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Reaction–diffusion equations are used to model many biological processes, rang-
ing from intracellular signaling, metabolic processes and gene control at the cellular
level, to birth–death processes and random movement at the organism and population
levels. There are two fundamental approaches to the mathematical modelling of these
processes: deterministic (mean-field) models which lead to partial differential equa-
tions for concentrations of biochemical species or for densities of individuals, and
stochastic models in which individual events of reaction or diffusion are followed.
In some cases—such as linear processes or pure reaction processes based on mass
action kinetics—one can prove that the latter description converges to the former in
an appropriate ‘large-number limit’, but this is still an open question in general, as
some of the papers herein illustrate.

Whenever the number of ‘individuals’ involved is small, stochastic effects can
play an important role in the survival and spatiotemporal distribution of individuals.
For instance, chemical reactions occur in discrete steps at the molecular level, the
processes are inherently stochastic, and the inherent “irreproducibility” in these dy-
namics has been demonstrated experimentally for single-cell gene expression events
(Ozbudak et al. 2002; Levsky and Singer 2003). Frequently stochastic effects simply
add noise to an essentially deterministic output, but in others, such as asymmetric cell
division, their role is essential.
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Stochastic reaction–diffusion simulations have been successfully used in a number
of biological applications, including models of signal transduction in E. coli chemo-
taxis (Lipkow et al. 2005), MAPK pathway (Takahashi et al. 2010), oscillation of
Min proteins in cell division (Fange and Elf 2006) and intracellular calcium dynam-
ics (Flegg et al. 2013). Additional application areas are discussed in this Special Is-
sue, including models of Hes1 gene regulatory network (Sturrock et al. 2013) and
actin dynamics in filopodia (Erban et al. 2013). To study such a range of biological
systems, a number of stochastic reaction–diffusion models have been introduced in
the literature and several contributions in this Special Issue deal with advances in
different mathematical and computational approaches.

One approach to computing solutions of stochastic reaction–diffusion models
begins with a discretization of the spatial domain into compartments or voxels,
just as in the numerical analysis of a continuum description (Erban et al. 2007;
Kang et al. 2012; Wang et al. 2013). This approach can be mathematically described
by the reaction–diffusion master equation in which diffusion between computational
cells is modelled as a stochastic jump process. In this Special Issue, Sturrock et al.
(2013) use this methodology to study the Hes1 gene regulatory network. They follow
the URDME implementation (Drawert et al. 2012) of compartment-based models to
investigate oscillatory dynamics. The advantage of URDME is that it uses unstruc-
tured compartments (meshes) and therefore can more accurately describe detailed
geometries of biological systems (Engblom et al. 2009).

Another important generalization of compartment-based models is to the mod-
elling of one-dimensional structures such as microtubes and actin filaments that are
embedded in a three-dimensional discretization of intracellular space. This method is
developed herein by Wang et al. (2013), who apply it to modelling binding of tran-
scription factors to DNA. Other implementations of compartment-based approaches
include the software package MesoRD (Hattne et al. 2005) and the finite state projec-
tion algorithm for the stochastic reaction–diffusion master equation (Drawert et al.
2010).

The selection of compartment size in a discretized spatial domain is another im-
portant area of current research. Estimates for the minimal compartment size can be
derived using a range of different methods (Erban and Chapman 2009; Isaacson 2009;
Hellander et al. 2012b). In this Special Issue, the compartment size selection is
discussed by Hu et al. (2013), who also present a stochastic simulation algorithm
for compartmentalized systems in which reactions are aggregated into equivalence
classes and computational cells are searched via an optimized tree structure. Another
technique for analysis of compartment-based models, called linear noise analysis, is
reviewed by McKane et al. (2013), who show how the stochastic amplification of a
Turing instability (Murray 2002) gives rise to spatial and temporal patterns which
may be understood within the linear noise approximation.

A more detailed approach to stochastic reaction–diffusion modelling is based on
molecular-based Brownian dynamics simulations, which compute trajectories of in-
dividual molecules. This methodology has been implemented in the simulation soft-
ware packages Smoldyn (Andrews and Bray 2004), MCell (Stiles and Bartol 2001)
and Green’s Function Reaction Dynamics (GFRD) (van Zon and ten Wolde 2005;
Takahashi et al. 2010). Simulating systems which only include zero-order and first-
order reactions are relatively straightforward in all stochastic reaction–diffusion
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methods. In fact, one can show that the mean-field model predicts the average be-
havior of such systems (Gadgil et al. 2005; Kang et al. 2012). More interesting sys-
tem dynamics can be observed whenever some chemical species undergo bimolec-
ular reactions. A fundamental assumption here is that a reaction occurs whenever
the participating molecules are within a certain distance, thus localizing bimolecu-
lar reactions (Erban and Chapman 2009). In this Special Issue, Agbanusi and Isaac-
son (2013) study the relationship between two common models of bimolecular re-
actions, and show that they are equivalent in a certain limit. They also apply their
theory to a protein diffusing to a fixed DNA binding site. Bimolecular reactions
also have to be handled with care whenever they are reversible (Lipkova et al. 2011;
Khokhlova and Agmon 2012) or the reaction occurs at the domain boundary (Erban
and Chapman 2007).

Molecular-based models can also capture steric effects due to, e.g., macromolec-
ular crowding or confined geometries. Bruna and Chapman (2013) study the appli-
cations of these methods to mathematical modelling of ion channels in their contri-
bution. There have been also recent developments in combining different stochastic
reaction–diffusion approaches together in a multiscale framework (Ferm et al. 2010;
Flegg et al. 2012; Hellander et al. 2012a) or combining stochastic models with mean-
field descriptions (Flekkøy et al. 2001; Ferm et al. 2010; Franz et al. 2013). In
this Special Issue, Erban et al. (2013) investigate two multiscale (hybrid) stochas-
tic reaction–diffusion models of actin dynamics in a filopodium. They compare these
techniques with a fully molecular-based model which they also develop in their pa-
per.

The articles in this Special Issue were contributed by participants in the work-
shop on “Stochastic Modelling of Reaction-Diffusion Processes” which took place
in July 2012 in Oxford.1 This workshop attracted over 70 participants from around
the world and brought together three (overlapping) groups of researchers: (i) re-
searchers who use stochastic reaction–diffusion models to answer specific biological
questions; (ii) mathematicians who analyse stochastic reaction–diffusion algorithms;
and (iii) developers of stochastic reaction–diffusion software. This Special Issue pro-
vides a snapshot of current research in this field to a wider mathematical biology
audience.
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