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Abstract The two-fold aim of the paper is to unify and generalize on the one hand
the double integrals of Beukers for ¢ (2) and ¢ (3), and of the second author for Euler’s
constant y and its alternating analog In(4/7), and on the other hand the infinite prod-
ucts of the first author for e, of the second author for 77, and of Ser for e¢”. We obtain
new double integral and infinite product representations of many classical constants,
as well as a generalization to Lerch’s transcendent of Hadjicostas’s double integral
formula for the Riemann zeta function, and logarithmic series for the digamma and
Euler beta functions. The main tools are analytic continuations of Lerch’s function,
including Hasse’s series. We also use Ramanujan’s polylogarithm formula for the
sum of a particular series involving harmonic numbers, and his relations between
certain dilogarithm values.
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1 Introduction

This paper is primarily about double integrals and infinite products related to the
Lerch transcendent ®(z, s, u).
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248 J. Guillera, J. Sondow

Concerning double integrals, our aim is to unify and generalize the integrals over
the unit square [0, 11? of Beukers [4] and Hadjicostas [9, 10] for values of the Rie-
mann zeta function (Examples 3.8 and 4.1), and those of the second author [20, 22]
for Euler’s constant y and its alternating analog In(4/7) (Examples 4.4 and 3.14).
We do this in Theorems 3.1 and 4.1, using a classical integral analytic continuation
of & (Lemmas 2.1 and 2.2). As applications, we obtain new double integral repre-
sentations of many constants, including In2, Ing, 73, Ino, I'(3/4), ¢(5), and G/x
(Examples 3.4, 3.5,3.9,3.13, 3.19, 3.21, 3.24), where ¢ is the golden ratio, o is one of
Somos’s quadratic recurrence constants, and G is Catalan’s constant. (Single integrals
for them follow by the change of variables in the proof of Theorem 3.1.) Corollary 3.1
gives a double integral for the polylogarithm function; examples use Ramanujan’s re-
lations between certain values of the dilogarithm (Example 3.6). Corollaries 3.5, 3.6
and 4.1 evaluate certain types of double integrals in terms of the function InI"(x) and
its derivative, the digamma function; Examples 3.14, 3.16 and 4.4 for Inm, w/ V3
and y are interesting special cases. Theorem 3.2 evaluates a class of double integrals
with the help of Ramanujan’s summation of a series involving harmonic numbers;
applications use classical values of the di- and trilogarithm (Example 3.25).

Regarding infinite products, our aim is extend those of the first author (see [23])
for e (Example 5.12), of the second author [23] for 7 (Example 5.1), and of Ser [17]
(see also [21, 23]) for ¢” (Example 5.8). To do this we use two analytic continuations
of @ by series, one due to Hasse [12] (Theorems 2.1 and 2.2). We find new infinite
products for many constants, among them F(1/4)F(3/4)_1, el/m, /e, €, o, and
the Glaisher-Kinkelin constant A (Examples 5.4-5.6, 5.9-5.11). The product for o
has rational factors.

Finally, we mention other results obtained: explicit formulas for the Bernoulli and
Euler polynomials (Examples 2.4 and 2.5), and logarithmic series for the digamma
and Euler beta functions (Theorems 5.1 and 5.2). The latter series leads to infinite
products for the exponential function of the same shape as other products in the pa-
per, but which we construct without using Lerch’s function (Theorem 5.3 and Exam-
ples 5.12 and 5.13).

2 The Lerch transcendent

The Lerch transcendent ® (see [2, Sect. 1.11], [24, Sect. 64.12]) is the analytic con-
tinuation of the series

Z Zz

1
Q@)= ot o T T )

which converges for any real number « > 0 if z and s are any complex numbers with
either |z| < 1, or |z] = 1 and R (s) > 1. Special cases include the analytic continua-
tions of the Riemann zeta function

e¢]

1
(=) =205, )
k=1
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the Hurwitz zeta function
Sl
Clsuy=Y_ i = s,
k=0
the alternating zeta function (also known as Dirichlet’s eta function n(s))
o (=DF!
=) 5 =2C1s ), 3)
k=1
the Dirichlet beta function
© k
(=1 - 1
= —— =27®| —-1,s, = |, 4
p) Z(Zk—H)S ) “®
k=0
the Legendre chi function
O 2kt , 1
) = ——— =2""z®| z%, 5, = |, 5
1= Gy =2 (z s 2) )
the polylogarithm
Lin@ =) 5 =20@n 1), 6)
k=1
and the Lerch zeta function L(A, a, s) = ®(exp(2mwil), s, o).
From (1), Lerch’s transcendent satisfies the following identities:
1 1
Oz, s, ut+1)=—-|P,s,u)—— ), (N
z u
0
Pz, s —1u)= u+z£ D(z,5,u), (®)
10
Dz, s+ Lu)y=———(z,5,u). )]
s ou

Henceforth, we assume that u and v are positive real numbers. The following two

lemmas are classical. (See [2, 15, 24, 25].)

Lemma 2.1 [feither |z| < 1 and R(s) > 0, or z =1 and R(s) > 1, then

—(u=1yt

1 X e 1
q’(z,s,u):r,(s) A e’—zt dt.

ef(ufl)t
ol —

Proof Replacing with } - K= @01 "and noting that

2

fwe—(u+k)tts—ldt — 1 : /ooe—xxs—ldx _ I'(s) ’
0 (u+k)» Jo (u+k)*

the lemma follows.

(10)

(11)
]
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Lemma 2.2 The series (1) extends to a function ®(z,s,u) which is defined, and
holomorphic in z and s, for z € C — [1, 00) and all complex s, and which is given by
the integral formula (10) if 9i(s) > 0.

Proof If z € C —[1, o0), the denominator of the integrand in (10) does not vanish.
It follows that for M(s) > O the right side of (10) defines a function which is holo-
morphic in z and s. The extension to other values of s follows inductively using the
identity (8). [l

ForzeC—[1,00)and s =0, —1, —2, ..., there is a closed formula for the func-
tion ®(z, s, u). In fact, summing the series ®(z,0,u) =1+ z+ 72+ ... and using
(8), we see inductively that the functions

1
D(z,0,u) = ——, (12)
-z
Oz, —1,u) = —— + —— (13)
) ) 1 —z (1 _ Z)2 9

are rational, with rational coefficients, holomorphic in z except for a pole at z = 1. In

particular, setting z = —1 and m = —s, we define the mth Euler polynomial
En(x) =20(—1,—m, x). (14)

On the other hand, if s and u are positive integers, then ®(z, s, 1) is a transcen-

dental function. For example, when s = u = 1 series (1) is 1 + % + é + ---, which
evidently sums to

1 1
<I>(z,1,1)=—Eln(1—z)=zLil(z). (15

For s = 2, setting u = 1 in (8) and writing the right side as %Z¢>(Z, 2, 1), we find that
the integral

1 [* 1
®(z,2, 1)=—/ O (w, 1, Ndw = -Lix(2)
z Jo z

is z~! times the classical dilogarithm function. The identity (7) leads by induction to
similar formulas for ®(z, 1, u) and ®(z,2,u) whenu =2,3,....
The following three examples give evaluations of d®/ds that we will need.

Example 2.1 Differentiating the relation (see, for example, [19])
*s)y=[(1 2 16
$(s) = % ¢(s) (16)
at s = —1, and using (3) and the values ¢(—1) = —1/12 and
’(—l)—i—lnA a7
e =D ,
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where

112233 coont
A= lim 1 1 1 1
n— 00 n7n2+§n+ﬁe—zn2
is the Glaisher-Kinkelin constant (see [7, Sect. 2.15]), we get

3

dd
S, CL-LD=] (18)

REYVERYZ S

Example 2.2 Differentiating (16) and the functional equation of the zeta function
[24, p. 27]

s—1 . TS
£(s)=2Q2nr)" " I'(1 —s)51n7§(1 —5)
at s = —2, and using (3) and the value ¢(—2) = 0, we deduce that

7¢(3)
472’

ad
—(1L=-2,D)= (19)
as

where ¢ (3) is Apéry’s constant.

Example 2.3 Differentiating (4) and the functional equation of the Dirichlet beta
function [24, p. 27],

B(s) = (%)S_l I'(1 —s)cos %,3(1 —5)

at s = —1, and using the value (—1) = 0, we obtain the evaluation
) 1
G T . (20)
as 2 T
where
1 1 .
G=ﬂ(2)=zd><—1,2, E>=S)%(CI>(1,2, 1) 21

is Catalan’s constant.

Theorem 2.1 For all complex s, and complex z with R(z) < 1/2,
(1 —z)cb(z,s,u)zi(_—z)ni(—l)"(">(u+k)—5. (22)
N e, k
Proof The right side of (22) defines a holomorphic function of z on the half-plane

N(z) < 1/2, because the inequality implies that |1_TZZ| < 1. We prove (22) when |z| <
1/2, and the result follows by analytic continuation.
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Reversing the order of summation (for justification, see [6]), the right side of (22)
is equal to

S (EDE ) (=2 ) e (=D k_
](Z(u—{—k)SZ( ><1—Z> —kgm(l—z)(—z) =1 -2)P(z,s,u),
and the theorem follows. 0

Remark Theorem 2.1 excludes the Hurwitz zeta function ¢ (s, u) = ®(1, s, u). How-
ever, the two cases u = 1 and u = 1/2 can be obtained via the relations (2), (3), (16),
and ¢(s, 1/2) = (2° — 1)¢(s, 1). In the case u = 1, formula (22) with z = —1 gives
a globally convergent series for the alternating zeta function (3). Then (16) yields a
formula for the Riemann zeta function, valid for all s # 1,

1

1 —=2l-s Z 2n+1 Z( l)k( )(k+ 1)—s

which was conjectured by Knopp, proved by Hasse [12, p. 464], and rediscovered by
the second author [19].

g(s) =

Theorem 2.2 (Hasse) For z = 1, the series (1) extends to a function

(1, s, u)——z +1Z( 1)"( )(u+k)‘ =S (23)

defined for all complex s # 1, with a simple pole at s = 1. Moreover, the series in (23)
converges uniformly on compact sets in the s-plane to an entire function.

Proof We give a sketch; for details, see [12].
First assume that N (s) > 1. Setting z = 1 in (10), we rewrite it as

—ut ps— 2 (I—e” t)n —ut s—2
O(1,s5,u)= ce ——e M dt.
F( ) 1—e" F(S) n+1

Interchanging the integral and sum, we expand the binomial and get

®(1,5,u) = F(S)Zn+lz(_ )k( )/ o= =2y,

Now (11) (with k£ in place of n, and s — 1 in place of s) and the relation I'(s) =
(s — DI'(s — 1) yield (23) when R(s) > 1.
For any s € C, the inner sum in (23) with n > 0 evidently is equal to

1 1
Z(—l) ( )( + k) (s—l)”f / U+x1 4+ +x)"""dx; ... dxy,
0 0

(24)

@ Springer



Double integrals and infinite products for some classical constants 253

where the Pochhammer symbol (a), stands for the producta(a +1)---(a +n —1).
It follows (see [12] or [20]) that the series in (23) converges as required. By analytic
continuation, this proves the theorem. O

Example 2.4 Note that when s is zero or a negative integer, the factor (s — 1), in (24)
vanishes forn > m :=1 — s, so that

Z(—l)k<z>(u+k)m=0 n>m=0,1,2,...). (25)
k=0

In this case the series in (23) becomes a finite sum, in fact, a polynomial with ratio-
nal coefficients. Defining the mth Bernoulli polynomial by Bo(x) =1 and By, (x) =

—m®(1,1 —m,x) form=1,2,..., we thus have the explicit formula
G P n
Bu) =) Z(—l)"(k>(x +h)".
n=0 k=0
In particular,
Bl(x)z—d>(1,0,x)=x—%. (26)

Example 2.5 Taking z = —1 and s = —m in (22), we use (25) to get the explicit
formula for the mth Euler polynomial (14)

m 1 n
En(0)=) - Z(—l)k(z>(x +h)".
n=0 k=0

The next two results relate the analytic continuation of ®(z,s,u) for z € C —
[1, 00) (Lemmas 2.1 and 2.2) to that for z = 1 (Theorem 2.2). (Note that ®(z, s, u) is
not continuous in z at 7 = 1: see (12), (13) and [2, (12), p. 30].)

Corollary 2.1 For all complex s,

')
q) Ty 9y
/ PELS W (s + 1m0,
0 14z

Proof Replace z with —z in (22), multiply by (1 + z)~2, and integrate from z = 0
to co. Comparing the result with (23) gives the corollary. (]

Lemma 2.3 [f either z € C — ((—o00, —1]U[1,00)) and s € C,or z==x1 and s €
C — {1}, then

1
®(z, 5, 1) = 2—S[<1> (zz, s, g) +z<1>(z2, 5, 2 ;L )} 27)
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Proof If |z] < 1 (respectively, z = £1 and 9(s) > 1), formula (27) is proved by
splitting the series (1) into two sums, one over even numbers and the other over odd
numbers, and factoring out 27°. The result then follows by analytic continuation in z
(respectively, in s). (|

As an application, (27) with z = %1 and s =0, —1, —2, ... implies the classical
relations among the Bernoulli and Euler polynomials [24, (19.5.6, 20.3.3)].

Example 2.6 Differentiating (27) with respect to s at s = 0, and using (26) and the
formula %(1, 0,u) =In r(”) (see [2, p. 26]), we get

—

E(—I,O,u)zlni. (28)
s r(5)V2

3 Double integrals

Using the integral analytic continuation of Lerch’s function in Lemmas 2.1 and 2.2,
we evaluate certain types of double integrals.

Theorem 3.1 [feither z € C—[1,00) and R(s) > —2,0rz =1 and R(s) > —1, then

u 1 U 1 CD , 1, _q) ) 11
// T Cinxyydrdy = D(s + 2@ T L v m @@t L o,
l—x u—v
Py ! s
=z (—Inxy)’dxdy=T(s +2)D(z,s + 2, u). 30)
0 JO -

Proof The integrals define holomorphic functions of z and/or s under the conditions
stated. Making the change of variables x = X/Y, y =Y in integral (29), it is equal to

1 Xu—l B Rk 1 o _ 1 1 Xl)—l _Xu—l B R
(—InX) Y dydX = (-InX)'dX.
0 1-Xz X u—vJjo 1-Xz

Substituting + = —In X and using (10) (with s 4 1 in place of s), we obtain equality
(29) when N(s) > 0 and either |z| < 1 or z = 1; the result then follows by analytic
continuation in z or s. To prove (30), let v — u in (29), and use the identity (9). O

Example 3.1 Setting z = —i, u =1 and s = 0 in (30), we use (1), (16), (21), and
Euler’s formula ¢ (2) = 72/6 to get

// G n?i
0 1—|—xyl dy = 48 °

The next two examples use the substitution x — x2, y — y?.
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Double integrals and infinite products for some classical constants 255

Example 3.2 Settingz=—1,u=1,v=1/2and s =1 in (29), we get

1 2
// al nxydxdy G—n—
o 1+ x2y2 48

Example 3.3 Settingz=1,u=1,v=1/2and s =1 in (29) gives

' —xInxy w2
d dy = —.
1 —x2y2 12

Corollary 3.1 Ifeither 7€ C—[1,00) andn > —1,0rz=1andn >0, then

// (—lnxy)” (n+1)!Lin+2(Z)

l—xyz Z

In particular, for z € C —[1, 00)

Lrl -1 —In(1 —
// 7 gy = =9
o Jo (l—xyz)lnxy Z

Proof Letu =1 in (30) and set s = n. Then use (6) and (15). O

Example 3.4 Take z = 1/2. Using Euler’s and Landen’s values of the di- and trilog-
arithm at 1/2 (see [14, pp. 1, 2]), we see that (compare Example 3.13)

trt —1 72 In?2
——dxdy=1In2, dxdy=— — —,
0Jo 2—xy)lnxy 2—xy 12 2

// —lnxy _ T3 n21n2+1n32
—xy 4 6 3

Example 3.5 Take z = ¢~ !, 92, —¢, and —¢~ !, where ¢ = (1 + /5)/2 is the
golden ratio. Using the relation 1+ ¢ = ¢ to simplify In(1 — z), and using Landen’s
values for Liz(z) and Liz(¢~2) (see [13, (1.20, 1.21, 6.13)]), we obtain

1,1 _ 1,1 2
1 1 T ’
—— dxdy=2lng, dxdy=— —In“ g,
0Jo (p—xy)lnxy 0Jo ¢—xy 10
/1/1 -1 Ind . /1/1 1 Ind 71,2 12
Ty oL dxdy=Ing, xdy=——In"¢,
0 (wz—xy)lnxy 0Jo 9> —xy 15
21 L el 1 22
//  _dxdy="2 // dxdy = — + —2,
0 (1+<pxy)lnw @ 14 ¢xy 100 ¢
2 12
// —— dxdy =g, // dxd y_ﬂ__ng07
0 (¢+xy)lnxy 0 ©+xy 15 2
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256 J. Guillera, J. Sondow

-1 8c(3) 4m?l 41n3
// nxyddyzé()_nn<p+ n"¢
@2 —xy 5 15 3

Example 3.6 Using Ramanujan’s values [3, Part IV, p. 324] for Liy(—1/8) +
Liz(1/9), Lio(—1/2) + %Liz(l/9), and Liy(1/3) — éLi2(1/9), and substituting
X,y — x2, y2 in our double integral for the last Li (1/9), we get, respectively,

1-2 1 9
/ / T gvdy=-In?2,
o 84+xy)(9—xy) 2 8

52—-17 2
// _ 22T dy =" 43102242103 — 61n21n3,
Q24+xy)9—xy) 3

/ / 9+ xy 72 %3
—x y dy = 6 2
Example 3.7 In Bailey, Borwein, and Plouffe’s [1] dilogarithm “ladder” 6 Li(1/2) —

6Liy(1/4) — 2Lix(1/8) 4+ Lix(1/64) = ¢(2), we replace Liz(l/Zk) with a double in-
tegral in which we substitute x, y — xk, yk, for k=1,2, 3, and 6, obtaining

/1 1 4+ 2xy +x2y2)(4—8xy+x2y2) 2
dxdy = —.
0 Jo 64 — x6y6 72
Corollary 3.2 We have
(—Inxy)* N
/ / T—xy ———dxdy=T(s+2)¢(s+2) NR(s) > —1), (3D
(—lnxy)s N
/ / —————dxdy=T(s+2)"(s+2) A(s) > -2), (32)
(—lnxy)s ,
/ ———dxdy=T(s+2)8(s +2) N(s) > =2). (33)
0 Jo 1+x2y2

Proof In 30) take z=1,u=1;z=—1,u=1; and z = —1, u = 1/2; then use
relations (2), (3) and (4), respectively. After using (4), substitute x, y — x2, yz. O

For integer s > 0, formula (31) is due to Hadjicostas [9].

Example 3.8 Taking s =0 and 1 in (31), we recover Beukers’ integrals [4]

1 p1 1 —In nxy
/ / dxdy = £(2), / / Tardy=2(). (4
0Jo 1—xy 0

Example 3.9 Taking s = —1,0, and 1 in (33), and using (21) and the values (1) =
/4 and B(3) = 713/32 (see [24, p. 29]), we get

1 pl -1 T 1 pl 1
————dxdy=—, ———dxdy =G,
/0/0 (14+x2y2)Inxy =Y /of() 14 x2y2 ray
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—Inxy 73
————dxdy=—.
.// 1+ x2y2 =96

Example 3.10 Let p be a non-trivial zero of the zeta function (2). Differentiate (32)
at s = p — 2 and use (16) to get (compare Example 4.3)

. 2
/ / I~ Inxy)dxdy = (1 — 2-P)F (o) (o).
14 xy

Corollary 3.3 If either z € C — ((—oo, —1]U[1, 00)) and NR(s) > —2,0r z £ 1 and
N(s) > —1, then

// lnxy)vd dy = T'(s +2)Xs+2(2)

1—x2%y Z

where xs(z) is Legendre’s chi function (5).
Proof In (30), take u = 1/2 and substitute x, y, z — x2, y2, z2. Then use (5). O

Example 3.11 Sets =0,and take z =tan % =2 —l and z = ¢~ = /5 — 2. Using
Landen’s values [13, Sect. 1.8.2] for x> (tan %) and x2(<p_3), we obtain, respectively,

/]/] 1 dnd 2 In? tan %
. dxdv= _ 7
0Jo 1—x2y?tan® % Y l6tang  4tan¥

// 2 3Iln’g
dxdy=———"—2.
@0 — x2y? 2493 4¢3

Corollary 3.4 Forz € C—[1,00),

f/ T ey = [0 - 20w (35)
X = — & Vv)——&V,u )
o (I —xyz)Inxy Y u—v |l ds ¢ as ¢
u—1
// O rdy = 1), (36)
o (I —xyz)Inxy

Proof Substitute (s + 1)"'T'(s + 2) for I['(s + 1) in (29) and let s — —17F. Since
7€ C—[1,00), in view of (12) the result is (35). Letting v — u in (35), and using
identity (9), we arrive at (36). ]

Example 3.12 Set z =0. Using (1), we get

U= 1 U 1 1 1 u—1
1 1
f f Y dxdy= 2, / O™ ey = 1
—lnxy u—v v o Jo —Inxy u
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258 J. Guillera, J. Sondow

Example 3.13 Setz =1/2,u =2, and v =1 in (35). Using the derivative of (7) with
respect to s at s = 0, we get (compare Example 3.4)

1l x
// ™ 4xdy=Ino,
0Jo 2—xy)Inxy

where

109 /1
o=\ 1y2v3...=1"21/431/8 . —GXP|:_§8_<§’O’]>} D
S

is one of Somos’s quadratic recurrence constants [18] (see [7, p. 446], which uses
the notation y instead of o; see also [16, p. 348]).

Corollary 3.5 Foru > 0andv > 0,
xU— 1 u 1 u+1
1 rea)r
// dxdy = In G5 ]) (38)
0 (1+xy)1nxy u—v T TEL

(xy)” ! 1 u+1 u
//0 (I+x)Inxy my_ih( 2 >_‘”<5>]’ &

where ¥ (u) = % InT () =T (u)/ T (u) is the digamma function.

Proof To prove (38), set z = —1 in (35) and use (28). To prove (39), let v — u
in (38). i

Example 3.14 Setting u =1 in (39) and u =2 and v = 1 in (38) gives integrals for

In2 and In(7r/2), respectively. Their sum and difference are integrals for Inr and the
“alternating Euler constant” In(4/7) (compare Example 4.4 and see [22, 23]):

1+x L el 1—x 4
// ————————dxdy=Inm, // —————————dxdy=In—.
o (I+xy)(~Inxy) 0 Jo (T+x)(—Inxy) 7

Example 3.15 Setu =1 and v = 1/2 in (38), and substitute x — x2, y — y2. Using
the reflection formula I'(#)I"(1 — ) = & /sin¢ with r = 1/4, we get

L el —X V2
/ / —————dxdy=1In .
0oJo (1+x2y)Inxy I'(3/4)2

Corollary 3.6 Foru > 0andv > 0,

xu— 1 v 1 _
f/ - rdy = Y (u) w(v)’ 40)
—Xxy u—v
u—1
// O ey = ' ). (41)
0oJo 1—xy
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Proof To prove (40), set z =1 in (29), let s — 0, and use the formula [25, p. 271]

1
lim <q>(1,s, u) — —) =—v ). (42)
s—1 s—1
To prove (41), let v — u in (40). U

Example 3.16 Take u = 1/3 and v = 2/3 in (40). Since ¥ (2/3) — ¥ (1/3) = n//3
(see [24, (44.7.1)]), the change of variables x — x3 and y— y3 yields

/lfl%dxdy=i-
0Jo 1—x°y 3J3

Example 3.17 Taking u = 1/2 in (41) and using the value y'(1/2) = 72/2 (see
[24, p. 427]), we substitute x — x2, y— y2 and obtain

1 pl 2
1

// L gy ="

0Jo 1—x2y2 8

Corollary 3.7 IfN(s) > —2, then

1,1 p—s—1 _ y—s—1
/ / X~y N~ Inxy)dxdy=T(s+1)— M | (43)
0 Jo u—v
1 p1
/ f )N (=Inxy)’dxdy =T(s +2)u"*"2. (44)
0Jo
Proof Set z =0 in (29) and (30), and use (1). ]

Example 3.18 Taking s = —3/2, u =2 and v =1 in (43) gives

1 p1 X
/0/0 deiy:z(ﬁ_l)ﬁ.

Example 3.19 Taking u =1 and s = —3/2 or s = —5/4 in (44) gives

Ll 1 1 pl 1
. _dxdy= 7, . dxdy=T (3/4).
/0/0 (—Inxy)3/? y=vm /0/0 (—Inxy)>/ Yy 3/4

Corollary 3.8 Ifz € C —[1, 00) and N(s) > —2, then

U= 1 v 1
—1 Sdxd
//0 <1—xy (I —xypyz (1) dxdy

Fb(ts L, [ =)@, s+ 1,v)+ P(z,5,0)
+u—D®@ s+ 1,u)— (s, u)], (45)
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260 J. Guillera, J. Sondow

u—1
//é (1(x_yly B (—=Inxy)*dxdy

=T +2[(1 —w)®(z,s +2,u) + O(z,s + L, u)]. (46)

Proof Differentiate (29) with respect to z and apply identity (8). Replacing # with
u — 1, and v with v — 1, we arrive at (45). To prove (46), let v — u in (45) and use
identity (9). O

Example 3.20 Set z=—1,u=1/2, v=1, and s = 2 in (45). Substituting x — x2,
y — y2, and using (3), (4), (21), and the values ¢*(2) = 7%/12 and B(3) = n3/32,

we get
// xIn®xy Xty e G n2+7r3
0 (a2 T TR TRy

Example 3.21 Setz=—1,u =1 and s =4 in (46) to get

In* xy 225
//0 TR &=757t0)
2

Example 3.22 Setting z=—1,u =1/2 and s = —1 in (46), and substituting x — x~,

y — y2, we get
2
ff dxdy:n-’_ .
o (I+x yz)zlnxy 8

Corollary 3.9 Ifz € C —[1, 00), then

U= 1 v 1
—— dxd
//0 (1—xyz>21nxy ey

[(l—v)—(z 0, v)+—(z, 1,v)

u—

| ad 0 1o |
_( _u)g(zv ,u)—g(z,_ 7”) .

Proof Substitute (s + 1) ~'T'(s +2) for ['(s + 1) in (45) and let s — —17F . O

Example 3.23 Settingz = —1,u =2and v = 1, we use (28), (18), (7) to get (compare
(22, DD

dxd
//0 (1+xy)21nxy I= 21/64/7'[6

where A is the Glaisher-Kinkelin constant.
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Double integrals and infinite products for some classical constants 261

Example 3.24 Set z = —1, u =2 and v = 1/2. Using (20) and substituting x — x>

and y — y?, we get
1,1 2
— G
// Y gay=S
0oJo (14+x2y2)2ZInxy i

For the proof of the final theorem in this section, we require a lemma.

Lemma3.1 IfH,, =1+ 2, + - + is the nth harmonic number of order r and
H, =Hy 1,andif |z| <1, then

oo
Hu2 22 zz =3Li3(z) — Liz(z) In(1 — 2). (47)
n=1 n=1
Proof We have
[e'e) oo n—1
Z Sl =Y Y 5 -y Z ZZ(kﬂ)zk
n=1 n=2k= l k=1n= k+l k=1 j=1

°°1°° z ki1 t uk

- - I dudt = dudt
zkz/()t/ ’ z//ol_uu
k=1 j=1

21 ! —In(1 — 1 [2In2(1 —¢
/_/ Mdudt:—/ Mdt

o tJo 1—u 2 Jo t

oo

H,, * Lio(¢
Z 2 7" —Liz(z) = / f2( )dt
n o 1—t

n=1

and in a similar way

Adding twice the first identity to the second, we obtain

H.2 , H, , /Z Lix()  In2(1—1)
e ) non 31, — dt
Z n - + ;nzz 13(2) 0 1—t+ t

n=1

= —Liz(z2) In(1 — 2),

the evaluation of the integral being easily checked by differentiation. U

Theorem 3.2 For z € C —[1, 00), the following analytic continuations hold:

// ln(l —Xx27) dxdy
l—xy
= [Elnzln(l —z)+ Lix(1 —z)] In(1 — z) + Lis(z) — Lis(1 — z) +¢(3), (48)
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262 J. Guillera, J. Sondow

—1In(1 — xyz) . . .
oy dxdy=Liz( = 9In(l —2) ~ Lis@ ~ 2Lis( =) +20(3).
(49)
Proof By analytic continuation, it suffices to prove (48) and (49) when |z| < 1.

Expanding —In(1 — xz) in a series, and using (40) and the identity ¥ (n + 1) —
(1) = H, (see [24, (44.5.5)]), we see that

Vel _1n(1 = x2) _
/0/ e dd_z //1_xdxdy Z—

n=1

Ramanujan’s summation of the last series [3, Part I, p. 251, Entry 9(i) and (12.1),
p- 259] completes the proof of (48).

Similarly, using (41) and the identity ¥’ (n+1) = %n2 — H, > (see [24, (44.12.6)]),
we find that

—In(1 — xyz) n? N Hy
T T vdy =~ (1 — g = 2,
[ s = ma - -y s

n=1

Now apply (47) with Yo, H,n~2z" replaced by the right side of (48). Simplifying
with Euler’s identity Lip(z) 4+ Lia (1 — z) = %7‘(2 —InzIn(l — z) (see [14, p. 1]), we
arrive at (49). O
Example 3.25 First take z = 1/2; write In(1 — 5) as In(2 — x) — In2 in (48), rewrite
(49) similarly, and apply the first equation in (34). Then take z = —1. Using the

values of Liz(1/2) and Liz(1/2) (see Example 3.5), and the inversion formulas for
Liz(y)+Liz(1/y) and Li3(y) — Liz(1/y) (see [13, (1.10, 6.7)]) with y = 2, we obtain

Lrlin2 —x) _ ln(1+xy) _ 7?In2
I N e e e

Ll n@2 — xy) 1n(l+x) _5
[ e [

Example 3.26 Letting z — 17, we deduce that
Ll —In(1 — —In(1 —x
// ZInA =) vy = 2/ f “IA =) ay = 2063).
0 1—xy 1 —xy

4 A generalization of Hadjicostas’s formula

Hadjicostas [11] asked for a generalization of the double integral formulas in [10]
and [22] for the Riemann and alternating zeta functions (Examples 4.1 and 4.2). To
fill the bill, we multiply the integrand of (30) by 1 — x, and obtain a formula valid on
a larger half-plane of the complex s-plane.
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Double integrals and infinite products for some classical constants 263

Theorem 4.1 Ifeither z € C—[1, 00) and R(s) > =3, 0r z =1 and R(s) > =2, then

/ f *ey)* N (= Inxy) dxdy
1 —xyz

(1—2)P(z,s+1,u) — MSI}
z2(s+1) '

:F(s+2)[<b(z,s+2, u) + (50

Proof The integral in (50) defines a function which is holomorphic in s, when
N(s) > -3 if z € C —[1,00), and when R(s) > —2 if z = 1. We prove (50) with
91(s) > 0 and the result then follows by analytic continuation.

Replace u with u + 1 in (29) and set v = u. Subtracting the result from (30) gives

1 pl u—1 _ Lu,u—1
/(;/(; (x) l—x;czy (—Inxy)*dxdy

=T(s+2)P@ s+2,u)+ T+ D[P s+ Lu+1)— D@ s+1,u0)]

(51)
Using identity (7), we obtain (50), and the theorem follows. U
Example 4.1 The case z = u =1 is Hadjicostas’s formula [5, 10] (see also [22])
L = 1
/ / —Inxy)'dxdy =T(s+2)[{(s +2) — ——| (R(s) > -2).
1 —xy s+1
(52)

Example 4.2 Taking z = —1 and u = 1 gives the analogous formula [22]
] k
- 1-2 1
/ / —( Inxy)*dxdy = F(s+2)[ *(s+2) + w}
s+1
R(s) > =3).

Example 4.3 Let p be a non-trivial zero of ¢ (s). Differentiating (52) with respect to s
ats = p — 2, we get (compare Example 3.10)

[ [ e e =ro[do+ s - Y2
Corollary 4.1 Foru >0,
/01/01 a_;y;ﬁ(xy)”_]dxdy =Inu — ¥ (u).
Proof Setz=11n (50), let s — —17, and use (42). U
Example 4.4 Setting u = 1 and using the value [24, p. 427]
y(1)=—y, (53)
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where y = limy,_, oo (1 + % + -4 % — Inn) is Euler’s constant, we recover the for-

mula in [20, 22, 23]
1—x
dxdy=vy.
// (= xy)(—Inxy) 7Y

Corollary 4.2 For z € C—[1, 00),

1—x
()" 'dxdy
[./0 (l—xyz)ln Xy

1 lo)
=—(Z 0,u)+ — I:(z—l)g(z,—l,u)—ulnu}+

z—1 o4

Proof Let s — —27 in (50) and use (12). O

Example 4.5 Take u = 1/2 and z = —1. Substituting x — x2, y — y* and using (28)
and (20), we get

|- x2 T (1/4) 1
=1 _
// Ay ay X nzr(3/4)Jr 2

Example 4.6 Replacing ® with the series (1), we let z — 0 and deduce that

1 pl

1—x u—1 1

>— ()" dxdy=@w+DIn| 1+ —)—1
0oJo In“xy u

Corollary 4.3 If%i(s) > —3, then

1,1
/ / (1 — ) Gey)* (—Inxy)dady = T(s + D[(s +1— w24 @+ =11,
0J0

Proof Set z=01n (51) and use (1). U

Example 4.7 Taking s = —5/2 and u = 1 gives

1 pl 1—x ﬁ

5 Infinite products

Using corollaries of Theorems 2.1 and 2.2, together with logarithmic series for the
digamma and Euler beta functions (Theorems 5.1 and 5.2), we derive infinite products
for many constants.
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Corollary 5.1 Form =0, 1,2, ... and complex z with R(z) < 1/2,

8([) 8 m o0 1 n n
g(z,—m,u)=<u+za—z> ZI_Z< ) Z( 1)k+1<>1n(u+k).

Proof Differentiate (22) with respect to s at s = 0 and multiply by (1 — z)~'. Then
apply (8) m times. (|

Example 5.1 Setting m =0, z=—1 and ¥ = 1 and multiplying by 2 gives

2—( 1,0, 1)_2 Z( 1)"+1< )ln(k+1)

Using (28), we recover the product from [23]

T[_ 2 1/2 22 1/4 234 1/8 24.44 1/16
2 \1 1-3 1-33 1-36.5

Example 5.2 Settingm =1, z = —1 and u = 1 and multiplying by 4, we get

4—( 1, 11)—2’“r Z( 1)k+1<)1(k+1)

Using (18), we obtain the product

A12 B 2 2/2 22 3/4 234 4/8 24.44 5/16
24/3¢ T\ 1 1-3 1.33 1.36.5 ’

which converges faster than the products involving A in Examples 5.7 and 5.11.

Example 5.3 Settingm =2,z =—1and u =1, we get
0P > n?4n k1
S L2 D)= P s Z( 1) ( )ln(k+ 1).
n=0
Then (19) gives
874(3)/47[2 _ g 1/8 2—2 3/16 23 4 6/32 24.44
1 1-3 1.33 1.36.5
Example 5.4 Takem =0, z= —1and u = 1/2. Writing In(k + %) asIn(2k+1)—In2
and using (25), we see that

9D In2 e
o ( 1,0, ) erm g( 1)k+1< )ln(2k+1).

10/64
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266 J. Guillera, J. Sondow

Using (28), we get the product

T4y 3\ 32\ a3\ 10 g g
QL (3/4) <T) <ﬁ> (1 -53> (1 -56-9>
Example 5.5 Settingm =1,z=—1and u =1/2, we get

9P 1\ «— 7 « n
_ E E _1\k+1
g(—l,—l,z)— 0_2"+2k 0( 1) <k)ln(2k+l)
n=» =

Use (20) and exponentiate to obtain

o _ (AP (BN (B T
—\1 1-5 1-53 1-56.9

Corollary 5.2 For all complex s # 1,

1/32

4/64

I Sl n\ In(u + k)
&, s,u)+ (s — 1)—(1,s,u)=2—2(—1)k+1( )75_
s =+l k) (u+k)»—!

Proof Multiply (23) by s — 1 and differentiate with respect to s. (]

Example 5.6 Set u =1 and s = 0 and multiply by 2. The relation (2) and the values
¢(0)=—1/2and ¢'(0) = —%ann give

= OOL S k("
In27 1_;:(:)”“;(;)( D <k>(k+l)ln(k+l).

Exponentiating, we obtain the product

- D2\22 4 04 N3 o6 g4N2A L 98 416 \2/5

7=<T> (1.33) ( 1-39) (1-318-55>
Example 5.7 Sets = —1 and u = 1 and multiply by 1/2. Using relations (2) and (17),
and the value ¢(—1) = —1/12, we get the formula

1 00
lnA—gzz
n=0

which yields

1 " n
Z(—l)k“( )(k+ D2 In(k + 1), (55)
2n+2k:0 k

A 24 1/4 28 1/6 212.416 1/8
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Theorem 5.1 Foru > 0,

o0 1 n
Y (u) =Zm2(—l)k (Z) In(u + k). (56)
n=0 k=0

Proof Multiply (23) by s — 1 and compute the derivative with respect to s at s = 1,
using (42). O

Example 5.8 Take u = 1, multiply by —1, and exponentiate. Using (53), we recover
Ser’s product [17] (rediscovered in [21, 23])

. ) 1/2 22 1/3 234 1/4 24.44 1/5
“=\1 1.3 1.3 1-36.5

Compare the remarkably similar product for e in Example 5.12.

Example 5.9 Take first u = 1/4 and then u = 3/4. Using the relation {(3/4) —
Y (1/4) = m (see [24, p. 427]), we obtain the series

B L 4k +3
Z +1Z( D() 4+ 1

which gives the product

1 1 1
(3\T[3-5\7(3-52-11\7(3-55 11313\ /3.5 . 116.13%. 19\ 5
== —

) \17) \ht729)) \(T 7905 ) \T 7% 96 15% 17

For the next result, recall the formulas for the Euler beta function [25, p. 254],

)T (v)

1
B = u=1 1—x)"" ld — 7
(u,v) [) (1 —x) Futo)

Theorem 5.2 For j=1,2,...,

o0

B(u, j)= Z +1Z( 1)"“( )ln(u—i-k). (57)

Proof We first establish the formula

1 xu—l(l _x)n kel
/0 T Z( 1) (>ln(u+k) (58)

for n =1,2,.... Fix n and define f(u) to be the difference between the integral
and the sum in (58). Then f/(u) = 0. (To see this, differentiate f (x) under the inte-
gral sign, expand (1 — x)", and evaluate the integral.) Thus f(u#) = C is a constant.
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268 J. Guillera, J. Sondow

By (25) with m = 0, we may replace In(u + k) with In(1 + %) in f(u). It follows
that f(u) — 0 as u — oo. Hence C = 0 and (58) follows. Now to prove (57), multi-
ply (58) by (n — j + 1)~! and sum from n = j to oo. U

Example 5.10 Set u =1 in (58), multiply the equation by (—1)"*!, and sum from
n =1 to co. Using Example 3.13 (let x = X/Y, y = Y and integrate with respect
to Y), we obtain

! 1- n k

where o is Somos’s constant (37). Exponentiation gives a product for o with rational
factors:

(59)

o =

2 1:3 2.4 1.3%.5
122 1.3 2444
Since the partial products are alternately above and below o, and converge slowly,
the product is a good candidate for acceleration by Euler’s transformation [19, 23].
Applying it and simplifying (as in [23, Sect. 3]), we arrive at the product

N2 /314 s\ 1/8 57\ 1/16
=) G) G () - ©0

which converges faster than the products for o in both (37) and (59). (Note that (60)
also follows by writing o as o2/o and substituting the product in (37).)

Example 5.11 Set u =1 and j =4 in (57), and replace n with n + 4. Multiplying

the equation by 1/2, so that the left side becomes B(1,4)/2 = 1/8, we add the result
to (55). Replacing k with k — 1, and n with n — 1, we obtain

InA= i i[zn:(—nk(” )kzlnk +}§( 1)"( +3> lnk:|.
i Ll k= 1
This yields a product for the Glaisher-Kinkelin constant:
24 44 \% 09410 g\ /4 s 514 420 g6 N\ 1/6
A:<1-36-5> (1-310-55> (1-324-515-7>

The remaining results use only the series for the Euler beta function in Theo-
rem 5.2. In particular, their construction does not involve Lerch’s function.

Example 5.12 As B(1, j) = 1/j, exponentiating (57) with u =1 yields a product
for e!/J. When j =1, this is the first author’s product for e in [23]:

2 1/1 22 1/2 23 4 1/3 24'44 1/4
e=|= —_—
1 1.3 .33 1.36.5
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The extension to e'// for j=2,3,... was first found by C. Goldschmidt and J.B.
Martin [8] using probability theory. With j =2, it gives

\/_ 22 1/1 234 24.44 1/3
e=( —— _
1-3 1-33 1-36.5

Theorem 5.3 The infinite product representation of the exponential function

e8] n " 1/n
e =11 (H(kx + 1>“M)) 61

n=1 \k=0

172

is valid for any real number x > 0.

Proof The formula holds when x = 0. If x > 0, then since u, unlike j, is not restricted
to integer values in Theorem 5.2, we may take u = 1/x. By (25) with m = 0, we may
then replace ln(% + k) with In(kx 4 1) in (57). Setting j = 1 and using B(1/x, 1) =x,
we exponentiate (57) and obtain (61). [l

Example 5.13 Taking x =2, we get

) 3 1/1 32 1/2 337 1/3 34.74 1/4
e” = —_ _ e,
1 1-5 1-53 1-56.9
When x = p/q is a rational number with p > 0 and ¢ > 0, we can simplify (61) by
replacing kx + 1 with kp + ¢, again using (25) with m = 0. An example is

23 5 1/1 52 1/2 53 9 1/3 54.94 1/4
e = —_ —_— _— _— e,
3 3.7 3.73 3.76-11
In particular, with x = 1/¢q and ¢ = 2,3, ..., the roots e!/4 are represented as differ-
ent products from those in Example 5.12. For instance,

1/3
3\ 32 3.5\ /3454
\/E = | - _ _ _
2 2.4 243 2.46.6
Note added in proof Related double integrals and infinite products are given in [Sondow, J., Hadji-

costas, P.: The generalized-Euler-constant function y (z) and a generalization of Somos’s quadratic recur-
rence constant. J. Math. Anal. Appl. 332, 292-314 (2007)].

1/2 1/4
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