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We introduce the operator of transverse displacements in L2-space on a periodic singular

grid F = F 0 with zero thickness and a natural measure. In the case of a model grid,

we find the spectrum of this operator : a countable sequence of eigenvalues of infinite

multiplicity. This result is useful for describing the asymptotic behavior of the spectrum

in the problem of elasticity theory on the corresponding thin grid F h if the thickness

parameter h tends to 0 and, in particular, for justifying the existence of gaps in the

spectrum of the problem on the thin grid F h. Bibliography: 4 titles. Illustrations: 5

figures.

1 Statement of the Problem. The Main Result

1.1. Figure 1 presents a plane periodic grid F formed by straight lines. The fragment of the

grid within the periodicity cell � = [0, 1)2, called a model grid, is highlighted by the dashed line.

Fig. 1.
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We denote by μ a 1-periodic measure concentrated on the grid F that is proportional to

the linear Lebesgue measure and is normalized by the condition μ(�) = 1. In the vector space

L2(R2, dμ)2, we consider the subspace R of transverse vectors. A vector g ∈ R is directed along

the normal on each link of the grid F . The operator of transverse displacements acts in the

space R. To give a rigorous definition of this operator, we introduce some notions.

We consider a link I of the grid F . Suppose that τ be the longitudinal unit vector on I (one

of two possible ones), and ν is the normal unit vector; moreover, the pair τ , ν is right. The

transverse vector g is represented as g = g̃ν, where g̃ = g · ν is the projection onto the normal

ν. The choice of τ does not affect the longitudinal derivative g̃′ =
d

dτ
g̃ of the projection g̃ and

the second order derivative g′′ = ν
d2

dτ2
g̃ of g along the direction τ .

Let m links I1, . . . , Im meet at the node O (in the case of a model grid, m is equal to 4 or

8), and let gj = g
∣

∣

Ij
, gj = g̃jνj . We formulate the following conditions.

(a) g̃j ∈ H2(Ij), i.e., the projection g̃j , together with the first and second order longitudinal

derivatives are square integrable on Ij ,

(b) g̃j
∣

∣

O
= 0 (fixing at the node),

(c) g̃j
′∣
∣

O
= . . . = g̃m

′∣
∣

O
(conjugation of derivatives).

We denote by R0 the set of vectors in R satisfying Conditions (a)–(c) on each link and at

each node of F .

The operator A of transverse displacements on a grid F is given by the quadratic form

a(g, g) =

∫

R2

κ g′′ · g′′ dμ, dom a = R0, (1.1)

where κ is a positive constant. For the sake of simplicity, we assume that κ = 1.

Our goal is to study the spectrum of the operator A. It should be noted that the spectrum

of an operator with periodic coefficients or an operator on a periodic structure has, in general,

the zone structure, i.e., consists of countably many segments. These zones can be described with

the help of the spectrum of problems on the initial cell � = [0, 1)2 with quasiperiodic boundary

conditions or with the help of the spectrum of periodic problems on the cell �m = [0,m)2, where

m is any natural number. Such a situation occurs for a periodic grid of general form. In our case

of a model grid, the following exclusive property is observed: the zones “collapse” into points

and the spectrum of the operator in the entire space L2(R2, dμ)2 coincides with the spectrum of

the periodic problem. In other words, the additional involvement of quasiperiodic conditions or

the multiple expansion of the periodicity cell contributes nothing to the spectrum of the periodic

problem on the cell �. This fact is a consequence of the symmetry property which is not typical

for a grid of general form.

Theorem 1.1. The operator A possesses the discrete spectrum consisting of three series of

infinite multiple eigenvalues. These series are presented in (4.3) below.

Theorem 1.1 is proved in Sections 2–4.

1.2. Let us explain the origin of the operator A. From a singular (or infinitely thin) grid

F we construct a thin grid F h by replacing each link I of F with a strip (rod) Ih of width
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2h>0 such that the mean line of the strip conicides with I. On the thin grid, we consider the

problem of elasticity theory in the situation where the transverse displacements dominates the

longitudinal ones. Now, we formulate this problem. We denote by a = {aijpq} the isotropic

elasticity tensor
aijpq = k1δijδpq + k0(δipδjq + δiqδjp),

k0 > 0 and k1 � 0 are the Lamé coefficients,
(1.2)

where δij is the Kronecker symbol. This tensor acts on the matrix ∇u of the gradient of a

vector-valued function u = (u1, u2) by the rule

{a∇u}ij = aijpq
∂up
∂xq

,

so that a∇u · ∇u = k1δij(divu)
2 +2k0e(u) · e(u) and e(u) = 1

2(∇u+ (∇u)T ), where ξ · η = ξijηij
is the inner product of matrices.

We define the measure dμh = ρh(x)dx, where ρh(x) = |F h ∩ �|−1χFh(x), and χFh(x) is

the characteristic function of the set F h. This measure is concentrated on the grid F h and is

normalized by the condition μh(�) = 1. We have the weak convergence of measures dμh ⇀ dμ,

where μ is the above-mentioned natural measure on the singular grid F .

The space L2(R2, dμh) changes as h→0 because of the measure μh. Nevertheless, the conver-

gence of the family fh∈L2(R2, dμh) to f∈L2(R2, dμ) is defined. The weak convergence fh ⇀ f

means that for every rod Ih the transverse average functions fh|Ih on I weakly converge to f |I
in L2(I). This limit turns out to be strong, i.e., fh → f as

1

h

∫

Ih

|fh − f |2dx→ 0.

The transverse averages of the function g are found, for example, for the horizontal rod Ih =

[0, 1]×[−h, h] by the formula

1

2h

h
∫

−h

g(x1, x2)dx2, x1 ∈ [0, 1].

On the grid F h, we introduce the elasticity operator Ah = −h−2diva∇ corresponding to the

condition that there are no stresses on the boundary ∂F h. The self-adjoint realization of Ah in

the space L2(R2, dμh)2 is given by the quadratic form

ah(u, u) = h−2

∫

R2

a∇u · ∇udμh

whose domain is the Sobolev space of elasticity theory, the closure of C∞
0 (R2)2 in the norm

(

∫

R2

(|e(v)|2 + |v|2)dμh
)1/2

.

We consider the resolvent equation on the grid F h:

Ahuh + λuh = fh, λ > 0, (1.3)
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where the vector fh|Ih is transverse to each rod Ih outside the grid nodes (by the grid node we

mean any set of intersections of thin rods on the grid F h).

Applying the limit passage technique on thin grids, developed in [1, 2], we find the limit

of solutions to the problem (1.3) and describe the problem on a singular grid satisfied by this

limit. Namely, if fh → f and ‖fh‖L2(R2,dμh)2 � C, then uh → u and Au + λu = f , where u is

a transverse vector on the grid F ; more exactly, u ∈ R0 and the operator A corresponds to the

form (1.1). Moreover, the constant κ in (1.1) is the rigidity modulus of the grid F generated by

the isotropic elasticity tensor (cf. (1.2)),

κ =
k0(k0 + 2k1)

3(k0 + k1)
.

It is natural to expect that asymptotics of the spectrum of the operator Ah is connected

with the operator A. In this paper, we study the spectrum of the operator A. The spectrum of

the operator Ah will be treated in a forthcoming paper. In particular, we intend to justify the

existence of gaps in the spectrum of the operator Ah for sufficiently small h.

2 Proof of Theorem 1.1

2.1. We introduce spaces of periodic transverse vectors on the grid F similar to the space R0,

taking for the periodicity cell the square �m = [0,m)2 with side m = 1, 2, . . ., �1 = �. These

spaces are denoted by R 0
m. We also introduce the space R 0

θ =
{

ei2πθ·xg(x) : g ∈ R0
1

}

, θ ∈ �, of

transverse vectors with quasiperiodic boundary conditions on the cell �. The quadratic form

∫

�m

g′′ · g′′ dμ

with domainR 0
m defines the selfadjoint operator Am. In a similar way, we introduce the operator

Aθ via the form
∫

�

g′′ · g′′ dμ

with domain R0
θ. Since the coordinates of a vector in R0

θ are complex, we used the complex

conjugation, denoted by the bar.

By the general theory of operators with periodic coefficients for the spectrum of the operator

A in the entire space, i.e., in L2(R2, dμ)2, the following representation holds:

Sp A =
⋃

θ∈�
Sp Aθ (2.1)

in terms of the spectrum of the operator Aθ on the initial cell � with quasiperiodic boundary

conditions. In what follows, an important role is played by the quasiperiodicity condition with

parameter θ = j/m, where j = (j1, j2) and j1, j2 take the values 0, 1, . . . , m − 1. The last

condition can be shortly written as |j| < m.

By the representation (2.1), we can obtain all necessary information about the spectrum

Sp A from the following assertion.
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Lemma 2.1. For the model grid F

Sp A1 = Sp Am ⊃
⋃

|j|<m

Sp Aj/m ∀m∈N. (2.2)

We make some comments concerning the relation (2.2). The spectrum of the operator A1

is found in Section 4. It consists of three series of finite-multiple eigenvalues (cf. (4.3)). In

Section 4, based on the complete description of the spectrum of the operator A1, we also prove

that the spectra Sp A1 = Sp Am coincide for all m ∈ N (cf. Lemma 4.2). Although the set of

eigenvalues of the operator Am is the same for all m, the multiplicities of eigenvalues increase

as m→∞. The embedding (2.2)2 is checked in Subsection 2.2.

Now, we show how (2.2) provides us with an information about the spectrum Sp A. Since

for θ = 0 the operator Aθ is exactly A1, we have

⋃

|j|<m

Sp A j
m

⊃ Sp A1

and all the sets in (2.2) coincide. Further, the continuity of the eigenvalues of Aθ with respect

to θ and the closeness of the spectrum imply (cf. also (2.1))

⋃

m∈N

⋃

|j|<m

Sp A j
m

=
⋃

θ∈�
Sp Aθ = Sp A,

which, together with (2.2), yields Sp A = Sp A1.

2.2. Let us prove the embedding (2.2)2. Let g be an eigenfunction of the operator Aθ,

θ = j/m, corresponding to an eigenvalue λ. Extending g by quasiperiodicity to a periodic

function on �m, we show that the obtained function is an eigenfunction of the operator Am

corresponding to the same eigenvalue, i.e.,

∫

�m

g′′ · ϕ′′dμ = λ

∫

�m

g · ϕdμ ∀ϕ ∈ R0
m. (2.3)

Dividing the square �m into unit squares obtained from � by translation by a vector with integer

coordinates n = (n1, n2), we obtain the representation

J ≡
∫

�m

g′′(x) ·ϕ′′(x)dμ =
m−1
∑

n1=0

m−1
∑

n2=0

∫

�+n

g′′(x) ·ϕ′′(x)dμ =
m−1
∑

n1=0

m−1
∑

n2=0

∫

�

g′′(x+n) ·ϕ′′(x+n)dμ.

By the θ-quasiperiodicity condition in the cell �, for g(x) we have

∑

|n|<m

g(x+ n)′′ · ϕ′′(x+ n) =
∑

|n|<m

ei2πθ·ng′′(x) · ϕ′′(x+ n) = g′′(x) · Φ′′
(x), (2.4)

where it is easy to check (see below) that

Φ(x) =
m−1
∑

n1=0

m−1
∑

n2=0

e−i2πθ·nϕ(x+ n) is θ-quasiperiodic, θ = j/m. (2.5)
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By the definition of g,

J = λ

∫

�

g · Φdx = λ

∫

�m

g · ϕdx,

i.e., the equality (2.3) is proved. At the last step. we used the decomposition of Φ in (2.5) and

the procedure of developing on the square �m, the inverse of the transformation (2.4). Thus,

Sp A j
m

⊂ Sp Am if |j| < m, which is required to prove.

To conclude the section, we verify the property (2.5). We need to show that

Φ(x) = ei2πθ·xϕ̃(x), where ϕ̃(x) is 1-periodic.

By the definition of Φ(x) (cf. (2.5)), we can write ϕ̃(x) as the sum

ϕ̃(x) =
∑

|n|<m

e−i2πθ·(x+n)ϕ(x+ n),

which can be regarded as the 1-periodization of the function e−i2πθ·xϕ(x). Indeed, for example,

for e1 = (1, 0) we have

ϕ̃(x+e1) = ϕ̃(y)|y=x+e1 =

m
∑

n1=1

m−1
∑

n2=0

e−i2πθ·(x+n)ϕ(x+n) =

m−1
∑

n1=0

m−1
∑

n2=0

e−i2πθ·(x+n)ϕ(x+n) = ϕ̃(x)

because e−i2πθ·me1ϕ(x+me1+n2e2) = ϕ(x+n2e2) by the m-periodicity of ϕ(x) and the equality

e−i2πθ·me1 = e−i2πe1·j = 1 for θ = j/m.

Remark 2.1. The key embedding (2.2)2 is obtained from the following assertion (cf. the

discussion of Theorem XIII.101 in [3, Subsection 13.16]): the operator Am (with �m-periodic

boundary conditions) is represented as the direct sum of Aθ (with θ-quasiperidoic boundary con-

ditions), θ = j/m, |j| < m, i.e., Am = ⊕|j|<mAj/m, which is a consequence of the decomposition

of a �m-periodic function into the sum of j/m-quasiperiodic functions, |j| < m. For the sake of

a self-contained exposition, we prefer to prove a particular assertion rather than refer the reader

to the general theory.

2.3. The further consideration is organized as follows. Section 3 contains an auxiliary infor-

mation. We study the problem on eigenvalues for the operator of the fourth order derivative a

construction of two or four joined segments with some boundary conditions at endpoints of the

segments. We prove that the spectral problem splits, in view of its symmetry, into independent

problems on separate segments.

In Section 4, we study the spectrum of the operator of transverse displacements on a model

grid, not in the entire plane, but in the periodicity cell [0,m)2, where m is an arbitrary natural

number. In this case, based on the symmetry property, we establish that the spectral problem

splits into independent problems on segments.

Thus, we prove the first part of Lemma 2.1, i.e., the relation (2.2)1. Based on the results of

Section 3, we describe the spectrum of the periodic problem with an arbitrary periodicity cell

of the form [0,m)2.

As was shown (cf. Subsection 2.1), it suffices to find the spectrum of the operator on the

entire grid given by (1.1).
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3 Problem about Eigenvalues on Segments

3.1. We consider two problems about eigenvalues on [a, b]

u(IV ) = λu, x ∈ [a, b],

u(a) = u′(a) = 0, u(b) = u′(b) = 0,
(3.1)

and
u(IV ) = λu, x ∈ [a, b],

u(a) = u′(a) = 0, u(b) = u′′(b) = 0.
(3.2)

In the problem (3.2), the left endpoint is clamped and the the right endpoint is hinged, whereas

both endpoints are clamped in the problem (3.1).

Using the auxiliary functions

ϕ(x, k) = ch k(x− a)− cos k(x− a),

ψ(x, k) = sh sh k(x− a)− sin k(x− a),
(3.3)

we can determine the eigenfunctions and eigenvalues of the problems (3.1) and (3.2) as

uk(x) = ϕ(b, k)ψ(x, k)− ψ(b, k)ϕ(x, k), λk = k4, (3.4)

where k is a solution to the equation

cosK ch K = 1, K = k(b− a), (3.5)

or

cosK sh K = sinK ch K, K = k(b− a), (3.6)

in the problems (3.1) and (3.2) respectively. In both cases, there are countably many eigenvalues

and each eigenvalue is simple (cf. [4, part III, Chapter IV, p. 472]).

Now, we consider the problem

u(IV ) = λu, x ∈ [a, b],

u(a) = u′(a) = 0, u(b) = 0, u′(b) = c.
(3.7)

A direct computation shows that the functions uk(x) and the numbers λk in (3.4) satisfy all the

relations in (3.7) with

c = 2k(1− cosK ch K), K = k(b− a). (3.8)

For fixed k the value of c depends only on the length |b− a| of the segment [a, b].

3.2. We consider the problem on eigenvalues on the segment I = [−1/2, 1/2] with clamped

endpoints and fixed middlepoint

u(IV ) = λu, x ∈ I,

u(±1/2) = u′(±1/2) = 0, u(0) = 0.
(3.9)

A solution to the problem (3.9) is understood in the sense of the integral identity

u ∈ ˜H2(I),

∫

I

u′′ϕ′′dx = λ

∫

I

uϕdx ∀ϕ ∈ ˜H2(I),
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where ˜H2(I) is the space of functions in H2(I) satisfying the conditions (3.9) at the points ±1/2,

0. We note that for functions u ∈ H2(I) the values u(x0) and u
′(x0) at x0 ∈ I are well defined.

Furthermore, the functions u and u′ are continuous on I.

We write the problem (3.9) as a system of equations on the segments I1 = [−1/2, 0] and

I2 = [0, 1/2] for u1 = u|I1 and u2 = u|I2 with the boundary conditions at the points ±1/2, 0:

u
(IV )
1 = λu1, x ∈ I1, u

(IV )
2 = λu2, x ∈ I2, (3.10)

u1(−1/2) = u′1(−1/2) = u2(1/2) = u′2(1/2) = 0, (3.11)

u1(0) = u2(0) = 0, u′1(0) = u′2(0), (3.12)

u′′1(0)− u′′2(0) = 0. (3.13)

The boundary condition (3.12) is caused by the fact that the function u composed of u1 and

u2 on the segments I1 and I2 should belong to the space ˜H2(I). The boundary condition (3.13)

is natural and is interpreted as the flow continuity at the point x = 0.

By symmetry, the solution to the problem (3.10)–(3.13), is constructed independently on I1
and I2, i.e., the problem splits. Moreover, the functions u1 and u2 are solutions to the canonical

problem (3.2) on segment, namely,

u
(IV )
1 = λu1, x ∈ I1,

u1(−1/2) = u′1(−1/2) = u(0) = u′′(0) = 0,
(3.14)

u
(IV )
2 = λu2, x ∈ I2,

u2(1/2) = u′2(1/2) = u(0) = u′′(0) = 0,
(3.15)

where one endpoint of the segment is clamped and the other is hinged. Indeed, by the remarks

in Subsection 3.1, to satisfy Equations (3.10) and the boundary conditions (3.11), (3.12), we can

use functions of the form (3.4). We set

u1(x, k) =
(

ch
k

2
− cos

k

2

)(

sh k
(

x+
1

2

)

− sin k
(

x+
1

2

))

−
(

sh
k

2
− sin

k

2

)(

ch k
(

x+
1

2

)

− cos k
(

x+
1

2

))

, (3.16)

u2(x, k) =
(

ch
k

2
− cos

k

2

)(

sh k
(

x− 1

2

)

− sin k
(

x− 1

2

))

+
(

sh
k

2
− sin

k

2

)(

ch k
(

x− 1

2

)

− cos k
(

x− 1

2

))

, (3.17)

where (3.3) and (3.4) are taken with a = −1/2, b = 0 in the first case and a = 1/2, b = 0 in

the second case. The last condition in (3.12) is automatically satisfied since I1 and I2 have the

same length (cf. (3.7) and (3.8)).

It remains to subject u1 and u2 to the condition (3.13). Computing

u′′1(0, k) =
[(

ch
k

2
− cos

k

2

)(

sh
k

2
+ sin

k

2

)

−
(

sh
k

2
− sin

k

2

)(

ch
k

2
+ cos

k

2

)]

k2

= 2k2
(

ch
k

2
sin

k

2
− sh

k

2
cos

k

2

)

,

466



u′′2(0, k) =
[(

ch
k

2
− cos

k

2

)(

− sh
k

2
− sin

k

2

)

+
(

sh
k

2
− sin

k

2

)(

ch
k

2
+ cos

k

2

)]

k2

= −2k2
(

ch
k

2
sin

k

2
− sh

k

2
cos

k

2

)

,

we see that u′′1(0, k) = −u′′2(0, k) and the condition (3.13) is satisfied only if

u′′1(0, k) = u′′2(0, k) = 0, i.e., ch
k

2
sh

k

2
= sh

k

2
cos

k

2
.

Thus, the problem (3.10)–(3.13) splits into two problems (3.14) and (3.15).

Thus, we have proved the following assertion.

Lemma 3.1. The problem (3.10)–(3.13) splits into separate problems for u1 = u|I1 and

u2 = u|I2 . In each problem, the clamping condition is imposed at one of the endpoints and the

hinging condition is imposed at the other. As a consequence, the eigenvalues {λk} of the problem

(3.10)–(3.13) form the series as in (3.4), (3.6):

λk = k4, k is a solution to the equation tg
k

2
= th

k

2
. (3.18)

The corresponding eigenfunctions are defined in (3.16) and (3.17).

3.3. We consider the problem about eigenvalues on a “cross,” i.e., a plane construction of

four segments I1, I2, I3, I4 of the same length in the Oxy-plane that join the origin O(0, 0) with

the points A1(−1/2, 0), A2(1/2, 0), A3(0,−1/2), A4(0, 1/2) respectively (cf. Figure 2). The

functions ui given on Ii, i = 1, . . . , 4, satisfy the same equation and 16 boundary conditions at

the points O and Ai, i = 1, . . . , 4:

u
(IV )
i = λui on Ii, i = 1, . . . 4, (3.19)

4 pairs of clamping conditions at the points Ai, i = 1, . . . 4, (3.20)

0 = u1 = u2 = u3 = u4 at the point O, (3.21)

u′1 = u′2 = u′3 = u′4 at the point O, (3.22)

0 = u′′1 − u′′2 + u′′3 − u′′4 at the point O. (3.23)

Fig. 2.

By the double mirror symmetry of a “cross,” we can construct a solution to this problem by

using the solutions to the problem (3.10)–(3.13) on the pair of segments I1 and I2, and also on

the pair of segments I3 and I4. In the first case, the clamping condition is satisfied at the points
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A1 and A2, as well as the conditions (3.21)1, (3.21)2, (3.22)1 and the natural condition (3.13)

hold, i.e.,

0 = u′′1 − u′′2 at the point O. (3.24)

In the second case, the clamping condition holds at the points A3 and A4, as well as the

conditions (3.21)3, (3.21)4, (3.22)3, and the natural condition (3.13) are satisfied, i.e.,

0 = u′′3 − u′′4 at the point O. (3.25)

From (3.24) and (3.25) we obtain (3.23). It remains to check whether the condition (3.22)2
holds. This condition is satisfied since the values u′2

∣

∣

O
and u′3

∣

∣

O
are computed via the right-hand

side of (3.8) and they coincide since I1 and I3 have the same length.

Since the problem (3.10)–(3.13) splits into two problems, the problem “on a cross” splits

into four separate problems “on segments.”

Thus, we have proved the following assertion.

Lemma 3.2. The problem (3.19)–(3.23) splits into four separate problems on the segments

Ii, i = 1, . . . , 4. In each problem, the clamping condition is imposed at the endpoint Ai and the

hinging condition is imposed at the central node O (cf. Figure 2). The sequence of eigenvalues

{λk} of the problem (3.19)–(3.23) is the same as in (3.18).

4 Periodic Problem about Eigenvalues on Model Grid

4.1. We consider the problem on the model grid

u ∈ R0
1, u(IV ) = λu on F , (4.1)

where the solution is understood in the sense of the integral identity
∫

�

g′′ · v′′ dμ = λ

∫

�

g · v dμ, v ∈ R0
1.

We recall thatR0
1 is the space of 1-periodic transverse vectors on the grid F satisfying Conditions

(a)–(c) on each link and at each grid node. A fragment of the grid F ∩� is shown in Figure 3.

Fig. 3.

The geometry of the model grid (symmetry, incommensurability of segments) causes addi-

tional properties of the solution to the problem (4.1) at nodes, which allows us to split the

problem into problems on links.

Lemma 4.1. Let u be a solution to the problem (4.1). Then, at the node A (cf. Figure 3),

the clamping condition is satisfied on each outgoing link.
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Proof. We consider the restriction of the problem (4.1) to the segments I1 = AA1 and

I2 = AA2. Suppose that no clamping condition is imposed at A, i.e., u
∣

∣

A
= 0 and u′

∣

∣

A
= c = 0.

By periodicity, the same is true at A1 and A2. Then, on I1, we find a solution

u|I1 = u(n)(x) =
c

2πn
sin 2πnx, λn = c(2πn)3, n = 1, 2, . . . (4.2)

There are no other solutions for a fixed n. Indeed, in the opposite case, the difference of two

different solutions w = u(n) − ũ(n) is an eigenfunction of the problem about eigenvalues on the

segment AA1 with clamped endpoints

w(iv) = λnw, w = 0 on I1,

w = w′ = 0 at the points A and A1.

However, this problem has simple eigenvalues that do not coincide with λn in (4.2) (cf. [4,

Subsection 1.1]).

Similarly, restricting the problem (4.1) to the segment I2, we can express the eigenfunction

and eigenvalue as follows:

u|I2 =
c√
2πn

sin
√
2πnt, λn = c(

√
2πn)3, n = 1, 2, . . . ,

where t ∈ [0,
√
2] is the natural parameter on I2. It is obvious that the expressions for λn on I1

and I2 do not coincide if c = 0. We arrive at a contradiction. Thus, the clamping condition at

A is a necessary condition in the problem (4.1). The lemma is proved.

Based on the facts of Section 3, it is easy to see that the problem (4.1) possesses three

countable series of eigenvalues:

λIk = k4, k is a solution to the equation cos k chk = 1,

λIIk = k4, k is a solution to the equation cos
k√
2
ch

k√
2
= 1,

λIIIk = k4, k is a solution to the equation tg
k√
2
= th

k√
2
.

(4.3)

Moreover, the multiplicity of each eigenvalue in each series is the same and is equal to 2, 4, and

1 for the first, second, and third series respectively.

Fig. 4. The profiles of eigenfunctions of different series.

The eigenfunctions corresponding to eigenvalues of the first series are supported on the

horizontal and vertical links, possibly, on one of them. The eigenfunctions corresponding to

eigenvalues of the second series are concentrated on oblique links and can be supported only on
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one of such links. The eigenfunctions corresponding to eigenvalues of the third series are also

concentrated on oblique links; moreover, they are invariant under rotations by π/2 (cf. Figure 4).

We explain how to describe eigenfunctions and eigenvalues of the problem (4.1). First of all,

we are based on the fact that the clamping condition is satisfied at the node A and, consequently,

at the nodes A1, A2, and A3 by periodicity (cf. Figure 2), which does not hold, generally

speaking, at the node O. We consider the first possibility when the eigenfunctions of the problem

(4.1) satisfy the clamping condition at all nodes. Then it is “assembled” of solutions to the

problems on eigenvalues on separate links of type of the problem (3.1). Moreover, in this

“assembling” there are either (horizontal or vertical) links of length 1 or (oblique) links of

length 1/
√
2. Thus, we obtain the first two series in (4.3).

We consider the case where no clamping condition is imposed at O, but only the condition

of coincidence and nonvanishing for the derivatives. Then on four segments outgoing from O,

we have a problem that is independent of other links. In fact, this problem was studied in

Subsection 3.3, but with different length of segments. Using Lemma 3.2, we write out the third

series in (4.3).

4.2. Now, we consider the problem on eigenvalues

u ∈ R 0
m, u(IV ) = λu on F , m = 2, 3, . . . (4.4)

the solution of which is understood in the sense of the corresponding integral identity with test

functions in R0
m. This is the periodic problem on the grid F in the space of periodic transverse

vectors with the periodicity cell [0,m)2, m = 2, 3, . . ., satisfying Conditions (a)–(c) on all links

and at all nodes.

Lemma 4.2. For the problem (4.4) there exist three series of eigenvalues, and these series

are indicated in (4.3). Thus, with growth of m, the set of eigenvalues of the problem (4.4)

remains unchanged and coincides with the set of eigenvalues of the problem (4.1); moreover, the

multiplicities of the eigenvalues increase as O(m2).

Proof. For the sake of definiteness, we assume that m = 2 and the periodicity cell is the

square [0, 2)2. Within this square, we have four nodes with integer coordinates (the points A,

B, C, D in Figure 5) and four nodes with semi-integer coordinates.

Fig. 5.

The solutions to the problem (4.4) satisfies the clamping condition at the integer nodes. To

verify this assertion for A, we make use the same analysis in the square AA1A2A3, as in the
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proof of Lemma 4.1. We argue in the same way in the case of other integer nodes. For example,

with B we associate the square BB1B2B3. As a result, for the problem (4.4) we find the same

system of clamping conditions as in the problem (4.1). Consequently, the eigenfunctions of the

problem (4.4) are constructed from the same “bricks” as in the problem (4.1). Moreover, the set

of eigenvalues remains unchanged, but the multiplicities of all eigenvalues increase with growth

of m like O(m2). The lemma is proved.

To conclude the paper, we note that the spectrum of the operator of transverse displacements

has a similar structure if the model grid F is “rarefied” by removing from F ∩� any two or one

rods among four ones indicated in Figure 1.
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