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MODEL OF GROWTH AND COALESCENCE OF TWO COLLINEAR CRACKS 
IN A VISCOELASTIC BODY 

A. О. Kamins’kyi,  M. F. Selivanov,  and  Yu. O. Chornoivan  UDC 539.375 

For the plane problem of linear viscoelasticity, a model of propagation and coalescence of two collinear 
cracks is proposed.  We have constructed the model within the framework of the theory of propagation 
of cracks in a viscoelastic environment.  As an illustration of using the model, we have obtained time 
dependences of the coordinates of the ends of the cracks for a wide range of parameters of the model, 
among which are geometric parameters of the problem, intensity of internal load, and crack-resistance 
parameters. 

Introduction 

The problem of propagation of a crack in a linearly viscoelastic body is an important problem of fracture 
mechanics.  Numerous works are devoted to the solution of this problem (see the review in [2]).  Success in the 
solution of the problem of coalescence of two cracks in a body whose material reveals viscoelastic properties is 
rather insignificant by now.  This is due to the fact that the related problem of the mutual influence of two cracks 
in an elastic body is inadequately developed.  Though the main methods for the solution of the elastic problem 
have been known for a fairly long time [1], the investigations in this field are still continued [6–10]. 

The aim of the present work is to construct a model of coalescence of two cracks in the simplest case of 
their mutual position: along one line.  The base of the model is the theory of subcritical propagation of a single 
crack developed by the authors.  This model, in turn, uses the Leonov–Panasyuk–Dugdale model of a crack, 
principle of elasto-viscoelastic analogy (or the Volterra principle), and criterion of critical crack opening dis-
placement for predicting the development of a crack. 

We study the long-term growth of two mode I collinear cracks of equal length under the influence of a uni-
formly distributed force of constant intensity in a linearly viscoelastic isotropic plate. 

1.  Statement of the Problem 

Let a system of two collinear cracks of equal length be located in an infinite plate whose material has line-
arly viscoelastic properties.  Deformation of the plate occurs under the conditions of the plane stressed state.  
The relationship between stresses and strains in the linearly viscoelastic body is described in the form 

 

 

σ ij (t ) = Rijk� (t − τ)dεk� (τ)
0

t

∫ , (1) 

where  
 
Rijk� (t )   are functions of relaxation of the material.  Consider the case of isotropy, when, among the 

functions  R   in expression (1), only two functions (e.g., functions that correspond to Young’s modulus  E   and 
Poisson’s ratio  ν )  are independent. 
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Fig. 1 

Uniformly distributed forces of intensity  p   are applied to the plate at infinity.  The direction of application 

of the forces coincides with a normal to the plane of the crack.  In the solution of the problem of propagation of 
cracks under the subcritical level of external load, we use the Leonov–Panasyuk–Dugdale model of a crack, ac-
cording to which domains of nonlinear strains of the material in the vicinity of a crack tip are modeled by slits 
on the faces of which compressive stresses of intensity  σ0   normal to the plane of the crack act.  In the general 

case, this crack resistance characteristic should be determined experimentally.  In modeling of the resistance of 
the materials in the domain near the end of the crack by stresses  σ0 ,  we assume that they are uniformly dis-

tributed over the faces of the zone of nonlinear strains and constant in value during the subcritical crack growth. 
Let us introduce a Cartesian coordinate system.  We locate the origin of coordinates on the line of the cracks 

at equal distances from the internal ends of the cracks and superpose the direction of the axis  x   with the line of 
the cracks.  Taking into account the symmetry of the problem, we represent the contour of the crack and show 
the introduced geometric and force parameters of the problem only in the first coordinate quadrant (Fig. 1). 

The propagation of the cracks is defined as the process of transfer of the points of the region where the in-
teraction of the faces occurs to the region where the interaction is absent.  At an arbitrary moment of crack 
propagation, the boundary conditions of the problem on the boundary of the lower half-plane consist of the con-
ditions of equality to zero of tangential stresses along the whole boundary, the conditions of equality to zero of 
vertical displacements  v   outside the crack and slits that model the region of nonlinear strains, the equality  
σ22 = σ0   within the slits, and the equality  σ22 = − p   within the physical cracks.  The coordinates of the ends 

of the slits  c   and  d   must be determined from the conditions of stress finiteness at the tips of the cracks. 
The propagation of cracks under the subcritical level of load is constrained by the material in the zone of 

nonlinear strains until the vertical displacements of the faces at the ends of the cracks exceed the critical value  

v∗ . Along with  σ0 ,  the characteristic  v∗   is a crack resistance parameter of the material. 

Thus, to determine the location of the crack ends as time functions, one should equate the vertical displace-
ments at the crack tips with their critical value and solve these equations. 

2.  Determination of the Positions of the Ends of the Cracks in the Form of Time Functions 

We write the elastic displacement of the collinear crack faces in the direction of the  axis  y   at a point  x  

(Fig. 1) in the isotropic plate in the following form [3]: 
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 v(x) =
4σ0
π Re LU (z;a,b)dz

d

x

∫ , (2) 

where  L = 1 E   is the compliance modulus of the isotropic plate, 

 U (z;a,b) = ln
(dazc + acdz )bz

(dbzc + bcdz )za
, 

and  pq = p2 − q2 ,   p ∈{a,b,d, z} ,   q ∈{a,b,c, z} ,  p ≠ q . 

The conditions of finiteness and continuity of stresses at the points  x = c   and  x = d   are as follows: 

 dc
2 cos2 π

2ρ2
= ac

2 + bc
2 − 2acbc sin π

2ρ2
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 daac F(k) + a2

da
2
Π −

dc
2

da
2
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⎢
⎢
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⎥
⎥
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⎡
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⎢
⎢

⎤

⎦
⎥
⎥

, (3) 

where  F(k)   and  Π(n, k)   are complete elliptic integrals of the first and the third kind, respectively,  k = dc /d ,  

and 

 ρ2 =
σ0
p

 (4) 

is a parameter of the problem. 
To determine the elastic displacement (2), it is necessary to determine first the external boundaries of the 

slits  c   and  d   from expression (3). 
To solve the boundary-value problem of the linear theory of viscoelasticity, we use the Volterra principle, 

according to which operations of integration with respect to time and coordinates are commutative.  Note that, in 
the case of a change in the boundary conditions, an additional theoretical justification of a change in the order of 
integration is necessary.  In [2], it was established that this change is possible only in the case where the length 
of the crack increases with time. 

Let us pass to the determination of the law of change in the vertical displacement as a function of time.  In 
the case where the characteristics  L  and coordinates of the ends of the crack  a   and  b   depend on time, we 
replace  LU (z;a,b)   in expression (2) by the Boltzmann integral  and  p   by the function  P(t ) = ph(t )   (where  

h(t )   is a Heaviside unit function).  We write 

 

 

v[x;a(t ),b(t )] =
4ρ2
π Re

d (t )

x

∫ dz
0

t

∫ L(t − τ) d
dτ (P(τ)U[z;a(τ),b(τ)])dτ . 

Further, we change the order of integration and, thus, obtain an expression for the vertical displacement of 
the faces of the cracks as a function of time in a convolution form analogous to expression (1), namely, 
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v(x, t ) =

0

t

∫ L(t − τ) d
dτ (P(τ)v[x;a(τ),b(τ)])dτ , (5) 

where 

 

 

v[x;a(t ),b(t )] =
4ρ2
π

d (t )

x

∫ U[z;a(t ),b(t )]dz . 

Differentiating in (5) and introducing the normalized function of relaxation   �(t ) = L(t )/L0    (we find this 

function on the basis of the model, within the framework of which it determines the relaxation properties of the 
material of the plate) and function of the displacement  v1(x;a,b) = L0 pv(x;a,b) ,  where  L0 = L(0) ,  we get 

 

  
v(x, t ) = �(t )v1(x;a0 ,b0 ) +

0

t

∫ �(t − τ) d
dτ v1[x;a(τ),b(τ)]dτ , (6) 

where  a0 = a(0) ,  b0 = b(0) .  Let us determine the coordinates  a(t )   and  b(t )   of the ends of the crack as 

functions of time from the following system of equations: 

 v(a(t ), t ) = v∗ , 

   (7) 

 v(b(t ), t ) = v∗ . 

Further, we construct a method of the numerical solution of system (7). 

3. Solution of the System of Equations of Subcritical Growth of Collinear Cracks 

Let us conventionally split the process of subcritical growth of collinear cracks into several stages. 
We restrict the incubation period of growth of collinear cracks to the moment of beginning of growth of the 

cracks.  Taking into account that the elastic vertical displacement at the left end of a crack exceeds the displace-
ment at the right end, we determine the time  t0   of the incubation period from the condition of attainment of the 

critical value by the displacement at the left end.  Taking into account that  a(τ) = a0   and  b(τ) = b0   for  

τ ≤ t0   and that the function  v1   in expression (6) is independent of time, we rewrite this expression for the vis-

coelastic opening displacement 

 

  

v(x, t ) = �(t )v1(x;a0 ,b0 ) +
t0

t

∫ �(t − τ) d
dτ v1[x;a(τ),b(τ)]dτ . (8) 

By equating the displacement  v(a0 , t0 )   to the critical value, we obtain the following equation for the determi-

nation of the duration of the incubation period: 

  �(t0 )v1(a0 ;a0 ,b0 ) = v∗ . (9) 
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Within the time  t0 ,  the displacement at the right end reaches the value   �(t0 )v1(b0 ;a0 ,b0 ) , which does 

not exceed the critical value  v∗ .  The length of the crack increases from the moment of time  t0 ,  and the inter-

nal ends begin to approach one another, initiating coalescence. 
Further, we consider the numerical determination of the dependences  a(t )   and  b(t )   from the system of 

equations (7). 

Let us split the segment from the point  a0   to the point  a∗   on the continuation of the crack into  n +1   

segments   a
∗ < an < an−1 <… < a1 < a0 . We sequentially find the time of passing the boundaries of the formed 

segments by the crack.  Let us determine the point  a∗   from the condition of the equality of the elastic dis-

placement to  v∗   for the initial positions of the crack ends.  As the left end of the crack  approaches  a∗ ,  the 
rate of coalescence  da/dt   increases.  Therefore, it is reasonable to take the length of the interval of the  

(i +1) th  splitting  (ai+1,ai )   somewhat larger than the length of the  i th  interval  (ai ,ai−1 ) .  For the solutions 

presented in what follows, the nodes of splitting were chosen as follows: 

 

 
ai = a0 − (a0 − a∗ )

qi −1

qn+1 −1
, i = 1,2,…,n , (10) 

i.e., the length of the  i th  ( i = 2, 3,…,n )  interval is chosen  q   times larger than the length of the previous  

(i −1) th  interval.  Note that, in the case where the crack propagates in both directions, the value  a∗   chosen for 

the initial positions of the crack ends shifts in the direction to the crack.  However, we do not compute the loca-
tion of the nodes of splitting in coalescence again.  The rate of coalescence increases with time, and the crack 

passes segments close to  a∗   for periods much smaller than the time of passing of the initial intervals.  For the 

same reason, we neglect both the contribution of the passing segments close to  a∗   by the crack and the contri-
bution of the time of disappearance of the ligament between the cracks to the total time of propagation. 

Till the displacement at the right end of the crack attains the critical value, we determine the time  ti   of 

passing of the node of splitting  ai   by the crack from the first equation of system (7) for  b(ti ) = bi = b0 :  

v(ai , ti ) = v∗ . 

Within each time interval  (ti−1, ti ) ,  the solution  a(t )   is sought in the form of a linear function or power 

function that satisfies the conditions  a(ti−1 ) = ai−1    and  a(ti ) = ai . 

Note that, for  ai < c0 ,  the first summand in expression (8) disappears, and we also have 

 v(ai ;a(τ),b0 ) = 0, τ < ′t , 

where  ′t   satisfies the equation  c( ′t ) = ai ;  integration in (8) can be performed from  ′t   rather than from  t0 ,  

or, to obviate the necessity of solving the indicated equation, from the time of passing  t j   of the node of split-

ting that is the closest to  ′t   and such that  t j < ′t .  We illustrate the choice of  t j   by Fig. 2.  In the determina-

tion of  t1   and  t2 ,  integration in (8) is performed from  t0   because at the points  x = a1   and  x = a2 ,  the 

displacement of the faces occurs before the completion of the incubation period.  In the determination of  t3 ,  

since, for  a3 < c0 ,  the first summand in (8) disappears, and, nevertheless, we perform integration from  t0   to 
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obviate the necessity of solving the equation  c( ′t ) = a3 ,  in the determination of  t4 ,  the first summand in (8) 

disappears, and integration is performed from  t1 . 

If  tn   for the last node of splitting with respect to  a   is determined, then the number of the node that cor-

responds to the beginning of the stage of disappearance of the ligament is  nco = n   (“co” stands for coales-

cence),  and the time of coalescence is  tco = tnco
.  The corresponding position of the left end of the crack is  

aco = anco
.  If, in the determination of  ti ,  the condition  v(ai , ti−1 ) < v∗   is not satisfied, then the number of the 

node that corresponds to the beginning of the stage of disappearance of the ligament is  nco = i −1 .  Here, we 

should note the following.  The time of passing the distance from  x = aco   to  x = 0   by the left end is ne-

glected.  For this reason, we distinguish between the values of the viscoelastic displacement  v(x, tco )   for  

a = aco   and  a = 0 .  In the first case, we still have two cracks, and, in the second case, we have one crack. 

After determination of the time of passing the  i th  node of splitting  ti   by the left end of the crack, we 

check whether the displacement at the right end of the crack remains smaller than the critical value for the de-

termined  ti .  If  v(b0 , ti ) < v∗ ,  then we pass to the determination of  ti+1 .  If the displacement at the right end 

has attained the critical value, then this initiates the growth of the crack in the outside directions.  Denote the 
corresponding moment of time by  tb0 . 

If, for  a = aco ,  the condition  v(b0 , tco ) < v∗   is satisfied, then the short-term process of disappearance of 

the ligament between the cracks is initiated at a moment prior to the moment  tb0 .  This variant of propagation 

of two collinear cracks is possible only in the case where they are initially located fairly closely.  In coalescence, 
a crack whose length is more than twice as large as the total length of the cracks that coalesce (the sum of the 
lengths of two cracks  and the length of the ligament) forms.  By the moment of complete coalescence, the dis-
placement at the right end can already exceed the critical value.  In coalescence of cracks, by the moment of ini-

tiation of growth in the external directions, the condition that  v(b0 , tco ) < v∗   for  a = 0   requires that  tb0   be 

determined from the corresponding equation  v(b0 , tb0 ) = v∗ .  If  v(b0 , tco ) > v∗   for  a = 0 ,  we take  tb0 = tco . 

If, for  b = b0 ,  after finding  ti   from equation  v(ai , ti ) = v∗ ,  the left-hand side of the second equation of 

the system exceeds its right-hand side,  v(b0 , ti ) > v∗ ,  the determined value of  ti   can be used as an initial ap-

proximation for the determination of the time of beginning of growth of the crack to the right.  The system for 

 

Fig. 2 



MODEL OF GROWTH AND COALESCENCE OF TWO COLLINEAR CRACKS IN A VISCOELASTIC BODY 703 

the determination of  tb0   and  ab0   ( ab0   is the coordinate of the left end of the crack at the moment  tb0 )  has 

the form 

 v(ab0 ; tb0 ) = v∗      for     a = ab0 , 

 v(b0 ; tb0 ) = v∗     for    b = b0 . 

If the time of coalescence  tco   has not been determined, after the time  tb0 ,  we begin to investigate the 

growth of the crack in both directions.  In this case, we find the time of passing the  i th  node of splitting with 
respect to  a   and the position of the right end of the crack  bi   that corresponds to this moment from the follow-

ing system of equations: 

 v(ai , ti ) = v∗ , 

   (11) 

 v(bi , ti ) = v∗ . 

In the same way as for  b(t ) = b0 ,  we seek the time  ti   of passing the point  ai   by the left end of the crack 

up to the determination of the time of coalescence of the cracks.  The solution  a(t )   is sought in the form of a 

linear function or power function that satisfies the conditions  a(ti−1 ) = ai−1   and  a(ti ) = ai . The dependence  

b(t )   is sought in an analogous form.  As in the investigation of the propagation of the cracks only towards one 

another, we note that, for  ai < c0 , 

  v[ai ;a(τ),b(τ)] = 0, τ < ′t , 

where  ′t   satisfies equation  c( ′t ) = ai ,  and, in the first equation of system (11), integration can be performed 

from  ′t   rather than from zero or, to obviate the necessity of solving the indicated equation, from the time of 
passing  t j   of the node of splitting that is the closest to  ′t   and such that  t j < ′t .  For  bi > d0 ,  we have 

  v[bi ;a(τ),b(τ)] = 0, τ < ′t , 

where  ′t   satisfies  equation  d( ′t ) = bi ,  and integration in the second equation of system (11) can be per-

formed from  ′t   rather than from zero or, to obviate the necessity of solving the indicated equation, from the 
time of passing  t j   of the node of splitting that is the closest to  ′t   and such that the inequality  t j < ′t   is satis-

fied. 
If  tn   has been determined for the node of splitting with respect to  a ,  then the number of the node that 

corresponds to the beginning of the stage of disappearance of the ligament is  nco = n .  If, in the determination 

of  ti ,  the condition  v(ai , ti−1 ) < v∗   (for  bi = bi−1 )  is not satisfied, then the number of the node that corre-

sponds to the beginning of the stage of disappearance of the ligament is  nco = i −1 . 
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Upon the completion of the coalescence process, we have one crack of length  2bnco
.  The displacements at 

the ends of the coalesced crack are now equal and can exceed the critical displacement  v∗ . 
To determine the law of change in the coordinates of the end of the coalesced crack  b(t ) ,  we perform 

splitting of the segment on the continuation of the crack into  m +1   intervals in a similar way as for the investi-
gation of the coalescence process 

 

 
bi = bco + (b∗ − bco )

qi −1

qm+1 −1
, i = nco +1, nco + 2,…, nco + m . 

In this case,  ai = 0   for the indicated  i ,  and the point  b∗   is determined from the condition of attaining  v∗   

by the elastic displacement  v(b∗;0,b∗ )   at it. 

The time of passing the  i th  node of splitting with respect to  b   and  ti   is sequentially determined from 

the equation  v(bi , ti ) = v∗ .  In the case where the number of the nodes of splitting is sufficient, it can be found 

that, for the initial values  of  i ,  the displacement is  v(bi , ti−1 ) > v∗ .  This is explained by the propagation of 

the cracks in outside directions after the disappearance of the ligament.  In this case, we reject the nodes of split-
ting with respect to  b   that correspond to these initial numbers of  i . 

4. Numerical Solutions of the Problem of Propagation and Coalescence of Two Collinear Cracks 

Let us perform an analysis of the numerical dependence of the coordinates of the crack ends for some values 
of the parameters of the problem.  The initial position of the left end of the crack  a0   is thought to be a geomet-

ric parameter.  The initial length of the crack is assumed to be equal to unity, and, therefore, the initial position 
of the right end is  b0 = a0 +1 .  We combine the force parameter and crack resistance parameters of the material 

of the plate into parameters of the model  ρ2   and  kδ .  The first of the indicated parameters is equal to the ratio 

of stresses  σ0   applied to the faces of the zone of nonlinear strains (within the framework of the used model) to 

the level of intensity of the external load  p   (expression (4)).  We obtain the solution for values of the parame-

ter  6 ≤ ρ2 ≤ 10 . 

Further, we introduce a parameter that describes the level of critical opening displacement at the tip of the 
crack.  This parameter  characterizes the level of the critical opening displacement of a crack in a plate of a ma-
terial with viscoelastic properties.  For the problem of unit crack growth, we determine the opening displacement 
at the crack tips.  In the notation of this work, at both ends, it is equal  L(t )pv(0.5; 0, 0.5) ,  which depends on 

the parameter  ρ2 .  Let us compute 

 
  
vmin = min

t ,ρ2

{�(t )v(0.5;0,0.5)}, vmax = max
t ,ρ2

{�(t )v(0.5;0,0.5)} . 

Consider the level of the critical displacements 

 v∗ =
v1
∗

L0 p
, 
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where  v1
∗   is determined by the level of the parameter  kδ   by the following relation: 

 log v1
∗ = log vmin + kδ (log vmax − log vmin ) , 

so that, for  0 < kδ < 1 ,  the crack necessarily begins its subcritical growth. 

We choose a rheological model within the framework of which numerical solutions will be constructed. 
Let us describe the change in Young’s modulus of the plate material with time by the expression [5] 

 

 
E(t ) = E∞ + �aiEδ,1 (− �bit

δ )
i
∑ , (12) 

where  E∞   is the long-term value of the mechanical characteristic, its instantaneous value is  
 
E0 = E∞ + �aii∑ , 

 Eδ,γ (z) = zn

Γ(δn + γ )
n=0

∞

∑  (13) 

is the Mittag-Leffler function, and  Γ   is the Euler gamma function.  For  δ = 1   and  γ = 1 ,  function (13) is 

transformed into the exponent. 
For the qualitative investigation, taking into account the relaxation properties of the material, we use only 

one term in (12).  In this case, we represent modulus (12), which enters into the expression for the elastic solu-
tion (2) in the range of variation of time in the form 

 
 
E(t ) = E∞ + (E0 − E∞ )Eδ,1 (− �btδ ) . (14) 

To construct a time dependence of the vertical displacement on the line of location of the cracks, we use the cor-
respondence principle [4], replacing the time-dependent relaxation characteristic (14) by the corresponding 
transformed quantity 

 
 
�E(s) = E∞ + (E0 − E∞ ) sδ

sδ + �b
, 

where    
�E(s) = sL{E(t )}   is the Laplace–Carson transform of the function  E(t )   and  s   is the parameter of the 

transform.  Here, we use the following property of the Mittag-Leffler function: 

 
  
L{t γ−1Eδ,γ (− �btδ )} = sδ−γ

sδ + �b
. (15) 

Let us find the Laplace–Carson transform of the function   �(t ) = E0 /E(t ) : 

 
  
��(s) =

E0
�E(s)

= κ−1 + (1− κ−1) sδ

sδ + �b
⎛
⎝⎜

⎞
⎠⎟
−1

= κ + (1− κ) sδ

sδ + β
, (16) 
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 (a) (b) 

   

 (c) (d) 

Fig. 3 

where  κ = E0 /E∞   and   β =
�b /κ .  Then, using (15), in the range of variation of time, we get 

 
 
�(t ) = κ + (1− κ)Eδ,1 (−βtδ ) . 

All numerical solutions are found for the material of the plate with the following parameters of the model: 

 κ = 100, δ = 0.5, β = 0.1s−δ . 

In Fig. 3, we show kinetic curves of growth of cracks for  ρ2 = 8   and for the initial position of the left end 

of the crack  a0 = 0.5   (Fig. 3а),  a0 = 0.3  (Fig. 3b),  a0 = 0.1  (Fig. 3c), and  a0 = 0.06   (Fig. 3d).  Curves 1–

3 correspond to  kδ = 0.3, 0.5, 0.7 . 

In Fig. 4, we show dependences of the characteristic moments of time  t0   (dash-dot curve),  tb0   (dashed 

curve),  tco   (dotted curve), and  t tot   (solid curve) on the initial mutual position of two unit cracks. 

In Table 1, for the indicated combination of the parameters of the problem, the time of the incubation period  
t0 ,  time of coalescence of cracks  tco ,  time of beginning of propagation of cracks in the external directions  

tb0 ,  and the total time of subcritical growth of cracks  t tot   are given in hours. 
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Fig. 4 

Analyzing the results presented in Table 1 and Figs. 3 and 4, we note the following.  For high levels of the 
external load (small  ρ2 ) and small initial distances between the cracks (small  a0 ), the time of coalescence can 

be smaller than the time of beginning of propagation of the cracks in the external directions, i.e., the cracks coa-
lesce before the beginning of growth in the external directions.  This mode of propagation and coalescence of the 
cracks was observed for  a0 = 0.06 ,  ρ2 = 6 ,  kδ = 0.3, 0.5, 0.7   and  a0 = 0.07 ,  ρ2 = 6 ,  kδ = 0.3 . 

With increase in the initial distance between the cracks, the time when cracks begin to propagate in the ex-
ternal directions approaches the duration of the incubation period (approach of the dashed curves and lower solid 
curves, and the time of coalescence of the cracks approaches the time of the total subcritical growth (approach of 
the dotted curves and upper solid curves).  Thus, in the case where two collinear cracks move off fairly far from 
one another, each crack grows in both directions, and the moment of coalescence corresponds to the completion 
of subcritical propagation of the collinear cracks or to the beginning of dynamic fracture of the body with cracks. 
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Table 1 

           ρ2  

 
6 8 10 

a0  kδ  t0  tco  tb0  t tot  t0  tco  tb0  t tot  t0  tco  tb0  t tot  

0.3 0.002 0.002 0.009 0.120 0.026 0.056 0.056 1.160 0.065 0.261 0.261 4.868 

0.5 0.081 0.084 0.196 5.104 0.324 0.844 0.844 22.57 0.625 2.911 2.158 67.52 0.06 

0.7 0.745 0.873 1.634 53.66 2.436 6.743 6.743 201.6 4.517 22.14 15.90 557.6 

0.3 0.008 0.009 0.012 0.116 0.037 0.108 0.108 1.150 0.084 0.421 0.296 4.829 

0.5 0.155 0.233 0.233 5.003 0.409 1.450 1.261 22.46 0.764 4.656 2.281 67.36 0.07 

0.7 1.270 2.108 2.108 52.79 3.022 11.44 9.144 200.7 5.488 34.81 16.84 556.0 

0.3 0.012 0.019 0.019 0.114 0.047 0.170 0.158 1.161 0.102 0.653 0.312 4.867 

0.5 0.200 0.406 0.406 4.948 0.489 2.244 1.339 22.56 0.895 6.671 2.371 67.45 0.08 

0.7 1.582 3.529 3.529 52.34 3.574 16.98 9.669 201.2 6.420 49.74 17.55 556.7 

0.3 0.017 0.034 0.034 0.121 0.057 0.270 0.169 1.200 0.120 0.925 0.323 4.959 

0.5 0.241 0.645 0.624 4.993 0.565 3.117 1.393 22.78 1.020 9.032 2.443 67.95 0.09 

0.7 1.865 5.308 4.621 52.63 4.097 23.76 10.05 202.6 7.312 68.38 18.15 561.5 

0.3 0.021 0.053 0.053 0.132 0.067 0.358 0.177 1.265 0.136 1.237 0.331 5.095 

0.5 0.279 0.884 0.667 5.074 0.636 4.101 1.436 23.11 1.137 11.71 2.494 68.81 0.1 

0.7 2.126 7.433 4.859 53.30 4.592 31.08 10.36 204.9 8.163 88.92 18.56 568.7 

0.3 0.056 0.412 0.092 0.445 0.140 2.032 0.216 2.528 0.264 6.165 0.394 8.577 

0.5 0.554 4.986 0.822 7.780 1.164 18.93 1.692 32.31 2.021 51.41 2.918 92.64 0.2 

0.7 4.026 38.69 5.908 72.26 8.355 143.3 12.28 272.8 14.81 391.8 22.03 752.2 

0.3 0.077 0.911 0.102 0.919 0.185 4.165 0.236 4.414 0.340 12.35 0.427 13.78 

0.5 0.715 9.992 0.895 11.84 1.475 37.00 1.829 46.30 2.546 100.1 3.147 129.7 0.3 

0.7 5.146 76.83 6.421 101.4 10.65 279.2 13.33 376.2 18.98 770.2 23.95 1042 

0.3 0.091 1.388 0.109 1.389 0.213 6.155 0.249 6.270 0.388 18.27 0.449 19.09 

0.5 0.816 14.61 0.942 15.82 1.672 54.21 1.919 60.73 2.879 146.7 3.299 168.1 0.4 

0.7 5.858 112.4 6.754 130.7 12.13 409.2 14.02 482.5 21.71 1135 25.24 1342 

0.3 0.101 1.806 0.113 1.806 0.232 7.965 0.258 8.011 0.421 23.56 0.465 24.00 

0.5 0.884 18.91 0.975 19.68 1.804 70.00 1.983 74.55 3.102 187.5 3.407 203.3 0.5 

0.7 6.338 144.4 6.990 158.1 13.13 526.7 14.52 582.7 23.58 1456 26.17 1617 
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Table 2 

a0 = 0.5  a0 = 0.4  a0 = 0.3 a0 = 0.2  a0 = 0.1  

n  tco  n  tco  n  tco  n  tco  n  tco  

14 70.00 12 54.21 10 37.00 8 18.93 6 4.10 

19 71.09 16 55.21 13 37.67 11 19.43 8 4.18 

24 71.69 20 56.46 16 38.30 12 19.59 9 4.22 

28 71.97 24 56.80 19 39.11 14 19.83 10 4.25 

33 72.15 27 56.96 21 39.25 16 20.28 – – 

5.  On the Problem of Convergence of the Proposed Method 

In the formation of nodes of splitting on the segment between the cracks in expression (10), we introduced 
two parameters:  n   is the number of the nodes of splitting and  q   is the parameter of geometric progression.  

We demonstrate the convergence of the method by calculating the time of coalescence  tco   for different  n .  

Table 2 illustrates the corresponding numerical results. 
The solutions presented in Table 2 were obtained for parameters of the model  ρ2 = 8 ,  kδ = 0.5   and a pa-

rameter of splitting  q = 1.15 . 

6.  Conclusions 

We propose a model of coalescence of two cracks of equal length in a viscoelastic isotropic material.  De-
termining equations for crack propagation and a scheme of numerical solution in each stage of development of 
the system of cracks are given.  The presented computations demonstrate the qualitative characteristics of the 
fracture process and the convergence of the proposed method. 

Approaches described in the work enable one to solve problems of coalescence of cracks for anisotropic 
viscoelastic materials and problems of crack coalescence for cracks of unequal lengths. 
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