning preferentially. Then,
by employing a 2D Lyapunov functional and the singular-
value decomposition (SVD) of the output matrix, a linear-
matrix-inequality (LMI) based sufficient stability condition
is derived. Two tuning parameters in the LMI are used
to adjust control and learning. Finally, a numerical exam-
ple demonstrates the effectiveness of the design method.
Throughout this paper, Z+ is the set of non-negative in-
tegers, Cp is the p-dimensional vector space over complex
numbers, ℵ is the linear space of all the functions from
{0, 1, 2, 3, · · · , N − 1} to Cp, l2(Z

+, Cp) is the linear space
of square integrable functions from Z+ to Cp, and l2(Z

+, ℵ)
is the linear space of all the functions from Z+ to ℵ.

2 Problem description

This paper considers the discrete-time RCS in Fig. 2. It
is assumed that the process dynamics have been sampled
by the zeroth-order hold method at a uniform rate Ts. The
dynamics model of the repetitive controller CR(z) is

v(k) =

{
e(k), 0 6 k < N

e(k) + v(k −N), k > N
(1)

where e(k) = r(k)− y(k) is the tracking error.
In Fig. 2, the single-input single-output (SISO) compen-

sated plant with a relative degree of zero and time-varying
structured uncertainties is

{
x(k + 1) = (A + δA(k))x(k) + (B + δB(k))u(k)

y(k) = Cx(k) + Du(k)
(2)

where x(k) ∈ Rn is the state of the plant, and u(k) ∈ R and
y(k) ∈ R are the control input and output, respectively. A,
B, C and D are real constant matrices. Assume that the
structured uncertainties of the plant are

[
δA(k) δB(k)

]
= MF (k)

[
N0 N1

]
(3)

where M, N0 and N1 are known constant matrices, and
F (k) is a real, unknown, and time-varying matrix with
Lebesgue measurable elements satisfying

FT(k)F (k) 6 I, ∀k ∈ Z+. (4)

We make the following assumption.
Assumption 1. The uncertainties δA(k) and δB(k)

vary periodically with the same period as that of the refer-
ence input r(k), i.e.,

{
δA(k + N) = δA(k)

δB(k + N) = δB(k)
, ∀k ∈ Z+. (5)

From (3) and (5), we have

F (k + N) = F (k). (6)

The linear control law based on output feedback is

u(k) = Kev(k) + Kyy(k), Ke, Ky ∈ R (7)

where Ke is the feedback gain of the repetitive controller
and Ky is the output feedback gain.

This paper considers the following design problem: De-
sign suitable control gains Ke and Ky in (7) such that the
RCS in Fig. 2 is robustly stable for the admissible uncer-
tainties (3).

Equations (1), (2) and (7) describe the dynamics of the
RCS in Fig. 2 in the time domain. Note that (7) can be
rewritten as

u(k) = Ke[e(k) + v(k −N)] + Kyy(k) =

Kev(k −N) + {Ker(k) + (Ky −Ke)y(k)}. (8)

Equation (8) shows that the control law u(k) contains two
kinds of information: Information on the previous period
(first term on the right-hand side) and information on the
present period (second term).

Since we can view the past state as a kind of experience,
RC actually involves two different types of actions: Control
and learning. In other words, we use the information on
the present and previous periods respectively to produce
the present control input. A design method that enables
independent adjustment of control and learning can poten-
tially provide better transient performance. But from (8),
we cannot preferentially adjust control and learning actions
by directly changing the control gains Ke and Ky in (7). To
solve this problem, we present a 2D description for the RCS
in Fig. 2 in the following.

First, focusing on the periodicity of RC, we employ the
lifting technique[13] (Fig. 3) to slice the time axis into inter-
vals of length N . That converts the vector-valued discrete-
time signal sequence {ξ(k)} into the function-valued signal
sequence {ξi(j)}. Its element is denoted as ξ(i, j) in this
paper. That is,

Fig. 2 Configuration of the discrete output-feedback-based repetitive-control system
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Fig. 3 Mapping LD

LD : l2(Z
+, Cp) → l2(Z

+, ℵ)

ξ(i, j) = ξi(j) = LD(ξ(k))

k = iN + j, i ∈ Z+, j ∈ {0, 1, 2, 3, · · · , N − 1}
LD is an isometric, isomorphic transformation between
l2(Z

+, Cp) and l2(Z
+, ℵ).

Since the stability of the system does not depend on an
exogenous signal, we set r(k) = 0. Then, from (1), (2) and
(8), we get the following 2D representation for the RCS in
Fig. 2.
{
x(i,j+1)=(A+δA(i, j))x(i, j)+(B+δB(i, j))u(i, j)

v(i, j)=−Cx(i, j)−Du(i, j)+v(i−1, j)
(9)

with the 2D feedback control law of the form

u(i, j) = Fev(i− 1, j) + FpCx(i, j) (10)

where

Fe =
Ke

1 + (Ke −Ky)D

Fp =
Ky −Ke

1 + (Ke −Ky)D
. (11)

Its dynamic boundary conditions are

x(i + 1, 0) = x(i, N), i ∈ Z+. (12)

In (9), the first equation describes the control action
within one repetition period, and the second equation de-
scribes the learning behavior between two adjacent periods.
We can adjust them preferentially by changing Fp and Fe in
(10) and thereby accelerate the convergence of the tracking
error. This is a big advantage over the 1D methods. Note
that there is a coupling relationship between control and
learning, and we cannot adjust them completely and inde-
pendently. This can be observed from the second equation
of (9). Meanwhile, from (11), the control gains in Fig. 2 can
be rewritten as

Ke =
Fe

1 + DFp

Ky = Fe +
Fp(1−DFe)

1 + DFp
. (13)

Based on the 2D model (9), the design of the robust RCS
in Fig. 2 is reformulated as the following problem: Find an
admissible control law (10) for discrete 2D system (9) under
boundary conditions of the form (12) such that the system
is robustly stable and achieves fast convergence.

3 Design of discrete output-feedback
based RCS

Substituting the control input (10) into (9) yields a rep-
resentation of the 2D closed-loop RCS

δη(i, j) = Alη(i, j) + BlΓ(i, j) (14)

where

δη(i, j) =
[

xT(i, j + 1) vT(i, j)
]T

η(i, j) =
[

xT(i, j) vT(i− 1, j)
]T

Al =

[
A + BFpC BFe

−C −DFpC 1−DFe

]

Bl =

[
M

0

]

Ψ =
[

N0 + N1FpC N1Fe

]

Γ(i, j) = F (i, j)Ψη(i, j). (15)

From (4),

ΓT(i, j)Γ(i, j) 6 ηT(i, j)ΨTΨη(i, j). (16)

Below, we derive a sufficient robust stability condition
for the closed-loop 2D system (14) by constructing a 2D
Lyapunov functional and combining the SVD of the output
matrix.

Definition 1[14]. Assume that the output matrix C in
(2) has full row rank and rank(C) = m. The SVD of C is

C = U
[

S 0
]
V T (17)

where S ∈ Rm×m is a diagonal matrix with positive, diag-
onal elements in decreasing order, 0 ∈ Rm×(n−m) is a zero
matrix, U ∈ Rm×m and V ∈ Rn×n are unitary matrices.

For the SVD (17), the following lemma presents an equiv-
alent condition for matrix equation CX = X̄C.

Lemma 1[15]. For a given C ∈ Rm×n with rank(C) =
m, if X ∈ Rn×n is a symmetric matrix, then there exists a
matrix X̄ ∈ Rm×m such that CX = X̄C holds if and only
if

X = V diag{X11, X22}V T
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where X11 ∈ Rm×m and X22 ∈ R(n−m)×(n−m).
The following two lemmas are also employed in the

derivation of the stability condition for the 2D system (14).
Lemma 2 (Schur complement[16]). For any real ma-

trix Σ = ΣT, the following assertions are equivalent:

1) Σ =

[
S11 S12

∗ S22

]
< 0

2) S11 < 0 and S22 − ST
12S

−1
11 S12 < 0

3) S22 < 0 and S11 − S12S
−1
22 ST

12 < 0
Lemma 3 (S-procedure[17]). Let Ω0(x) and Ω1(x) be

two quadratic matrix functions over Rn, and let Ω1(x) 6 0
for all x ∈ Rn − {0}. Then, Ω0(x) < 0 holds for all
x ∈ Rn − {0} if and only if there exists an ε > 0 such
that

Ω0(x)− εΩ1(x) < 0, ∀x ∈ Rn − {0} .

The above lemmas lead to Theorem 1.
Theorem 1. For given positive scalars α and β, if there

exist symmetric, positive-definite matrices X11, X22, X2,
and arbitrary matrices W1 and W2 such that the LMI




−αX1 0 0 Θ14 Θ15 Θ16

∗ −βX2 0 Θ24 Θ25 Θ26

∗ ∗ −I MT 0 0

∗ ∗ ∗ −αX1 0 0

∗ ∗ ∗ ∗ −βX2 0

∗ ∗ ∗ ∗ ∗ −I




< 0 (18)

holds, where

X1 = V diag{X11, X22}V T (19)

Θ14 = αX1A
T + αCTWT

1 BT

Θ15 = −αX1C
T − αCTWT

1 DT

Θ16 = αX1N
T
0 + αCTWT

1 NT
1

Θ24 = βWT
2 BT

Θ25 = βX2 − βWT
2 DT

Θ26 = βWT
2 NT

1

then the discrete RCS (14) in Fig. 2 is asymptotically stable.
And the 2D feedback gains in (10) are

Fe = W2X
−1
2

Fp = W1USX−1
11 S−1UT (20)

where U and S are defined in SVD (17).
Proof. Let

P1 = X−1
1 , P2 = X−1

2 .

Choose a Lyapunov functional candidate to be

V (i, j) = V1(i, j) + V2(i, j) (21)

where

V1(i, j) = xT(i, j)
1

α
P1x(i, j) (22)

V2(i, j) = vT(i− 1, j)
1

β
P2v(i− 1, j). (23)

Consider the associated increment ∆V (i, j) as

∆V (i, j)=V1(i, j+1)−V1(i, j)+V2(i+1, j)−V2(i, j). (24)

Along the time trajectory of (14), we have

∆V (i, j) = η̃T(i, j)(−P + ÂT
l PÂl)η̃(i, j) (25)

where

η̃T(i, j) =
[

xT(i, j) vT(i− 1, j) ΓT(i, j)
]

P = diag{ 1

α
P1,

1

β
P2, 0}

ÂT
l =




AT + CTFT
p BT −CT − CTFT

p DT 0

FT
e BT 1− FT

e DT 0

MT 0 0




Furthermore, (15) and (25) yield

∆V (i, j)−[ΓT(i, j)Γ(i, j)−ηT(i, j)ΨTΨη(i, j)] =

η̃T(i, j)Λη̃(i, j) (26)

where

Λ = −P̃ + ÃT
l P̃ Ãl

P̃ = diag{ 1

α
P1,

1

β
P2, I}

ÃT
l =




ÃT
l11 ÃT

l12 ÃT
l13

FT
e BT 1− FT

e DT FT
e NT

1

MT 0 0




ÃT
l11 = AT + CTFT

p BT

ÃT
l12 = −CT − CTFT

p DT

ÃT
l13 = NT

0 + CTFT
p NT

1 .

Combining (16) and (26), and applying S-procedure
(Lemma 3) to (26), we find that if Λ < 0, then for any
η̃(i, j) 6= 0, ∆V (i, j) < 0; thus the closed-loop system (14)
is asymptotically stable.

Also, from Schur complement Lemma 2, Λ < 0 is equiv-
alent to the following matrix inequality

Ξ=




− 1

α
P1 0 0 Ξ14 Ξ15 Ξ16

∗ − 1

β
P2 0 Ξ24 Ξ25 Ξ26

∗ ∗ −I Ξ34 0 0

∗ ∗ ∗ − 1

α
P1 0 0

∗ ∗ ∗ ∗ − 1

β
P2 0

∗ ∗ ∗ ∗ ∗ −I




<0 (27)

where

Ξ14 =
1

α
(AT + CTFT

p BT)P1

Ξ15 =
1

β
(−CT − CTFT

p DT)P2

Ξ16 = NT
0 + CTFT

p NT
1

Ξ24 =
1

α
FT

e BT

Ξ25 =
1

β
(1− FT

e DT)P2

Ξ26 = FT
e NT

1

Ξ34 =
1

α
MTP1.
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Since X1 = V diag{X11, X22}V T, from Lemma 1, there
exists X̄1 such that

CX1 = X̄1C (28)

and

X̄−1
1 = USX−1

11 S−1UT. (29)

Define

W1 = FpX̄1, W2 = FeX2. (30)

Pre-multiplying and post-multiplying the matrix on the
left-hand side of (27) by

diag{αX1, βX2, I, αX1, βX2, I}

and substituting (28) and (30) into the corresponding ma-
trix, we have LMI (18).

So, if LMI (18) holds, then the discrete closed-loop RCS
(14) is robustly stable for the admissible uncertainties (3).

Finally, we obtain (20) from (29) and (30). ¤
Remark 1. Theorem 1 provides an LMI-based sufficient

robust stability condition for discrete 2D system (9) under
control law (10). The condition can be easily used to di-
rectly design the controller parameters of the RCS in Fig. 2
using the feasp solver in robust control toolbox[18]. The
two tuning parameters α and β in LMI (18) manipulate
the preferential adjustment of control and learning. More
specifically, α adjusts the weighting matrix P1 in V1(i, j),
and β adjusts the weighting matrix P2 in V2(i, j). Note that
V1(i, j) and V2(i, j) are quadratic terms related directly to
control and learning. Accordingly, α and β regulate the
feasible solutions Fp and Fe in (20), respectively.

In addition, from Theorem 1, we can derive a sufficient
stability condition for the nominal discrete 2D closed-loop
system

δη(i, j) = Alη(i, j) (31)

where δη(i, j), η(i, j) and Al are defined in (14).
Corollary 1. For given positive scalars α and β, if there

exist symmetric, positive-definite matrices X11, X22, X2,
and arbitrary matrices W1 and W2 such that the following
LMI holds




−αX1 0 Θ̃13 Θ̃14

∗ −βX2 βWT
2 BT Θ̃24

∗ ∗ −αX1 0

∗ ∗ ∗ −βX2


 < 0 (32)

where X1 is defined in (19), and

Θ̃13 = αX1A
T + αCTWT

1 BT

Θ̃14 = −αX1C
T − αCTWT

1 DT

Θ̃24 = βX2 − βWT
2 DT

then the 2D system (31) is asymptotically stable. And the
2D feedback gains in (10) are

Fe = W2X
−1
2

Fp = W1USX−1
11 S−1UT. (33)

4 Numerical example

Consider the problem of designing a controller for a di-
rect current motor driven manipulator with a proportional
integral regulator. The control input is the voltage applied
to the armature, and the output is the rotational torque of
the manipulator. The state-space model of the motor can
be described using (2). Assume that the parameters of the
uncertain plant (2) are





A =

[
−0.93 0

0.3 −0.85

]
, B =

[
0

0.6

]

C =
[

1 0
]
, D = 2

M =

[
1 0

0 1

]
, N0 =

[
0 0.01

0 0.01

]

N1 =

[
0

0.05

]
, F (k) =

[
sin πk 0

0 sin πk

]

(34)

and the sampling frequency is fs = 1
Ts

= 10Hz.
We consider the problem of tracking the reference input

r(k) = sin πk + 0.5 sin 2πk + 0.5 sin 3πk (35)

and then the repetition period of the RCS in Fig. 2 is

N =
2

Ts
= 20. (36)

Choose the performance index

J5 =
1

2fs

4∑
i=0

20∑
j=1

e2(iN + j) (37)

as a criterion for the selection of the tuning parameters α
and β. Fig. 4 shows the effect of adjusting the tuning pa-
rameters through simulation on three parameter sets:





(a): α = 0.6, β = 0.05

(b): α = 0.6, β = 0.13

(c): α = 0.2, β = 0.13.

(38)

The performance indices are

Ja
5 = 3.3208, Jb

5 = 0.8068, Jc
5 = 0.1841. (39)

Note that, in Fig. 4, the tracking error in the first pe-
riod shows only the control performance because there is
no learning behavior within this period, and the conver-
gence speeds of the tracking error in different periods show
different learning efficiencies. Comparing the simulation re-
sults of sets (a) and (b), it is clear that the tracking speed is
accelerated by tuning β from 0.05 to 0.13. And comparing
the simulation results of sets (b) and (c), we know that the
control performance is greatly improved by tuning α from
0.6 to 0.2. These simulation results show that adjusting α
can mainly affect control, and adjusting β can mainly af-
fect learning. Note that, due to the coupling relationship
between control and learning, tuning α and β also strongly
influences learning and control, respectively. This can be
observed from Fig. 4. Among the three parameter sets, (c)
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provides the best overall control and learning performance.
In this way, we use the optimization algorithm

min J5 s.t. LMI (18) (40)

to calculate the best tuning parameters.

Fig. 4 Tracking errors for parameter sets (38)

A combination of (40) and the fixed-step method in the
ranges

α ∈ (0, 1], β ∈ (0, 1] (41)

yields the best parameters set

α = 0.2, β = 0.99. (42)

From Theorem 1, we obtain the corresponding control
gains

Ke = 68.9590, Ky = −2.9357. (43)

Simulation results in Fig. 5 show that the system is
asymptotically stable for the admissible uncertainties and it
enters into the steady state in the third period. Moreover,
J5 = 0.0034.

Based on the above analysis, we present a design algo-
rithm for the output-feedback-based RCS in Fig. 2.

Algorithm 1.
Step 1. Use (40) to find α and β that minimize J5.
Step 2. Use Theorem 1 to calculate Fe and Fp.
Step 3. Use (13) to calculate Ke and Ky.

In addition, using the guaranteed cost algorithm in [11],
we carried out simulation (in Fig. 6) for the uncertain plant

(34). We found that J
[11]
5 = 0.4248. The comparison of the

simulation results (Figs. 5 and 6) shows that the preferen-
tial adjustment of control and learning greatly improves the
transient performance.

Fig. 5 Simulation results for output-feedback-based RCS for

α = 0.2 and β = 0.99

Fig. 6 Tracking error using the method in [11]

5 Conclusions

This paper described an LMI-based design method for a
discrete-time robust RCS based on static output-feedback
for a class of linear plants with periodic uncertainties. Ex-
ploiting the inherent 2D structural characteristics of RC, we
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established a discrete 2D model, making it possible to pref-
erentially adjust control and learning by means of the gains
in the 2D control law. The stability theory of 2D systems
and the SVD of the output matrix were applied to derive an
LMI-based sufficient stability condition for the closed-loop
system. The two tuning parameters in the condition ma-
nipulated the preferential adjustment of control and learn-
ing. Finally, a numerical example illustrated the design and
tuning procedures, and simulation results demonstrated the
effectiveness of the method.

References

[1] B. A. Francis, W. M. Wonham. The internal model princi-
ple for linear multivariable regulators. Applied Mathematics
and Optimization, vol. 2, no. 2, pp. 170–194, 1975.

[2] T. Inoue, M. nakano, S. Iwai. High accuracy control of a
proton synchrotron magnet power supply. In Proceedings
of the 8th Internat Fedaration on Automatic Control, Ky-
oto, Japan, pp. 216–221,1981.

[3] D. Li, J. M. Li. Adaptive iterative learning control for non-
linearly parameterized systems with unknown time-varying
delay and unknown control direction. International Journal
of Automation and Computing, vol. 9, no. 6, pp. 578–586,
2012.

[4] M. Tomizuka, T. C. Tsao, K. K. Chew. Analysis and syn-
thesis of discrete-time repetitive controllers. Journal of Dy-
namic Systems, Measurement, and Control, vol. 111, no. 3,
pp. 353–358, 1989.
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