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ANTIPLANE DEFORMATION BY CONCENTRATED FACTORS OF BOUNDED BODIES 
WITH CRACKS AND RIGID INCLUSIONS 

Ia. M. Pasternak,1  K. V. Vasil’ev,2  and  H. T. Sulym2,3 UDC 539.3 

We propose two approaches to the solution of problems of antiplane deformation of bounded bodies 
with thin-walled defects by concentrated factors.  The first is a numerical approach based on the bound-
ary element method, in which the Volterra approach was developed to take into account the action of 
screw dislocations, and special tip boundary elements were introduced to determine the stress intensity 
factors.  The second is an analytic-numerical method of direct full cutting, in which bounded bodies are 
modeled by using a space with a system of inhomogeneities contacting with each other, and, at the con-
tact points, certain a priori unknown concentrated forces and dislocations act, which enables us to in-
crease substantially the accuracy of computations for a small size of the resultant system of equation.  
Specific numerical examples for a body (bar) with a square cross-section containing a strip crack or rigid 
inclusion under the action of concentrated forces and screw dislocations have been considered. 

Introduction 

Thin structural inhomogeneities of a material are an extremely often encountered type of structural and 
technological defects.  In modeling of these defects, inhomogeneities of two types are most often considered, 
namely, a crack and absolutely rigid film inclusion.  In the theory of thin defects [9], it was established that both 
types of defects generate a root singularity of the stress field at their tips.  The coefficients at this singularity are 
generalized stress intensity factors (GSIF), which were recognized as fundamental parameters of the fracture 
criteria of bodies with cracks [6] and absolutely rigid inclusions [10, 11]. 

In most works, a review of which can be found in the monograph [9], investigations of thin-walled defects 
were performed for infinite and semiinfinite domains, layer, and a package of two layers (possibly supported by 
semiinfinite domains).  However, in view of the finite sizes of real objects, it is important to investigate the in-
fluence of the relative sizes of the defect and body on the stress state of the body and study better edge effects.  
Since the determination of the stress state of bounded bodies is a fairly complex problem, which is cumbersome 
from the standpoint of mathematical modeling, most results for these problems were obtained by direct numeri-
cal methods, specifically, the boundary element method [12, 16].  Other approaches use, e.g., Fourier transfor-
mation [17] or the so-called “method of direct incomplete cutting,” where a finite prismatic body is cut off from 
an unbounded medium with the help of two separated polygonal cracks [7]. 

All aforementioned numerical methods were used in the study of the stress state of bodies with inhomoge-
neities under the action of distributed load.  However, in the investigation of real problems, one often deals with 
nonuniformly distributed load or the action of intensive force factors concentrated on relatively small areas.  For 
this reason, an important positive feature of the efficiency of the numerical or analytic-numerical approach is the 
high accuracy of results obtained in the investigation of a load caused by the action of concentrated forces that 
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generate substantial gradients of mechanical fields.  In the solution of problems of nanomechanics, the case of 
taking into account the action of screw dislocations is also important and interesting from the mathematical 
viewpoint. 

In the present work, we developed two approaches to the analysis of the antiplane deformation of finite bod-
ies by concentrated factors: 

 (1°) a numerical approach on the basis of the direct boundary element method (BEM); 

 (2°) an analytic-numerical method of the solution of the problem on the basis of the method of direct full 
cutting (MDFC). 

Along with the rather universal character and convenience of each of them, the simultaneous use of both ap-
proaches also enables one to perform mutual verification of obtained data. 

1.  Formulation of the Problem 

Consider the antiplane deformation of an isotropic prismatic body containing a strip defect  L   of length  
2a   located along the abscissa axis.  The shear modulus of the material of the body is equal to  G .  Let a section  
S   of the body by a plane  xOy   perpendicular to the generatrix of the surface be a square with a side  2H   

(Fig. 1).  An external load is set by concentrated factors that act at the points  zk∗ = xk∗ + iyk∗ ,  namely, forces  

Pk   and screw dislocations  bk ,   k = 1,…, N . 

Based on the coupling principle for continua of different dimensions [9], we exclude from consideration the 
thin inhomogeneity as a geometric object and transfer contact stresses and displacements onto the corresponding 
faces of its middle surface  L . 

In this case, it is assumed that the boundary of the body is free from load, and, on the defect, we can set the 
vector of stresses (crack) or vector of simultaneous displacement of the faces (absolutely rigid inclusion). 

 

Fig. 1 
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2.  Solution of the Problem by the Scheme of the Direct Boundary Element Method 

As an initial integral relation of the method, we choose the Somigliana identity [2] for the antiplane defor-
mation of a body with an internal cut  ΓC  

 

 
w(ξξ) = [W (x − ξξ)t(x) − T (x − ξξ)w(x)]dΓ(x)

∂S
∫  

  

 

+ [W (x − ξξ)Σt(x) − T (x − ξξ)Δw(x)]dΓ(x)
ΓC

∫ + W (x − ξξ) f (x)dS(x)
S
∫∫ , (1) 

where  w(ξξ)   are the displacements of the point  ξξ   of the body,  t(x)   are surface tractions,  f (x)   is the distri-

bution of volume forces in the body,   Δ( i ) = ( i )+ − ( i )− ,   Σ( i ) = ( i )+ + ( i )− ,  and the signs  “+ ” and  “− ” de-

note quantities corresponding the surfaces  ΓC
+   and  ΓC

− ,  formed by the mathematical cut  ΓC ~ L .  It is con-

venient to represent the kernels  W   and  T   [2] in the form of the real and the imaginary part of the function of 
a complex argument  Z (x) = x1 + ix2 ,  where  x1   and  x2   are the projections of the vector  x   on, respectively, 

the axes  Ox1 ~ Ox   and  Ox2 ~ Oy   of the rectangular coordinate system  Ox1x2 ~ Oxy ,  and  i = −1   is an 

imaginary unit.  After the corresponding transformations, we have 

 
 
W (x) =

−1
2πG

Re[ln Z (x)], T (x) = 1
2π Im

n2 − in1
Z (x)

⎡
⎣⎢

⎤
⎦⎥

. (2) 

Here,  n1   and  n2   are the components of the unit vector of the normal  n   to the boundary  ∂S   of the body. 

Under the action of concentrated forces on the body, the function  f (x)   has the form 

 f (x) = Pkδ(x − xk∗ )
k=1

n

∑ , (3) 

where  Pk   is the  k th  concentrated force and  xk∗ ~ zk∗   is the point of its application.  In view of the rules of 

integration of generalized functions, the last summand in (1) takes the form 

 W (x − ξξ) f (x)dS(x)
S
∫∫ = PkW (xk∗ − ξξ)

k=1

n

∑ . (4) 

To take into account the action of dislocation, in the body, we consider an additional cut  Γb   with a jump 

of displacements  Δw   given on it, which is equal to the projection  b   of its Burgers vector on the axis   x3 ∼ z   

(a Volterra dislocation [1]).  In view of the fact that, in passing through the surface  Γb ,  a jump of stresses is 

absent, i.e., 

 Δσ3n = (σ3 j
+ − σ3 j

− )n j
+ = σ3 j

+ n j
+ + σ3 j

− n j
− = Σt = 0 , 
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the summand that accounts for the action of dislocations in formula (1) has the form of the following expression: 

 wb (ξξ) = −b T (x − ξξ)dΓ(x)
Γb

∫ . (5) 

Taking into account relation (2) and the fact that 

 dZ = dx1 + idx2 = − n2dΓ + in1dΓ = − (n2 − in1 )dΓ , 

we get 

 wb (ξξ) = b
2π Im

dZ (x)
Z (x − ξξ)

Γb

∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= bB(xb1,xb2 ,ξ) , 

 B(xb1,xb2 ,ξξ) = 1
2π Im ln

Z (xb1 − ξξ)

Z (xb2 − ξξ)

⎡

⎣
⎢

⎤

⎦
⎥ , (6) 

where  xb1   and  xb2   are the coordinates of the end point and start point of the cut  Γb .  Note that, if, for the 

unbounded body, the cut ends at an infinitely distant point that is not specified, then this is important for a body 
of finite size. 

In view of (4) and (6), the Somigliana identity (1) for the body that is under the action of concentrated 
forces and screw dislocations takes the form 

 

 
w(ξξ) = [W (x − ξξ)t(x) − T (x − ξξ)w(x)]dΓ(x)

∂S
∫  

  

 

+ [W (x − ξξ)Σt(x) − T (x − ξξ)Δw(x)]dΓ(x)
ΓC

∫  

  + PkW (xk∗ − ξξ)
k=1

n

∑ + bk B(xk
b1,xk

b2 ,ξ)
k=1

n

∑ . (7) 

Differentiating (7) with respect to  ξ j   and multiplying by the shear modulus  G ,  we obtain the following 

integral representation of the components of the stress tensor: 

 

 
σ3 j (ξξ) = [Dj (x − ξξ)t(x) − S j (x − ξξ)w(x)]dΓ(x)

∂S
∫  

  

 

+ [Dj (x − ξξ)Σt(x) − S j (x − ξξ)Δw(x)]dΓ(x)
ΓC

∫  

  + Pk Dj (xk∗ − ξξ)
k=1

n

∑ + bk H j (xk
b1,xk

b2 ,ξ)
k=1

n

∑ , (8) 
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where 

 Dj (x − ξξ) = G ∂
∂ξ j

W (x − ξξ), S j (x − ξξ) = G ∂
∂ξ j

T (x − ξξ), H j = G ∂
∂ξ j

B . 

We obtain integral relations of the problem by letting the point  ξξ   of the domain  S   approach the bound-

ary  ∂S   of the body or the mathematical cut  ΓC .  Taking into account the Sokhotsky–Plemelj formulas [2], 

from representations (7) and (8) we get the following system of equations: 

 – if the collocation point  y   is located on the boundary  ∂S   of the body, then 

 1
2

w(y) = RPV W (x, y)t(x)dΓ(x)
∂S
∫ − CPV T (x, y)w(x)dΓ(x)

∂S
∫  

  

 

+ [W (x, y)Σt(x) − T (x, y)Δw(x)]dΓ(x)
ΓC
+
∫  

  + PkW (xk∗ − y)
k=1

n

∑ + bk B(xk
b1,xk

b2 , y)
k=1

n

∑ ; (9′) 

 – if the point  y   is located on the middle surface  ΓC   of a crack or inclusion, then 

 RPV W (x, y)Σt(x)dΓ(x)
ΓC
+
∫ − CPV T (x, y)Δw(x)dΓ(x)

ΓC
+
∫  

  

 
= Σw(y)

2
− [W (x, y)t(x) − T (x, y)w(x)]dΓ(x)
∂S
∫  

   − PkW (xk∗ − y)
k=1

n

∑ − bk B(xk
b1,xk

b2 , y)
k=1

n

∑ , 

 n j
+ (y) CPV Dj (x, y)Σt(x)dΓ(x)

ΓC
+
∫ − HPV S j (x, y)Δw(x)dΓ(x)

ΓC
+
∫

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

 

  

 
= Δt(y)

2
− n j

+ (y) [Dj (x, y)t(x) − S j (x, y)w(x)]dΓ(x)
Γ
∫  

   − n j
+ (y) Pk Dj (xk∗ − y)

k=1

n

∑ + bk H j (xk
b1,xk

b2 , y)
k=1

n

∑⎡

⎣
⎢

⎤

⎦
⎥ . (9′′) 
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Here, the symbol RPV  denotes the value of the improper integral (Riemann principal value), CPV  denotes the 
principal value of the integral (Cauchy principal value), and HPV  denotes the finite part of the hypersingular 
integral (Hadamard principal value).  The indices here correspond to the projections of the vectors to the axes of 
the global coordinate system.  In formulas, we use the Einstein rule of summation over repeated indices. 

In solution of Eqs. (9), we also should take into account that, for cracks with faces free from load, the 
boundary conditions on  ΓC   have the form  Δt(y) = 0 ,  Σt(y) = 0   ∀ y ∈ΓC ,  and for an absolutely rigid in-

clusion, they have the form  Δw(y) = 0 ,  Σw(y) = 2w0   ∀ y ∈ΓC ,  where  w0   is the displacement of the in-

clusion as a rigid entity, which for a body with free faces can be arbitrary, and if a displacement is given on the 
boundary  ∂S ,  then it is necessary to choose  w0   so that the conditions of global equilibrium of the inclusion 

be satisfied. 
To solve the integral equations (9) numerically, we use the scheme of the boundary element method [13, 

14].  In this scheme, to model boundary elements that are not adjacent to the end of the inhomogeneity, we use 
discontinuous quadratic elements [15], which are set by the Lagrange basis functions 

 ϕ1 = t 9
8

t − 3
4

⎛
⎝⎜

⎞
⎠⎟ , ϕ2 = 1− 3

2
t⎛

⎝⎜
⎞
⎠⎟ 1+ 3

2
t⎛

⎝⎜
⎞
⎠⎟ , ϕ3 = t 9

8
t + 3

4
⎛
⎝⎜

⎞
⎠⎟ , −1 ≤ t ≤ 1 , 

for a system of nodes   
t p = [− 2/3,  0,  2/3]   of a three-node element. 

To increase the exactness of the method and for the convenience of the determination of the GSIF in model-
ing the near-end part of the crack by using three-node discontinuous elements, we introduce the following sys-
tems of basis function for discontinuities of displacements [13, 14]: 

 ϕ p
Δw = Φ p1

Δw ρ + Φ p2
Δwρ+ Φ p3

Δwρ3/2 , p = 1,2, 3 . (10) 

Here,  ρ = 1± t ,  −1 ≤ t ≤ 1   is the normalized arc coordinate of the boundary element, and  Φ pj
Δu   is a matrices 

of constants determined from the following equations: 

 ϕ p (t p ) = 1, ϕ p (t j≠ p ) = 0 . 

The basis functions on three-node boundary elements adjacent directly to the ends of the absolutely rigid in-
clusion are set by the relations [13, 14] 

 ϕ p
Σt = Φ p1

Σtρ−1/2 + Φ p2
Σt + Φ p3

Σt ρ, p = 1,2, 3 . (11) 

Taking into account the special functions (10) and (11), the possibility of calculating directly the general-
ized stress intensity factors  

 K31 = G π
8

lim
r→0

Δw(r)

r
, K32 = − π

2
lim
r→0

r Σt(r) , 

where  r   is the distance from the tip of the crack or an absolutely rigid inclusion, with a high accuracy from the 

multipliers at  r   and  1
r

  [9] appears. 
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Fig. 2 

3.  Solution of the Problem by the Method of Direct Full Cutting 

In [3], for the determination of the stress-strain state of bounded bodies with thin inhomogeneities, the 
method of direct cutting (MDC) was used.  This method consists of modeling a bounded body with inhomogene-
ities with the help of a space or a piecewise-homogeneous space with cracks and absolutely rigid inclusions, 
which model the edge of the body. 

In [5], to decrease the influence of the interaction of the tips of modeling inhomogeneities on the stress state 
of the body, a modification of the MDC, namely, the so-called method of direct full cutting (MDFC), was pro-
posed.  Let us describe briefly the main methods of the solution of the problem by the MDFC. 

We model the problem for a bar of square section with a thin strip inhomogeneity formulated in Section 1 
by a homogeneous infinite isotropic space with a modulus of elasticity  G   and five strip inclusions  L j , 

 j = 0,…, 4   (Fig. 2).  The lengths of the inclusions are  2a j ,  the thicknesses are  2hj , the moduli of elasticity 

are  G j
in ,  the angle of inclination to the abscissa axis are  α j ,  and the coordinates of the centers are  

z0 j = x0 j + iy0 j ,   j = 0,…, 4 .  We model the faces of the square with the help of four strip inhomogeneities  

L j ,   j = 1,…, 4 ,  of equal length (cracks in the case of the investigation of the free faces of the square and abso-

lutely rigid inclusions for the investigation of rigidly fixed faces) that contact with each other at the points  Oj
∗ ,  

 j = 1,…, 4 .  We describe the investigated inhomogeneity   L ∼ L0   by a model of a very soft or very rigid inclu-

sion  L0 ,  whose orientation, location, and mechanical parameters are the same as for the inhomogeneity  L   of 

the original problem (see Figs. 1 and 2).  

At the contact points  Oj
∗   of the modeling inclusions, the functions of jumps of neighboring inhomogene-

ities must be related in a certain manner to each other.  Since this relationship is a priori unknown, for 
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definiteness, we apply the following auxiliary conditions of equality to zero of the functions of jumps at the 

points  Oj
∗ ,   j = 1,…, 4  

 
 
f5 j (Oj

∗ ) = f6 j (Oj
∗ ) = 0, j = 1,…, 4 , 

 f5 j (Oj+1
∗ ) = f6 j (Oj+1

∗ ) = 0, j = 1,2, 3, f54 (O1
∗ ) = f64 (O1

∗ ) = 0 . (12) 

Since, at the points  Oj
∗ ,   j = 1,…, 4 ,  of the original problem, there exists a certain jump of stresses and deriva-

tives of displacements, to correct the restriction applied by conditions (12), at these points, we additionally lo-

cate the unknown concentrated forces  Qj   and screw dislocations with a component of the Burgers vector  bj
∗ ,  

 j = 1,…, 4 ,  that must guarantee the indicated jump.  Thus, the stress state of the modeled problem is sought in 

the form of the superposition of the solutions for five inclusions in the homogeneous space for given  

 (Qk+4 = Pk , bk+4
∗ = bk , k = 1,…, N )    and unknown   (Qk , bk

∗ , k = 1,…, 4)   concentrated forces and dislocations 

 σ yz + iσ xz = i
2π

f5 j (t ) + iGf6 j (t )

te
iα j − (z − z0 j )

dt
′L j

∫
j=0

4

∑ + (σ yz
j∗ + iσ xz

j∗ )
j=1

N+4

∑ , (13) 

 σ yz
j∗ + iσ xz

j∗ = − i
2π

Qj + iGbj
∗

z − z j∗ , z j∗ = x j∗ + iy j∗ , z = x + iy . 

Here  σ yz
j∗   and  σ xz

j∗   are stresses induced by the action of the concentrated force  Qj   and dislocations  bj
∗   at 

the point with coordinates  z j∗  [9]. 
To define the unknown functions of jumps  f5 j   and  f6 j ,   j = 0,…, 4 ,  we use the following conditions of 

interaction of the matrix with the inclusions [8, 9] 

 σ sz
j+ + σ sz

j + G

G j
inhj

(σnz
j+ − σnz

j− )dt
−a j

s j

∫ = 2
Gσ sz

j av (− a j )

G j
in

, 

 σnz
j+ + σnz

j− −
G j

in

hjG
(σ sz

j+ − σ sz
j− )dt

−a j

s j

∫ =
w j
∗

hj
. (14) 

Here  σ sz
j±   and  σnz

j±   are tangential and normal stresses on the upper  (+)   and lower  (−)   faces of the inho-

mogeneity in its local coordinate system  sOn ∼ s jOjn j ,  σ sz
j av (− a j )   and  w j

∗   are certain tip constants of the 

left tip of the inhomogeneity, which are determined by using the following a priori dependences [9]: 
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 σ sz
j av (− a j ) = σ sz

0 (− a j )
G j

in

max(G j
in ,G)

, 

 w j
∗ = 2hjσnz

0 (− a j )
G j

in min (G j
in ,G)

G2
, (15) 

where  σ sz
0 (− a j )   and  σnz

0 (− a j )   are the values of stresses in the corresponding medium without an inclusion 

at its left end (homogeneous solution). 
In (13), we pass to a coordinate system  s jOjn j   that is local for the  j th  inclusion,   j = 0,…, 4  

  
σnz

j + iσ sz
j = [σ yz + iσ xz ]exp(iα j ) , 

 
 
z = x + iy = �z j exp(iα j ) + z0 j = (s j + in j )exp(iα j ) + z0 j . 

By applying the Sokhotsky–Plemelj formula to the result of this transformation [2], we obtain the following 
equations for the dependence of stresses and displacements on the upper and lower faces of strip inhomogene-
ities on the unknown functions of jumps  f5 j ,  f6 j ,   j = 0,…, 4 : 

 

  

σnz
j± (s j ) + iσ sz

j± (s j ) = ∓ 1
2
[ f5 j (s j ) + iGf6 j (s j )]+ i

2π
f5 j (t ) + iGf6 j (t )

t − s j
dt

′L j

∫  

 

 

+ (
�
σnz

j + i
�
σ sz

j ) + (σnz
jp∗ + iσ sz

jp∗ ),
p=1

4

∑ j = 0,…, 4 , 

 

 

�
σnz

j + i
�
σ sz

j = i
2π

f5k (t ) + iGf6k (t )
t exp(iαk ) − (sp exp(iα j ) + z0 j − z0k )

exp(iα j )dt
′Lk

∫
k=0,
k≠ j

4

∑ , 

  
σnz

jp∗ + iσ sz
jp∗ = [σ yz

p∗ + iσ xz
p∗ ]exp(iα j ) . (16) 

Substituting (16) into the conditions of interaction of the matrix with the inclusions (14), we get ten singular 
integral equations for ten unknown functions of jumps  f5 j ,  f6 j ,   j = 0,…, 4 ,  and eight unknown constants  

Qj   and  bj
∗ ,   j = 1,…, 4 : 

 

 

1
π

f5 j (t )

t − s j
dt

′L j

∫ − G

G j
inhj

f5 j dt
−a j

s j

∫ + 2
�
σ sz

j + 2 σ sz
jp∗

p=1

4

∑ = 2
Gσ sz

j av (− a j )

G j
in

, 

 

 

1
π

f6 j (t )

t − s j
dt

′L j

∫ −
G j

in

Ghj
f6 j

−a j

s j

∫ dt − 2
G

�
σnz

j − 2
G

σnz
jp∗

p=1

4

∑ = −
w j
∗

Ghj
, j = 0,…, 4 . (17) 
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Fig. 3  

Two auxiliary conditions of global equilibrium of the investigated inhomogeneity  L0   and single-valuedness of 

displacements in traversing it  

 f50 (t )dt
−a0

a0

∫ = 0, f60 (t )dt
−a0

a0

∫ = 0  (18) 

together with 16 conditions (12) enable us to assume that the obtained system of singular integral equations (17) 
is complete.  We seek the solution of (12), (17), (18) on the basis of the collocation method [9], assuming, as in 
the general scheme of separated inclusions, that the functions of jumps have root singularities at the ends  L j . 

The generalized stress intensity factors are determined via the found functions of jumps as follows [1, 9]: 

 K32
A − iK31

A = ( p5
A + iGp6

A ) π
2

,       
 
p j

A = lim
t→−a0

[ a0 + t f j 0 (− a0 )] , 

 K32
B − iK31

B = − ( p5
B + iGp6

B ) π
2

,      
 
p j

B = lim
t→a0

[ a0 − t f j 0 (a0 )] ,      j = 5,6 . 

Here the superscripts  “A”  and  “B” correspond to the left tip and right tip of the inhomogeneity, respectively. 

4.  Numerical Analysis of Examples 

Consider problems for a body with a crack and rigid inclusion using two developed approaches. 
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Table 1 

a/H  
d /a  0.1 0.2 0.3 0.4 0.5 0.6 0.7 Method 

1.0038 1.0304 1.0773 1.1490 1.2539 1.4089 1.6497 BEM 
0.1 

1.0026 1.0298 1.0768 1.1485 1.2535 1.4087 1.6495 MDFC 

0.9895 1.0166 1.0642 1.1368 1.2431 1.3998 1.6427 BEM 
0.2 

0.9885 1.0165 1.0641 1.1368 1.2432 1.4001 1.6430 MDFC 

0.9670 0.9947 1.0434 1.1176 1.2260 1.3855 1.6317 BEM 
0.3 

0.9654 0.9946 1.0433 1.1176 1.2261 1.3857 1.6320 MDFC 

0.9378 0.9664 1.0166 1.0930 1.2043 1.3674 1.6180 BEM 
0.4 

0.9359 0.9664 1.0166 1.0931 1.2044 1.3676 1.6183 MDFC 

0.9041 0.9337 0.9857 1.0648 1.1796 1.3471 1.6029 BEM 
0.5 

0.9017 0.9338 0.9858 1.0649 1.1798 1.3474 1.6032 MDFC 

0.8675 0.8984 0.9526 1.0347 1.1536 1.3260 1.5875 BEM 
0.6 

0.8648 0.8985 0.9527 1.0349 1.1538 1.3264 1.5878 MDFC 

0.8296 0.8620 0.9186 1.0042 1.1275 1.3053 1.5728 BEM 
0.7 

0.8265 0.8622 0.9188 1.0044 1.1278 1.3057 1.5732 MDFC 

0.7918 0.8257 0.8849 0.9743 1.1024 1.2859 1.5595 BEM 
0.8 

0.7882 0.8259 0.8852 0.9745 1.1027 1.2863 1.5599 MDFC 

0.7547 0.7904 0.8524 0.9458 1.0790 1.2682 1.5479 BEM 
0.9 

0.7507 0.7906 0.8527 0.9460 1.0793 1.2686 1.5483 MDFC 

0.7191 0.7566 0.8216 0.9192 1.0576 1.2527 1.5382 BEM 
1.0 

0.7146 0.7567 0.8219 0.9194 1.0579 1.2531 1.5387 MDFC 

Crack under the Action of Concentrated Forces.  Consider a square body with side  2H   containing a cen-
tral crack of length  2a ,  the middle surface of which is parallel to a side of the square.  The body is under the 
action of two antiparallel concentrated forces with a magnitude  P ,  located at a distance  d   from the surfaces 
of the crack (Fig. 3).  To discretize the surface of the crack in the BEM-model, we use 31 elements, and each 
side of the square is partitioned into 35  boundary elements. 

Using the MDFC in the solution of the system of singular integral equations (17), (18) by the collocation 
method [4, 9], we took  N1 = 40   terms of the finite sum of expansion into a series of each function of a jump 

for  a/H ≤ 0.5   and  d /a ≥ 0.5 ,  and  N1 = 80   for the remaining values. 

In Table 1, we present results of computations of the normalized SIF  K31
∗ = K31 πa /P   obtained by the 

boundary element method and method of direct full cutting. 
An analysis of the computations indicates that results obtained by both methods agree well.  The number of 

coinciding significant digits is 2–4, and the relative deviation of the results does not exceed 0.7%.  From Table 
1, we can see the following tendency: an increase in the size of the crack against the characteristic size of the 
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body causes an increase in the SIF; the approach of the concentrated factors to the surface of the crack also 
causes an increase in the SIF.  This increase is natural because only small areas of the body between its bound-
ary and ends of the crack take up the main load. 

Crack under the Action of Screw Dislocations.  Consider a square solid with crack under the action of 
screw dislocations of magnitude  b   with Burgers vectors opposite in direction (Fig. 4).  To discretize the model 
in the BEM, we use the same boundary-element partition as in the previous example.  In modeling of screw dis-
locations, the start point of the conventional cut  Γb   was chosen at a vertex of the square so that the shear 

planes of atomic layers do not intersect the surface of the crack.  The end of the cut was chosen at the corre-

sponding point on the edge of the surface  Γb .  Results of the computations of the normalized SIF  K31
∗ =  

K31 πa /(bG)   by the boundary element method and method of direct complete cutting are presented in Ta-

ble 2. 
The mutual deviation of the data presented in Table 2 does not exceed 1%, which indicates the reliability of 

the used physical approach to the modeling of screw dislocations by the BEM.  Under the action of screw dislo-
cations, we observe only one clear tendency: an increase in the relative sizes of the crack  a/H   as compared 

with the characteristic sizes of the body causes a decrease in the SIF.  However, with increase in the distance 
between dislocations and the surfaces of the crack, the SIF initially increases and then even gradually decreases. 

Absolutely Rigid Inclusion under the Action of Screw Dislocations and Concentrated Forces.  Consider 
the previous problem (Fig. 4), replacing the crack by an absolutely rigid film inclusion.  As in the previous case, 
we locate the origins of the surface  Γb   at vertices of the square so that the lines  Γb  do not intersect the sur-

faces of the inclusion.  Note that, if the line  Γb   intersects the surface of the inclusion, then a completely differ-

ent problem is realized: the body with the inclusion was cut by the surface of shear of the layers, its faces were 
shifted by the Burgers vector, “glued,” and then additionally connected the cut parts of the inclusion into a single 
unit.  In the same example, we realize a physically correct problem in which dislocations are formed in the body 

 

Fig. 4 
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without touching with the material of the inclusion.  We investigate individually the case of action of two anti-
parallel concentrated forces located at the same points as screw dislocations in Fig. 4.  As a result of high gradi-
ents of displacements in the case of action of concentrated forces, the partition of the middle surface of the in-
clusion for the BEM was performed with the help of 61 boundary elements.  In the method of direct full cutting, 
the expansion of the functions of jumps in finite sums of a series is realized with the help of the same number of 
terms as in the previous examples. 

In Fig. 5, we show normalized values of the generalized SIF  K32
∗ = K32 πa /(bG)   under the action of dis-

locations (Fig. 5а) and the SIF  K32
∗ = K32 πa /P   under the action of concentrated forces (Fig. 5b).  The calcu-

lation was performed for  a/H = 0.1, 0.3, 0.5, 0.7 .  The solid curves were obtained by the boundary element 

method, and the dashed curves were obtained by the method of direct full cutting.  
Since the mutual deviation of the results obtained by both method does not exceed 0.4%, the corresponding 

curves (solid and dashed) in Fig. 5 practically coincide.  In Fig. 5а, for the case of the action of screw disloca-

Table 2 

        a/H  
   d /a  0.1 0.2 0.3 0.4 0.5 0.6 0.7 Method 

– 0.0747 – 0.0731 – 0.0705 – 0.0665 – 0.0611 – 0.0538 – 0.0440 BEM 
0.1 

– 0.0742 – 0.0727 – 0.0701 – 0.0662 – 0.0608 – 0.0536 – 0.0440 MDFC 

– 0.1371 – 0.1341 – 0.129 – 0.1214 – 0.1109 – 0.0969 – 0.0786 BEM 
0.2 

– 0.1360 – 0.1331 – 0.1280 – 0.1204 – 0.1100 – 0.0961 – 0.0779 MDFC 

– 0.1804 – 0.1761 – 0.1687 – 0.1579 – 0.1430 – 0.1234 – 0.0982 BEM 
0.3 

– 0.1793 – 0.1751 – 0.1677 – 0.1569 – 0.1421 – 0.1226 – 0.0975 MDFC 

– 0.2052 – 0.1998 – 0.1905 – 0.1768 – 0.1583 – 0.1343 – 0.1042 BEM 
0.4 

– 0.2044 – 0.1990 – 0.1897 – 0.1761 – 0.1576 – 0.1336 – 0.1037 MDFC 

– 0.2157 – 0.2093 – 0.1983 – 0.1823 – 0.1608 – 0.1336 – 0.1006 BEM 
0.5 

– 0.2152 – 0.2088 – 0.1978 – 0.1819 – 0.1605 – 0.1332 – 0.1003 MDFC 

– 0.2162 – 0.2090 – 0.1966 – 0.1787 – 0.1550 – 0.1256 – 0.0913 BEM 
0.6 

– 0.2160 – 0.2087 – 0.1963 – 0.1785 – 0.1549 – 0.1255 – 0.0912 MDFC 

– 0.2105 – 0.2025 – 0.189 – 0.1696 – 0.1443 – 0.1137 – 0.0795 BEM 
0.7 

– 0.2104 – 0.2024 – 0.1889 – 0.1695 – 0.1443 – 0.1137 – 0.0794 MDFC 

– 0.2010 – 0.1925 – 0.178 – 0.1574 – 0.1311 – 0.1000 – 0.0668 BEM 
0.8 

– 0.2010 – 0.1925 – 0.1780 – 0.1574 – 0.1311 – 0.1001 – 0.0668 MDFC 

– 0.1897 – 0.1806 – 0.1654 – 0.1439 – 0.1169 – 0.0860 – 0.0543 BEM 
0.9 

– 0.1898 – 0.1807 – 0.1654 – 0.1440 – 0.1170 – 0.0860 – 0.0543 MDFC 

– 0.1776 – 0.1681 – 0.1522 – 0.1301 – 0.1027 – 0.0723 – 0.0425 BEM 
1.0 

– 0.1777 – 0.1682 – 0.1523 – 0.1302 – 0.1028 – 0.0723 – 0.0426 MDFC 
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tions, we observe an inverse tendency with respect to that in the first problem: an increase in the relative size of 
the inclusion causes a decrease in the SIF; the approach of dislocations to the surface of the inclusion also causes 
a decrease in the SIF. 

Under the action of concentrated forces, the values of the GSIF  K32  increase as the relative length of the 

inclusion  a/H   increases.  With increase in the distance from these forces to the surface of the inhomogeneity, 

the GSIF initially increase and then gradually decrease.  Actually, if the concentrated forces are located near the 
central part of the surface of the rigid inclusion, then small areas of the inhomogeneity remote from its tip take 
up the load practically completely.  This is why the GSIF  K32  is also small for a small ratio  d /a .  As the dis-

tance  d   increases, the inhomogeneity takes up the applied load more and more completely, but to a certain 
limit, above which, according to the Saint-Venant principle, the leveling of the influence of the concentrated 
factor begins. 

CONCLUSIONS 

Two developed approaches to the study of the antiplane deformation of bodies with cracks and rigid inclu-
sion under the action of concentrated factors revealed their high accuracy and efficiency in consideration of spe-
cific problems.  The use of the Volterra approach enabled us to take into account the presence of screw disloca-
tions in the body in the Somigliana identity and construct integral relations of the boundary element method for 
specific problems on the basis of it.  The small difference between the results obtained by the BEM and MDFC, 
testified to the high efficiency of the latter because the BEM showed itself as an efficient and a fairly exact nu-
merical approach to the analysis of even problems that have a singular solution long ago. 

In the investigation of bounded bodies by the example of the antiplane deformation of a prismatic bar with a 
central inhomogeneity, we have observed the following tendencies: an increase in the relative sizes of a crack 
causes an increase in the SIF under the action of concentrated forces; the approach of the concentrated forces to 
the surface of the crack also causes an increase in the SIF; an increase in the relative sizes of the rigid inclusion 
causes a decrease in the SIF under the action of screw dislocations; the approach of the dislocation to the surface 
of the inclusion also causes a decrease in the SIF.  
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