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Under the assumption that a certain algebraic identity holds for all n ∈ N (it is verified

for n � 5), we prove that a real-valued simple partial fraction Rn with n simple poles

lying outside the unit disk is a simple partial fraction of degree at most n of the best

uniform approximation of a continuous real-valued functions f on [−1, 1] provided that

for the difference f − Rn there is a Chebyshev alternance of n + 1 points on [−1, 1].

The result is applied to the problem of approximation of real constants. Bibliography: 8

titles.

1 Formulation of the Results

We consider the best uniform approximation, called also optimal , of a continuous real-valued

function on the segment [−1, 1] by real-valued simple partial fractions

Rn :=
Q′

n

Qn
, Qn(x) := (x− z1) . . . (x− zn), n ∈ N, (1.1)

where zk are pairwise distinct real poles or complex conjugate poles. The number n is called

the degree of the fraction. In this paper, we obtain a sufficient condition for the optimality of

this approximation provided that the determinant

Dn = D

(
z1 z2 . . . zn
c1 c2 . . . cn

)
:=

∣∣∣∣∣∣∣∣∣

1

(z1 − c1)2
. . .

1

(z1 − cn)2

. . . . . . . . .
1

(zn − c1)2
. . .

1

(zn − cn)2

∣∣∣∣∣∣∣∣∣
≡ det(a2k,s)

n
k,s=1,

ak,s :=
1

zk − cs
,

satisfies the identity (1.2) below. Suppose that n � 2, M := n!/2, {zk} and {cs} are arbitrary

disjoint collections of complex numbers. Then

det(ak,s)
n
k,s=1 = a1 + . . .+ aM − b1 − . . .− bM ,
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where ak are those M terms in the decomposition that correspond to even permutations, whereas

bk correspond to odd permutations. Then

Dn = (a1 + . . .+ aM − b1 − . . .− bM )(a1 + . . .+ aM + b1 + . . .+ bM ). (1.2)

This identity, conjectured in [1], is obvious for n = 2 and was verified by the author for n = 3, 4, 5

(and earlier, by Novak [1] for n = 3). In the general case, the question about the validity of this

identity remains open. Calculations in the case n = 3 are given in Subsection 2.3.

Definition 1.1. Let rn be a real-valued simple partial fraction of degree at most n without

poles on [−1, 1]. We say that points tk, −1 � t1 < t2 < . . . < ts � 1, form a Chebyshev

alternance of the difference rn − f if

rn(tk)− f(tk) = ±(−1)k‖rn − f‖, k = 1, s,

where ‖h‖ := supx∈[−1,1] |h(x)|.

Under the assumption that the identity (1.2) holds, it was shown in [1] that the presence of

an alternance of n + 1 points in the approximation segment is necessary and sufficient for the

simple partial fraction (1.1) with real pairwise distinct poles to be a simple partial fraction of

degree at most n of the best uniform approximation of a continuous functions f . We study the

most general case where there are complex conjugate pairs among the poles. To illustrate the

situation, we begin with an example.

Example 1.1. We consider the determinant D2, where the complex conjugates z1 = A+ iB

and z2 = A− iB are fixed, B �= 0, whereas c1 and c2 are distinct and run over [−1, 1]. One can

directly prove that

D2 =
2iB(c2 − c1)

[(A− c1)2 +B2][(A− c2)2 +B2]
· 2(A− c2)(A− c1) + 2B2

[(A− c1)2 +B2][(A− c2)2 +B2]
. (1.3)

Since B(c2 − c1) �= 0, a necessary and sufficient condition for D2 �= 0 is the condition that the

function H(c1, c2) := (A − c2)(A − c1) + B2 preserves the sign for all c1 �= c2 in [−1, 1]. Since

the function is positive for c1 and c2 close to zero and for any c1 = c2, we can write the above

condition in the form

min{H(c1, c1) : −1 � c1, c2 � 1} > 0.

However, since H(c1, c2) attains the minimum over the square −1 � c1, c2 � 1 at the points

c1 = −c2 = ±1, we obtain the following criterion: under the above conditions on B, c1, and c2,

the relation D2 �= 0 holds if and only if A2 +B2 > 1.

It is natural to interpret the inequality A2
k+B2

k > 1 as a condition that the pole zk = Ak+iBk

does not lie in the unit disk {z : |z| � 1} (in particular, for real zk this inequality is equivalent

to the condition that zk does not lie in the segment [−1, 1] of the real axis). The following

assertion, proved in Subsection 2.2, summarizes the above reasoning.

Lemma 1.1. Let (1.2) hold. If z1, . . . , zn are pairwise distinct real numbers or complex

conjugates such that

|zk| > 1, k = 1, n, (1.4)

and c1, . . . , cn ∈ [−1, 1] are pairwise distinct, then Dn �= 0.

483



We formulate the main result.

Theorem 1.1. Let (1.2) hold. If all the poles zk of a real-valued simple partial fraction (1.1)

are simple and satisfy the condition (1.4), then Rn is a simple partial fraction of degree at most

n of the best uniform approximation of a continuous real-valued function f on [−1, 1] provided

that for the difference f −Rn there is an alternance of n+ 1 points on [−1, 1].

Theorem 1.1 is proved in Section 2 (by methods different from those in [1]). In Section 3, we

consider how this criterion can be applied to the problem of approximation of constants. One

could suggested that,under the condition (1.4), the existence of an alternance is also necessary

for optimality and a simple partial fraction is unique. We note that the condition (1.4) cannot

be removed even for nonreal zk, which can be seen from the following examples.

Example 1.2 (optimality does not guarantee the existence of an alternance). As is shown

in [2], for f(x) = x+ 1 each R(x; p) := (2x+ p)/(x2 + px+ 1), p ∈ [1, p∗], p∗ ≈ 1.62, is a simple

partial fraction of degree at most 2 of the best uniform approximation on [−1, 1]. Moreover, an

alternance of n+ 1 = 3 points exists for the difference f(x)−R(x; p∗), whereas for other values
of p ∈ [1, p∗) even a two-point alternance does not exist. Here, for the poles

z1,2 = A± iB, A := −p

2
, B :=

√
4− p2

2
,

of the fraction R(x; p) the condition (1.4) fails for any p since A2 + B2 − 1 = 0. Thus, if the

condition (1.4) fails, the existence of an (n + 1)-point alternance does not follow, in general,

from optimality.

Example 1.3 (the existence of an alternance does not guarantee optimality). We consider

the problem of approximation of the function

f(x) =

{
0, x < 0,

16x/5, x � 0,

by simple partial fractions of degree 2 on [−1, 1]. It is easy to see that for the simple partial

fraction R(x) = (2x+1)/(x2+x+0.5) the difference R−f possesses an alternance of exactly three

points −1, 0, and 1 on [−1, 1]; moreover, ‖R− f‖ = 2. However, for example, the simple partial

fraction r(x) = 2x/(x2+0.5) yields the better approximation ‖r−f‖ = f(1)−r(1) = 28/15 < 2.

In this case, (1.4) fails for the poles z1,2 = −0.5± 0.5i of the fraction R.

Theorems 1.2 and 1.3 below are proved in the same way as Theorem 1.1 (cf. the remark

after Lemma 2.1 in Subsection 2.1).

Theorem 1.2. Let (1.2) hold. If a real-valued simple partial fraction Rn of degree n with

simple poles satisfying the condition (1.4) interpolates a table (cs, ys), s = 1, n, with pairwise

distinct nodes cs ∈ [−1, 1], then Rn is a unique interpolation fraction for this table.

The arguments of the proof of this theorem are also valid for a larger admissible segment of

the values of cs provided that it lies inside the disk containing no poles.

Theorem 1.3. Let (1.2) hold. Suppose that all the poles zk of a real-valued simple partial

fraction Rn of the form (1.1) are simple and satisfy the condition (1.4). Let f be a real-valued

continuous function on [−1, 1]. If there are n+1 points t1 < t2 < . . . < tn+1 in [−1, 1] such that

(Rn − f)(tk) = ±(−1)kHk, Hk > 0, k = 1, n+ 1, then ‖rn − f‖ � mink Hk is the simple partial

fraction rn of degree at most n of the best uniform approximation of the function f on [−1, 1].
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2 Proof of the Main Results

2.1. Proof of Theorem 1.1. Let a fraction Rn satisfy the assumptions of Theorem 1.1, and

let the difference f−Rn possess an alternance of n+1 points t1 < t2 < . . . < tn+1 on [−1, 1]. We

assume that there exists a simple partial fraction S of degree at most n that provides a better

approximation of f on [−1, 1] than Rn, i.e., ‖Rn − f‖ > ‖S − f‖. Then, at the points tk,

sgn [Rn(tk)− S(tk)] ≡ sgn [(Rn(tk)− f(tk))− (S(tk)− f(tk))] = ±(−1)k, k = 1, n+ 1.

In particular, the continuous function Rn − S changes its sign on each of n segments [tk, tk+1]

in [−1, 1] and, consequently, possesses at least n distinct zeros in (−1, 1). We choose n zeros

c1 < . . . < cn of this function.

Further, we use the following assertion, proved below.

Lemma 2.1 (cf. [3]). Let Rn(x) = (lnQn(x))
′, where Qn is a polynomial with simple

(complex) roots z1, . . . , zn, and let S(x) = (lnP (x))′ be an arbitrary simple partial fraction

of degree at most n. Then

(S −Rn)(x) ≡ Qn(x)

P (x)
·

n∑
k=1

αk

(x− zk)2
, (2.1)

where αk are constants.

By Lemma 2.1, the points cs are zeros of the sum

n∑
k=1

αk

(x− zk)2
.

By Lemma 1.1, the existence of n distinct zeros cs of Rn − S implies, that all αk vanish, which

means that the fractions Rn and S identically coincide. Thus, assuming the existence of a better

approximation, we arrive at a contradiction. Theorem 1.1 is proved. �

Remark 2.1. Theorems 1.2 and 1.3 are proved in the same way by contradiction. For

example, assuming that there are two different interpolation fractions Rn and S, we show that

the difference Rn − S vanishes at n interpolation points. Then Rn ≡ S by Lemma 1.1, which

contradicts our assumption.

Proof of Lemma 2.1. We have S − Rn = Δ/(QnP ), where Δ := P ′Qn − Q′
nP . We

understand the equality Δ := P ′Qn −Q′
nP in the following way: for given polynomials Qn and

Δ we need to find a solution P to the equation P ′Qn −Q′
nP = Δ in the class of polynomials of

degree at most n. Integrating this linear equation, we find

P (x) = Qn(x)C +Qn(x)

∫
Δ(x)

Q2
n(x)

dx, C = const .

We represent the regular rational function Δ/Q2
n in terms of simple fractions as follows:

Δ(x)

Q2
n(x)

=
β1

x− z1
+

α1

(x− z1)2
+ . . .+

βn
x− zn

+
αn

(x− zn)2
,
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where β1 = . . . = βn = 0 (otherwise, the integral yields the irreducible logarithm, which is

impossible in view of the requirement that ”P is a polynomial”). Thus,

Δ(x)

Q2
n(x)

=
α1

(x− z1)2
+ . . .+

αn

(x− zn)2

which implies the required assertion. Lemma 2.1 is proved. �
Remark 2.2. If Rn and S are real-valued, then with real poles zk (respectively, pairs of

complex conjugate poles zk) we can associate the coefficients αk (respectively, pairs of complex

conjugate coefficients αk).

2.2. Proof of Lemma 1.1. If the identity (1.2) holds, then to prove Dn �= 0 it suffices to

show that the expressions in the parentheses on the right-hand side of (1.2) do not vanish. As was

mentioned above, the expression in the first parentheses is a decomposition of the determinant

det(ak,s)
n
k,s=1 ≡ det((zk − cs)

−1)nk,s=1 �= 0.

This is true, for example, because (cf. [5])

det

(
1

pk + qs

)n

k,s=1

=
1

w(p1) . . . w(pn)
·

∏
n�j>m�1

(pj − pm)(qj − qm),

where w(t) := (t+ q1) . . . (t+ qn). We consider the expression in the second parentheses:

T := a1 + . . .+ aM + b1 + . . .+ bM .

If zk are pairwise distinct real numbers, then all terms of T have the same sign equal to (−1)L,

where L is the number of those points zk that are located on the left of −1 on the real axis (this

observation was made in [1]). Thereby Lemma 1.1 is proved in the real case.

Further, we assume that there is at least one pair of complex conjugate zk. Without loss of

generality we can enumerate zk in such a way that the pairs of complex conjugates zj = Aj+iBj ,

zj+1 = Aj − iBj (Bj > 0) are located before all real zj .

We note that the decomposition of d := det((zk − cs)
−1)nk,s=1 can be written as

d =
∑

1�j1<j2�n

F

(
1 2

j1 j2

)
·A

(
1 2

j1 j2

)
,

where

F

(
1 2

j1 j2

)
:=

∣∣∣∣ (z1 − cj1)
−2 (z1 − cj2)

−2

(z2 − cj1)
−2 (z2 − cj2)

−2

∣∣∣∣
is the minor of entries of the determinant d located at the first and second rows and the j1th

and j2th columns; moreover,

A

(
1 2

j1 j2

)
= (−1)1+2+j1+j2 · F1

(
1 2

j1 j2

)

is its cofactor (the minor F1 is obtained from d by eliminating the first and second rows and the

j1th and j2th columns). This representation is a special case of the general Laplace theorem

(cf., for example, [6]). Thus,

T =
∑

1�j1<j2�n

F̃

(
1 2

j1 j2

)
· F̃1

(
1 2

j1 j2

)
,
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where F̃1 (F̃ ) is obtained from F1 (F ) by the formal replacement of the sign of the products of

elements of F1 (F ) corresponding to odd permutations with the sign +. We prove that all the

products F̃ · F̃1 have the same sign (−1)L and, consequently, the sum T is different from zero

(L is the number of those (real) zk that are less than −1, and we set L = 0 if there are no real

zk).

In the chosen enumeration, we have Im z1 �= 0, z2 = z1. Hence

F̃

(
1 2

j1 j2

)
=

1

z1 − cj1
· 1

z1 − cj2
+

1

z1 − cj2
· 1

z1 − cj1
> 0

(F̃ is an expression of the same form as the second factor in formula (1.3) of Example 1.1,

therefore, the inequality holds by the condition (1.4)) and the sign of product coincides with the

sign of F̃1. If all the numbers zk, except for z1 and z2, are real, then we know that sgn F̃1 =

(−1)L. If z3, z4 is some other pair of complex conjugates, then we argue as above with F̃1.

After a certain number of iterations, where at which iteration we extract only positive factors,

all complex numbers zk will be exhausted, and we will have only the sums with real zk, i.e., with

sign (−1)L. The proof of Lemma 1.1 is complete. �

2.3. The proof of the main identity in the case n = 3. Following the notation of

Section 1, we set

a1 = a1,1a2,2a3,3, a2 = a1,3a2,1a3,2, a3 = a1,2a2,3a3,1,

b1 = a1,1a2,3a3,2, b2 = a1,3a2,2a3,1, b3 = a1,2a2,1a3,3.

By definition, D3 = a21 + a22 + a23 − b21 − b22 − b23. On the other hand, the right-hand side of (1.2)

is transformed as follows:

(a1 + a2 + a3 − b1 − b2 − b3)(a1 + a2 + a3 + b1 + b2 + b3)

= a21 + a22 + a23 − b21 − b22 − b23 + 2[a1a2 + a1a3 + a2a3 − b1b2 − b1b3 − b2b3].

Consequently, to prove the main identity, it suffices to show that a1a2 + a1a3 + a2a3 − b1b2 −
b1b3 − b2b3 ≡ 0. We collect the terms in the last expression as follows:

F3 :=(a1a2 − b1b2) + (a1a3 − b1b3) + (a2a3 − b2b3)

= a1,1a2,2a1,3a3,2(a2,1a3,3 − a2,3a3,1) + a1,1a3,3a1,2a2,3(a2,2a3,1 − a3,2a2,1)

+ a1,3a2,1a1,2a3,1(a2,3a3,2 − a2,2a3,3).

We transform each of the expressions in the parentheses by using the relations ak,s = (zk−cs)
−1:

a2,1a3,3 − a2,3a3,1 = a2,1a3,3a2,3a3,1 · (z3 − z2)(c1 − c3),

a2,2a3,1 − a3,2a2,1 = a2,2a3,1a3,2a2,1 · (z3 − z2)(c2 − c1),

a2,3a3,2 − a2,2a3,3 = a2,3a3,2a2,2a3,3 · (z3 − z2)(c3 − c2).

Now, we transform F3 by replacing the expressions in the parentheses with their representations:

(z3 − z2)
−1F3

= a1,1a2,2a1,3a3,2a2,1a3,3a2,3a3,1 · (c1 − c3) + a1,1a3,3a1,2a2,3a2,2a3,1a3,2a2,1 · (c2 − c1)

+ a1,3a2,1a1,2a3,1a2,3a3,2a2,2a3,3 · (c3 − c2)

= a2,1a2,2a2,3a3,1a3,2a3,3 · [a1,1a1,3(c1 − c3) + a1,1a1,2(c2 − c1) + a1,3a1,2(c3 − c2)]
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= a2,1a2,2a2,3a3,1a3,2a3,3 · [c1 · a1,1(a1,3 − a1,2) + c2 · a1,2(a1,1 − a1,3) + c3 · a1,3(a1,2 − a1,1)]

= a1,1a1,2a1,3a2,1a2,2a2,3a3,1a3,2a3,3 · [c1 · (c3 − c2) + c2 · (c1 − c3) + c3 · (c2 − c1)] ≡ 0,

which is required to prove. �

3 Examples and Remarks

3.1. It is proved in [4] that the poles of a simple partial fraction Rn interpolating a constant

c ∈ (0, 1/2) at n points tk of the interval (−1, 1) lie outside the disk |z| � 1. Hence the condition

(1.4) is satisfied. But a special case of such a fraction is a simple partial fraction realizing an

(n+1)-point alternance. Moreover, the assertion about poles of an interpolation fraction can be

easily extended to negative constants in (−1/2, 0) since R̃n(x) := −Rn(−x) is a simple partial

fraction interpolating −c ∈ (−1/2, 0) at n points −tk of the interval (−1, 1):

R̃n(x)− c = −(Rn(−x)− (−c)).

By Theorem 1.1, if (1.2) holds, then the existence of a Chebyshev alternance of n + 1 points

in [−1, 1] is sufficient for a simple partial fraction of degree n to be a simple partial fraction of

degree at most n of the best uniform approximation of a constant |c| � 1/2 on [−1, 1].

Remark 3.1. By [2], the fraction of the best uniform approximation of constants is unique.

3.2. It is proved in [7] that each fraction of the s-parameter family

3x2 + 2(s− 2)x+ 2s

x3 + (s− 2)x2 + 2sx+ s
, s ∈ [−4,−7/2],

is a simple partial fraction of degree at most 3 of the best uniform approximation of a continuous

function on x ∈ [−1, 1] (a nonuniqueness example). It is possible to prove immediately that for

any above-indicated value of s there is a pair of complex conjugate poles lying inside the disk

|z| < 1, i.e., the condition (1.4) fails.

3.3. We recall the definition: real-valued functions fk, k = 1, n, form a Chebyshev system

of order n− 1 on a segment [a, b] if these functions are continuous in [a, b] and any generalized

polynomial
n∑

k=1

αkfk(x), αk ∈ R,
n∑

k=1

|αk| > 0,

possesses at most n − 1 distinct roots on [a, b]. It is known (cf., for example, [8]) that the

Chebyshev alternance theorem and a number of other results on approximation by algebraic

polynomials are literally generalized to such systems.

Theorem 3.1. Let (1.2) hold. Then for any pairwise distinct real numbers x1, . . . , xn the

functions fk(x) := (xk−x)−2, k = 1, n, form a Chebyshev system of order n−1 on any segment

[a, b] that contains no xk.

Proof. It is easy to see that the condition in the definition of a Chebyshev system is equiv-

alent to the condition Dn = det(fk(cs))
n
k,s=1 �= 0 for an arbitrary collection of n distinct points

cs on [a, b]. Thus, we obtain the inequality asserted by Lemma 1.1.
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Remark 3.2. Theorem 3.1 is generalized to systems of functions v(x)/(xk − x)2, k = 1, n,

where v(x) is a continuous real function preserving sign on [a, b]. In particular, Theorem 3.1

is valid for a system of entire functions w2
k(x), k = 1, n, where wk(x) := Qn(x)/(x − xk),

Qn(x) := (x− x1) . . . (x− xn).
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