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Abstract: This paper considers the problem of delay-dependent robust stability for uncertain singular systems with additive time-
varying delays. The purpose of the robust stability problem is to give conditions such that the uncertain singular system is regular,
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1 Introduction

Singular systems have been extensively studied in the
past years due to the fact that singular systems describe
physical systems better than regular ones[1]. It is also re-
ferred to as descriptor systems, implicit systems, general-
ized state-space systems, differential-algebraic systems or
semi-state systems[2, 3].

The delay-dependent problem for singular systems is
much more complicated than that for regular systems be-
cause it requires to consider not only stability, but also
regularity and absence of impulses (for continuous singular
systems), and causality (for discrete singular systems[4−7]).

In the past few years, much attention has been paid on
the stability analysis of singular delay systems[8−18]. The
stability and robust stabilization problem of uncertain sin-
gular time-delay systems has been studied in [19] by using
the Lyapunov-Krasovskii functional and Jensen integral in-
equality. Gao et al.[14, 20] discussed the design of the guar-
anteed cost controller for the uncertain singular time-delay
systems with norm-bounded parameter uncertainties. On
the other hand, the delay-dependent stability and stabi-
lization with H∞ prescribed performance for singular time-
delay systems has been investigated[21, 22]. Saadni et al.[1]

studied the robust stability and stabilization for singular
systems with multiple time-varying delays by using the
slack variables.

It was pointed out in [23−25] that in networked con-
trolled system (NCS), if the signal transmitted from one
point to another passes through few segments of networks,
then successive delays are induced with different properties
due to varying transmission conditions. Thus, it is appro-
priate to consider different time-delays h1(t) and h2(t) in
the same state where h1(t) is the time-delay induced from
sensor to controller, and h2(t) is the delay induced from
controller to the actuator. The stability analysis for regu-
lar continuous systems with additive time-varying delays is
studied[24−26]. Motivated by this idea, we study the prob-
lem of robust stability for singular systems with two addi-
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tive time-varying delays. We develop some delay-dependent
sufficient conditions in terms of LMIs, which guarantee the
singular time-delay system to be regular, impulse free, and
stable. To the best of our knowledge, there is no result in
the literature dealing with singular systems with additive
time-varying delays.

The paper is organized as follows. In Section 2, the prob-
lem is formulated and the required lemmas are given. In
Section 3, the asymptotic stability problem is established.
In Section 4, we address the robust stability problem. And
in Section 5, we present numerical examples to show the
effectiveness of the proposed results.

2 System description and preliminaries

Consider an uncertain singular system described by





Eẋ(t) = (A0 + ∆A0(t))x(t)+

(Ad + ∆Ad(t))x(t− h1(t)− h2(t)), t > 0

x(t) = φ(t), t ∈ [−h̄, 0
]

(1)
where x(t) ∈ Rn is the state vector, h1(t) and h2(t) are the
time-varying delays satisfying

0 6 h1(t) 6 h̄1, ḣ1(t) 6 d1,

0 6 h2(t) 6 h̄2, ḣ2(t) 6 d2,

h̄ = h̄1 + h̄2,

d = d1 + d2.

(2)

The matrix E ∈ Rn×n may be singular and rank(E) = r 6
n is assumed. A0 ∈ Rn×n and Ad ∈ Rn×n are known real
constant matrices, φ(t) is a compatible vector valued contin-
uous initial function. ∆A0(t) and ∆Ad(t) are real matrices
representing parameter uncertainties, and are assumed to
be norm-bounded as

[
∆A0(t) ∆Ad(t)

]
= DF (t)

[
N0 Nd

]
(3)

where D ∈ Rn×p, N0 ∈ Rp×n and Nd ∈ Rp×n are known
real constant matrices, and F (t) is a p × p unknown real
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and possibly time-varying matrix satisfying

FT(t)F (t) 6 I. (4)

The following lemmas are very useful for the ideas devel-
oped in this paper.

Lemma 1[27]. Let Q = QT, H, E and F (t) satisfying
FT(t)F (t) 6 I are appropriately dimensioned matrices, the
inequality Q + HF (t)E + ETFT(t)HT < 0 is true, if and
only if the following inequality holds for any matrix Y > 0,
Q + HY −1HT + ETY E < 0.

Lemma 2 (Finsler′s lemma)[28]. Consider a vector χ ∈
Rn, a symmetric matrix Q ∈ Rn×n and a matrix B ∈
Rm×n, such that rank(B) < n. The following statements
are equivalent:

1) χTQχ < 0, ∀χ such that Bχ = 0, χ 6= 0,
2) B¬TQB¬ < 0,
3) ∃µ ∈ R : Q− µBTB < 0,
4) ∃F ∈ Rn×m : Q + FB + BTFT < 0,

where B¬ denotes a basis for the null-space of B.
Lemma 3[29]. For any constant matrix M = MT ∈

Rn×n, M > 0, scalar γ > η(t) > 0, vector function ω :
[0, γ] → Rn such that the integrations in the following are
well defined, then

η(t)

∫ η(t)

0

ωT(β)Mω(β)dβ >

[∫ η(t)

0

ω(β)dβ

]T

M

[∫ η(t)

0

ω(β)dβ

]
.

Consider the nominal system of (1) given by

Eẋ(t) = A0x(t) + Adx(t− h1(t)− h2(t)). (5)

Definition 1[2]. 1) The pair (E, A0) is said regular if
det(sE − A0) is not identically zero. 2) The pair (E, A0)
is said to be impulse free if deg(det(sE −A0)) = rank(E).

Definition 2[15]. 1) The singular time-delay system (5)
is said to be regular and impulse free if the pair (E, A0)
is regular and impulse free. 2) Singular time-delay system
(5) is said to be stable if for any ε > 0, there exists a scalar
δ(ε) > 0, such that for any compatible initial conditions
φ(t) satisfying sup−h̄6t60 ‖φ(t)‖ 6 δ(ε), the solution x(t)
of system (5) satisfies ‖x(t)‖ 6 ε for t > 0. Furthermore,
x(t) → 0, t →∞. 3) Singular time-delay system (5) is said
to be admissible if it is regular, impulse-free and stable.

3 Stability analysis

In this section, we will present the delay-dependent sta-
bility conditions for singular systems with two additive
time-varying delays. The conditions depend on the upper
bound of the delays as given in (2).

Theorem 1. Given h̄1 > 0 and h̄2 > 0, then system
(5) is regular, impulse free, and asymptotically stable if
there exist n× n matrices P, F0, F1, F2, and n× n positive
definite matrices Q1, Q2, Z1, and Z2 such that the following
conditions hold.

PE = ETPT > 0 (6)

Q1 −Q2 > 0 (7)

M =




M11 M12 M13 M14

∗ M22 M23 M24

∗ ∗ M33 M34

∗ ∗ ∗ M44


 < 0 (8)

where “*” denotes the symmetric part in a symmetric ma-
trix, and

M11 = Q1 − 1

h̄1

ETZ1E + F0A0 + AT
0 FT

0

M12 =
1

h̄1

ETZ1E

M13 = F0Ad + AT
0 FT

1

M14 = P − F0 + AT
0 FT

2

M22 = −(1− d1)(Q1 −Q2)− 1

h̄1

ETZ1E − 1

h̄2

ETZ2E

M23 =
1

h̄2

ETZ2E

M24 = 0

M33 = − 1

h̄2

ETZ2E − (1− d)Q2 + F1Ad + AT
d FT

1

M34 = −F1 + AT
d FT

2

M44 = h̄1Z1 + h̄2Z2 − F2 − FT
2 . (9)

Proof. From (8), it follows that
[

M11 M14

MT
14 M44

]
< 0. (10)

Let J =
[

I AT
0

]
. Pre-multiplying and post-multiplying

(10) by J and JT, respectively, we get

Q1− 1

h̄1

ETZ1E+PA0+AT
0 PT+h̄1A

T
0 Z1A0+h̄2A

T
0 Z2A0 <0.

(11)
Now, choose two nonsingular matrices M and N such that

MEN =

[
Ir 0

0 0

]

A0 = MA0N =

[
Ā1 Ā2

Ā3 Ā4

]

P = NTPM−1 =

[
P̄1 P̄2

P̄3 P̄4

]
(12)

and denote
Q1 = NTQ1N

Z1 = M−TZ1M
−1 =

[
z̄11 z̄12

z̄13 z̄14

]

Z2 = M−TZ2M
−1 =

[
z̄21 z̄22

z̄23 z̄24

]
.

By using (6), it can be shown that P̄3 = 0. Pre-
multiplying and post-multiplying (11) by NT and N , re-
spectively, we get

Q1 −
1

h̄1

[
z̄11 0

0 0

]
+ P A0 + A

T
0 P

T
+ h̄1A

T
0 Z̄1Ā0+

h̄2A
T
0 Z̄2Ā0 < 0. (13)



N. Chaibi et al. / Delay Dependent Robust Stability of Singular Systems with Additive Time-varying Delays 87

Since Q̄1 > 0, h̄1A
T
0 Z̄1Ā0 > 0, h̄2A

T
0 Z̄2Ā0 > 0, it can

be easily observed that A
T
4 P

T
4 + P 4A4 < 0, which implies

that A4 is nonsingular, consequently, the pair (E, A0) is
regular and impulse free. Therefore, according to Definition
1, system (5) is regular and impulse free.

Now, we prove the stability. Let xt = x(t + θ) for θ ∈[−h̄, 0
]
, and consider the following Lyapunov functional

V (xt) = V1(xt) + V2(xt) + V3(xt) (14)

where

V1(xt) = xT(t)PEx(t)

V2(xt) =

∫ 0

−h̄1

∫ t

t+σ

ẋT(s)ETZ1Eẋ(s)dsdσ+

∫ −h̄1

−h̄1−h̄2

∫ t

t+σ

ẋT(s)ETZ2Eẋ(s)dsdσ

V3(xt) =

∫ t

t−h1(t)

xT(s)Q1x(s)ds+

∫ t−h1(t)

t−h1(t)−h2(t)

xT(s)Q2x(s)ds.

Then, the time-derivative of V (xt) along the solution of
system (5) gives

V̇1(xt) = 2xT(t)PEẋ(t) (15)

V̇2(xt) =

∫ 0

−h̄1

[ẋT(t)ETZ1Eẋ(t)−

ẋT(t + σ)ETZ1Eẋ (t + σ)]dσ+
∫ −h̄1

−h̄1−h̄2

[ẋT(t)ETZ2Eẋ(t)−

ẋT(t + σ)ETZ2Eẋ(t + σ)]dσ

V̇2(xt) = h̄1ẋ
T(t)ETZ1Eẋ(t)−

∫ t

t−h̄1

ẋT(s)ETZ1Eẋ(s)ds + h̄2ẋ
T(t)ETZ2Eẋ(t)−

∫ t−h̄1

t−h̄

ẋT(s)ETZ2Eẋ(s)ds.

For any symmetric positive definite matrices Z1 and Z2, the
following inequalities always hold[25].

−
∫ t

t−h̄1

ẋT(s)ETZ1Eẋ(s)ds 6 −
∫ t

t−h1(t)

ẋT(s)ETZ1Eẋ(s)ds

−
∫ t−h̄1

t−h̄

ẋT(s)ETZ2Eẋ(s)ds 6 −
∫ t−h1(t)

t−h(t)

ẋT(s)×

ETZ2Eẋ(s)ds

where h(t) = h1(t) + h2(t).

V̇2(xt) 6 h̄1ẋ
T(t)ETZ1Eẋ(t)−

∫ t

t−h1(t)

ẋT(s)ETZ1Eẋ(s)ds + h̄2ẋ
T(t)ETZ2Eẋ(t)−

∫ t−h1(t)

t−h(t)

ẋT(s)ETZ2Eẋ(s)ds

By Lemma 3,

V̇2(xt) 6 h̄1ẋ
T(t)ETZ1Eẋ(t) + h̄2ẋ

T(t)ETZ2Eẋ(t)−
1

h̄1

[x(t)− x(t− h1(t)]
T ETZ1E [x(t)− x(t− h1(t)]−

1

h̄2

[x(t− h1(t))− x(t− h(t)]T ETZ2E[x(t− h1(t))−

x(t− h(t)] (16)

V̇3(xt) = xT(t)Q1x(t)− (1− ḣ1(t))x
T(t− h1(t))Q1×

x(t− h1(t)) + (1− ḣ1(t))x
T(t− h1(t))Q2x(t− h1(t))−

(1− ḣ1(t)− ḣ2(t))x
T(t− h(t))Q2x(t− h(t))

V̇3(xt) 6 xT(t)Q1x(t)−(1−d1)x
T(t−h1(t))(Q1−Q2)×

x(t−h1(t))−(1− d1 − d2)x
T(t− h(t))Q2x(t− h(t)) (17)

where Q1 −Q2 > 0. Now, let

χ(t) =
[

xT(t) xT(t− h1(t)) xT(t− h(t)) (Eẋ(t))T
]T

.

Taking account of (15), (16) and (17), we have

V̇ (xt) 6 χT(t)Φχ(t) (18)

where

Φ =




Φ11 Φ12 0 P

∗ Φ22 Φ23 0

∗ ∗ Φ33 0

∗ ∗ ∗ Φ44




and

Φ11 = Q1 − 1

h̄1

ETZ1E

Φ12 =
1

h̄1

ETZ1E

Φ22 = − 1

h̄1

ETZ1E − 1

h̄2

ETZ2E − (1− d1)(Q1 −Q2)

Φ23 =
1

h̄2

ETZ2E

Φ33 = − 1

h̄2

ETZ2E − (1− d)Q2

Φ44 = h̄1Z1 + h̄2Z2.

Now, let

B =
[

A0 0 Ad −I
]

F =




F0

0

F1

F2


 .

Then we can verify that Bχ = 0. The matrix M in (8) can
be written as

M = Φ + FB + BTFT < 0.

Applying Lemma 2, we have χTΦχ < 0 which implies that
V̇ (xt) < 0. Thus, system (5) is asymptotically stable. ¤
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Remark 1. When the time-delays h1(t) and h2(t) are
constant, system (5) is regular, impulse free, and asymp-
totically stable, if only the conditions (6) and (8) hold with
d1 = d2 = 0.

Remark 2. In the derivation of our stability conditions,
it can be clearly observed that neither model transformation
is involved, nor bounding techniques for cross terms are
required. Our paper presents a new approach based on
Finsler′s lemma to establish delay-dependent stability of
singular systems with additive time-varying delays.

Remark 3. The condition developed in this theorem
are delay-dependent. The result of this theorem can be ea-
sily extended to handle the case of systems with multiple
additive time-varying delays described by

Eẋ(t) = A0x(t) + Adx(t−
q∑

j=1

hj(t))

where 0 6 hj(t) 6 h̄j , ḣj(t) 6 dj , j = 1, · · · , q, h̄ =∑q
j=1 h̄j , and d =

∑q
j=1 dj .

And this theorem can be further extended to multiple
delay case described by

Eẋ(t) = A0x(t) +

p∑
i=1

Adix(t−
q∑

j=1

hij(t))

where 0 6 hij(t) 6 h̄ij , ḣij(t) 6 dij , i = 1, · · · , p, j =
1, · · · , q, h̄i =

∑q
j=1 h̄ij , and di =

∑q
j=1 dij .

4 Robust stability

In this section, we will extend the results of the above
section to uncertain systems (1).

Theorem 2. Given h̄1 > 0 and h̄2 > 0, the uncer-
tain system (1) satisfying conditions (1) is regular, im-
pulse free, and robustly stable, if there exist n × n ma-
trices P, F0, F1, F2, and n × n positive definite matrices
Q1, Q2, Z1, Z2 and Y ∈ Rp×p, such that condition (6) and
(7) hold and



M11 + f11 M12 M13 + f12 M14 F0D

∗ M22 M23 M24 0

∗ ∗ M33 + f22 M34 F1D

∗ ∗ ∗ M44 F2D

∗ ∗ ∗ ∗ −Y




< 0 (19)

where f11 = NT
0 Y N0, f12 = NT

0 Y Nd, f22 = NT
d Y Nd, Mij

are given by (9).
Proof. Replacing A0 and Ad respectively by A0 +

DF (t)N0 and Ad + DF (t)Nd in condition (8) gives



M̃11 M12 M̃13 M̃14

∗ M22 M23 M24

∗ ∗ M̃33 M̃34

∗ ∗ ∗ M44


 < 0 (20)

where

M̃11=Q1 − 1

h̄1

ETZ1E + F0(A0+

DF (t)N0) + (A0 + DF (t)N0)
TFT

0

M̃13 = F0(Ad + DF (t)Nd) + (A0 + DF (t)N0)
TFT

1

M̃14 = P − F0 + (A0 + DF (t)N0)
TFT

2

M̃33 = − 1

h̄2

ETZ2E − (1− d1 − d2)Q2+

F1(Ad + DF (t)Nd) + (Ad + DF (t)Nd)TFT
1

M̃34 = −F1 + (Ad + DF (t)Nd)TFT
2 (21)

which can be written as

M + sym








F0

0

F1

F2


 DF (t)

[
N0 0 Nd 0

]




< 0

where sym {A} = A + AT. Applying Lemma 1, there exists
Y > 0 such as

M+




F0

0

F1

F2


 DY −1DT




F0

0

F1

F2




T

+




NT
0

0

NT
d

0


 Y




NT
0

0

NT
d

0




T

< 0. (22)

The use of the Schur complement leads to the desired re-
sult. ¤

Remark 4. In the case of constant delays h1(t) and
h2(t), we require only the conditions (6) and (19) with d1 =
d2 = 0 for checking regularity, impulse free state, and robust
stability for the system (1).

5 Numerical examples

In this section, we aim to demonstrate the effectiveness
and the less conservatism of the proposed approach.

Example 1[21]. Consider the following singular system
with constant time delay,

E =

[
1 0

0 0

]

A0 =

[
0.6341 0.5413

−0.6121 −1.1210

]

Ad =

[
−0.4500 0

0 −0.1210

]

Letting d1 = d2 = 0 and applying Theorem 1, our purpose
is to find the upper bound h̄1 of delay h1(t) when h̄2 is given,
or to compute the upper bound h̄2 of delay h2(t) when h̄1 is
given. The upper bound h̄ is obtained by summing the two
delay bounds h̄1 and h̄2. It has been proved in Theorem 1
of [30] that its result is equivalent to those of [31−34]. For
comparison, we report the results in Table 1.

It is well known that the results of time-varying delays
are more conservative than that of time invariant ones.
In the existing literature results[8, 10, 13, 19, 21, 30, 32−37], the
time delay considered is constant, and the delay is time-
varying in [31]. However, our result is derived for time-
varying delay and gives less conservative bounds.

From Table 1, it can be seen that our method gives less
conservative results.
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Table 1 Comparison of delay-dependent stability conditions of Example 1

Method Upper bound h̄ = h̄1 + h̄2

Reference [35] −
Reference [8] 2.1328

Reference [10, 13] 2.1372

Reference [36, 37] 2.4841

Reference [21] 2.4865

Reference [30, 31−34] 2.4865

Reference [19] 2.4865

Upper bound h̄2 for given h̄1 Upper bound h̄1 for given h̄2

Theorem 1 h̄1 = 0.00001 h̄1 = 0.4 h̄1 = 1 h̄1 = 1.5 h̄2 = 1 h̄2 = 1.4 h̄2 = 1.8

2.4865 2.1008 1.5153 1.0167 1.5165 1.1167 0.7096

Table 2 Comparison of delay-dependent robust stability conditions of Example 2

α 0.25 0.30 0.35 0.40 0.45 0.50

Reference [36] 0.4209 0.3939 0.3637 0.3279 0.2817 0.2106

Reference [14] 0.8087 0.7942 0.7689 0.7262 0.6521 0.5054

Reference [16] 0.8514 0.8249 0.7924 0.7438 0.6641 0.5110

Reference [33] 0.8962 0.8787 0.8616 0.8448 0.8283 0.8121

Theorem 2 for h̄1 = 0.00001 0.8962 0.8787 0.8616 0.8448 0.8283 0.8121

Theorem 2 for h̄1 = 0.4 0.9298 0.9109 0.8922 0.8737 0.8555 0.8374

Example 2[16]. Consider the uncertain singular delay
system (1) with

E =

[
2 0

0 0

]

A0 =

[
1 0

0 −2

]

Ad =

[
−2.4 2

0 1

]

where ‖∆A0‖ 6 α, ‖∆Ad‖ 6 α (α > 0), and the de-
lay is constant. The uncertainty is written as D = αI,
N0 = Nd = 0.5I. In order to apply our results, we
set d1 = d2 = 0, we compute h̄2 when h̄1 = 0.4 and
h̄1 = 0.00001, and we deduce the delay bound h̄. Table
2 gives the comparison of the maximum allowed delay h̄
for various values of the parameter α. It is clear that the
conditions in this paper give better results than those in
[14, 16, 33, 36], showing the advantage of the stability result
in this paper.

6 Conclusions

Delay-dependent conditions are presented in terms of lin-
ear matrix inequalities (LMIs) for asymptotic stability and
robust stability of singular systems with two additive time-
varying delays. The LMIs proposed have been obtained
by utilizing a Lyapunov Krasovskii functional. Numerical
examples are given to illustrate the effectiveness of the pro-
posed method and to show that our criteria give less con-
servative results.
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