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We consider the equation Dnu = 0, where Dn is a linear differential operator with con-

stant coefficients. We find conditions for the fundamental system of solutions to this

equation to be an ET-system and obtain a representation for the remainder in the Her-

mitean interpolation by linear combinations of functions of this system. Bibliography: 3

titles.

We consider the linear differential operator with constant real coefficients

Dn(u) = u(n) + a1u
(n−1) + a2u

(n−2) + · · ·+ anu.

We denote by λk the characteristic numbers of this operator and by Ln the set of solutions to

the homogeneous equation

Dn(u) = 0.

The set Ln is regarded as an n-dimensional subspace of the space C[a, b] of continuous functions

on [a, b]. The value of a function f = Dn(u) at a point t is denoted by f(t) = Dn(u; t); the

similar notation is used for linear operators.

As is shown in [1], Ln is a Chebyshev space for any [a, b] if all characteristic numbers λk are

real and for b− a < π/(max Im λj) if there are complex characteristic numbers.

In this paper, we show that, under the same conditions, Ln is an ET-subspace. We also

obtain a representation for the remainder (error) in the Hermitean interpolation of a function

by functions in this subspace. This result generalizes the well known representation of the

remainder in the algebraic interpolation. We recall that an n-dimensional subspace Cn ⊂ C[a, b]

is called (cf. [2]) an ET-subspace if it consists of n times continuously differentiable functions

and every function of this subspace that is not equal to zero identically has at most n− 1 roots

(where the multiplicity is taken into account). Saying about the number of roots of a function,

we always take into account their multiplicity.

We consider the first problem. The assertion that Ln is an ET-subspace is proved in the

same way as the assertion that Ln is a Chebyshev space (cf. [1]), and even simpler. The

following assertion was proved in [1].
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Lemma 1. Let u be a solution to the differential equation u′+au = f , where a is a constant.

If τ1 < τ2 are roots of u, then (τ1, τ2) contains at least one root of f .

Corollary 1. If u(t) has N roots in [a, b], then f(t) = u′(t) + au(t) has at least N − 1 roots

there.

Proof. Indeed, if t0 is a root of u of multiplicity ν � 2, then t0 is also a root of f of

multiplicity ν − 1. Furthermore, between each pair of roots of u there is at least one root of f

in view of Lemma 1.

Lemma 2. Let α ± iβ be complex roots (β > 0) of the polynomial λ2 + pλ + q, and let

b− a < π/β. If a function u(t) satisfies the equation u′′ + pu′ + qu = f and has N � 3 roots in

[a, b], then f has at least N − 2 roots there.

Proof. 1. We begin with the equation u′′+u = f . Since β = 1 and. consequently, b−a < π,

we can without loss of generality assume that 0 < a < b < π. We set w(t) = u(t)/ sin t.

The functions u and w have the same roots of the same multiplicity in [a, b]. Then f(t) =

sin t[w′′(t) + 2 ctg t w′(t)] or for v = w′

f(t) = sin t[v′(t) + 2 ctg t v(t)].

Thus, the function w has N roots. By Corollary 1, the function v has at least N − 1 roots and

the function f has at least n− 2 roots.

2. The case u′′+β2u = f is easily reduced to the above case by a linear change of independent

variable.

3. We consider the general case. We set w(t) = ept/2u(t) (concerning this replacement, cf.

[3]). The roots of u and w and their multiplicities coincide. The function w is a solution to the

equation w′′ + (q − p2/4)w = g, where g(t) = ept/2f(t). Hence the roots of f and g and their

multiplicities also coincide. Since q − p2/4 = β2, it remains to refer to the above case.

Corollary 2. Let u be a solution to the differential equation Dn(u) = f . If there are

complex characteristic numbers λk, then we assume that the length of [a, b] satisfies the inequality

b− a < π/max (Im λk). If u has N > n roots in [a, b], then f has at least N − n roots there.

Proof. Assume that λ(2j−1)−(2j) = αj± i βj , j = 1, 2, . . . ,m, are complex and λ2m+1, . . . , λn

are real. It suffices to represent the operator Dn in the form

Dn =

m∏

j=1

(d2
dt2

− 2αj
d

dt
+ (α2

j + β2
j )
) n∏

j=2m+1

(d
dt

− λj

)

and apply the mathematical induction together with Lemma 2.

Remark 1. It is seen from the proof that, under the assumption of the corollary, except for

the case where u has a unique root of multiplicity N at one of the endpoints, we can assert that

the function f has at least one root in the open interval (a, b).

Lemma 3. Let Ln ⊂ C[a, b] be an ET-subspace.

1. If Dn+1 = DnD1, where D1u = u′ + au, then Ln+1 is an ET-subspace.

2. If Dn+2 = DnD2, where D2u = u′′ + pu′ + qu, the polynomial λ2 + pλ + q has complex

roots α± i β (β > 0), and b− a < π/β, then Dn+2 is an ET-subspace.
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Proof. Both assertions of this lemma are proved in a similar way. For the sake of definite-

ness, we prove the second assertion. Assume the contrary: Ln+2 is not an ET-subspace. Then

there is a function u ∈ Ln+2 that is different from the zero identically and has at least n + 2

roots in [a, b]. We set v = D2u. Then v ∈ Ln, has at least n roots in view of Lemma 2 and does

not vanish identically. Otherwise, u ∈ L2. Consequently, u ≡ 0 (L2 is an ET-subspace. Thus,

we arrive at a contradiction with the assumption that Dn is an ET-subspace. To prove the first

assertion, one should use Corollary 1

Theorem 1. 1. If all the characteristic numbers of the differential operator Dn are real,

then for any [a, b] the subspace Ln ⊂ C[a, b] is an ET-subspace.

2. If the operator Dn has complex characteristic numbers and b − a < π/(max Imλk), then

Ln is an ET-subspace of C[a, b].

Theorem 1 is proved by induction with the help of Lemma 3.

Remark 2. Sometimes, in order to prove that Dn is an ET-subspace, it is reasonable to use

Lemma 3 instead of Theorem 1. Let us consider the corresponding example. Let Tn be the set

of trigonometric polynomials of degree at most n. As is known, if b− a < 2π, then L2n+1 = Tn

is an ET-subspace of the space C[a, b], at least for the corresponding operator D2n+1 we have

max Imλk = n. Applying m times the first assertion of Lemma 3, it is easy to see that, adding

t, t2, . . . , tm, to the basis for L2n+1, we obtain the subspace L2n+m+1 ⊂ C[a, b] which is also an

ET-subspace for b − a < 2π. Similarly, applying the second assertion of Lemma 3 and adding

t · cos t and t · sin t, to the basis for L2n+1, we obtain the subspace L2n+3 ⊂ C[a, b] which is an

ET-subspace provided that b−a < π. In both cases, the use of Theorem 1 leads to the condition

b− a < π/n.

If Ln ⊂ C[a, b] is an ET-subspace, then the corresponding Hermitean interpolation problem

is uniquely solvable. Suppose that we are given pairwise distinct points (nodes) a � t1 < t2 <

· · · < tm � b in [a, b] with multiplicities ν1, ν2, . . . , νm such that
∑

νj = n. Then for any function

w(t) possessing derivatives there exists a unique function u ∈ Ln (the Hermitean interpolation

of a “polynomial”) such that

u(l)(tj) = w(l))(tj), j = 1, 2, . . . ,m, l = 0, 1, . . . , νj − 1.

We denote by Q the linear operator associating with w the solution u to this problem, so that

u(t) = Q(w; t). The remainder (error) of the interpolation is denoted by R(w; t) = w(t)−Q(w, t).

The unique solvability of the Hermitean interpolation problem is connected with the unique

solvability of the multipoint boundary value problem: for any continuous function f there exists

a unique solution to the boundary value problem

Dn(u) = f, u(l)(tj) = b
(l)
j , j = 1, 2, . . . ,m, l = 0, 1, . . . , νj − 1, (1)

where b
(l)
j are arbitrary numbers. We assume that the operator Dn is such that Ln ⊂ C[a, b] is

an ET-subspace and the nodes tj with their multiplicities νj are as above.

We proceed with a representation for the remainder of the Hermitean interpolation.

Theorem 2. Suppose that [a, b] is arbitrary if all characteristic numbers λk of the operator

Dn are real and b − a < π/(max Imλk) if there are complex characteristic numbers. Then
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for any n times continuously differentiable function w and a point t0 ∈ [a, b] there is a point

ξ ∈ (a, b) such that Rn(w; t0) = Ω(t0)Dn(w; ξ), where Ω(t) is a solution to the boundary value

problem (1) with f(t) ≡ 1 and homogeneous boundary conditions Ω(l)(tj) = 0 for j = 1, 2, . . . ,m,

l = 0, 1, . . . , νj − 1.

Proof. If a point t0 coincides with some tj , then the required equality is obvious: the left-

and right-hand sides vanish, and we assume that t0 �= tj , j = 1, 2, . . . ,m. Then Ω(t0) �= 0.

Indeed, otherwise, tj are roots of Ω with the corresponding multiplicity, Ω should have (n+ 1)

roots. By Corollary 2, Dn(Ω) ≡ 1 has at least one root. We consider the function

F (t) = Rn(w; t)− Rn(w; t0)

Ω(t0)
Ω(t).

Note that tj are roots of F (t) with multiplicities νj , and t0 is also a root of this function.

Therefore, F (t) has at least (n+ 1) roots. By Corollary 2, there exists a root ξ of the function

Dn(F ): Dn(F, ξ) = 0. Since Dn(Rn) = Dn(w), we have Dn(w; ξ) − Rn(w; t0)/Ω(t0) = 0, which

is equivalent to the required equality.

Remark 3. If Dn(u) = u(n), then Ω(t) = ω(t)/n!, where ω(t) =
∏m

j=1(t − tj)
νj , and the

equality in Theorem 2 coincides with the well known representation of the reminder in the case

of the Hermitean interpolation by algebraic polynomials.

Remark 4. The solution u(t) to the problem (1) with homogeneous boundary conditions,

i.e., u(l)(tj) = 0, can be expressed with the help of the corresponding Green function G(t, τ):

u(t) =

b∫

a

G(t, τ)f(τ) dτ.

By Theorem 2, we can establish some properties of the Green function. Of course, we suppose

that the condition on the length of [a, b] in the theorem is satisfied if there are complex char-

acteristic numbers λk. In [a, b], the function Ω(t) has no other roots except for tj . We denote

by σj , σ0, σm its sign on (tj , tj+1), (a, t1), (tm, b) respectively. If v is a special solution to the

equation Dnv = f , then u = v − Qn(v) and, by Theorem 2, for any t0 ∈ [a, b] there is ξ such

that

u(t0) = Ω(t0)Dn(v; ξ) = Ω(t0)f(ξ).

Thus, for any continuous function f there is a point ξ such that

b∫

a

G(t0, τ)f(τ) dτ = f(ξ).

But, in this case, the function G(t0, τ) cannot change the sign on [a, b], and, taking f ≡ 1, it

is easy to see that for t0 ∈ (tj , tj+1) this sign is σj . Thus, at all points t ∈ (tj , tj+1), τ ∈ [a, b],

where G(t, τ) �= 0 (for example, G(t, τ) = 0 for tm < t < b and τ > t), we have

sgn G(t, τ) = σj .

This rule is generalized to the case t ∈ (a, t1) or t ∈ (tn, b).
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Remark 5. The condition in Theorem 2 on the length of [a, b] if there are complex charac-

teristic numbers λk, is essential. The assumption that Ln is an ET-subspace, is not sufficient,

in general. We describe the corresponding example.

Example. We consider D3(u) = u′′′ + u′. Then L3 = T1 is the set of trigonometric poly-

nomials of the first degree. This set is an ET-subspace of the space C[0, b] if b < 2π, and the

sufficient condition on the length of interval in the theorem dictates the condition b < π. For

interpolation points with the first multiplicity we take t1 = 0, t2 = π, t3 = 3π/2. It is easy to

see that the function u which is a solution to the boundary value problem

D3(u) = f, u(0) = u(π) = u(3π/2) = 0

(so that R(u) = u), satisfies the equality

u(π/2) =

3π/2∫

0

K(τ)f(τ) dτ,

where

K(τ) =

⎧
⎪⎪⎨

⎪⎪⎩

1− 2 sin τ − cos τ, 0 � τ � π/2,

− cos τ − sin τ, π/2 � τ � π,

1− sin τ, π � τ � 3π/2;

moreover, K(π/2) = −1 and K(π) = 1. Therefore, there is a continuous function f such that

the remainder R3(u, π/2) = u(π/2) in the interpolation of u at the point π/2 does not admit a

representation as in Theorem 2.
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