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SOME QUESTIONS OF QUALITATIVE THEORY IN DYNAMICS
OF SYSTEMS WITH THE VARIABLE DISSIPATION

M. V. Shamolin UDC 517.987.5

Abstract. In this work, we consider some problems of the qualitative theory of ordinary differential
equations; the study of dissipative systems, as well as variable dissipation system considered below,
which, in particular, arise in the dynamics of a rigid body interacting with a medium and in the
oscillation theory, depends on solutions of these problems. We consider such problems as existence and
uniqueness problems for trajectories having infinitely remote points as limit sets for systems on the
plane, elements of qualitative theory of monotone vector fields, and also existence problems for families
of long-period and Poisson stable trajectories. In conclusion, we study the possibility of extending the
Poincaré two-dimensional topographical system and the comparison system to the many-dimensional
case.
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1. Trajectories with Infinitely Remote Points of the Plane as Limit Sets

In this section, we deal with the existence and uniqueness of trajectories of dynamical systems on
the plane that have infinitely remote points as α- ω-limit sets. Therefore, on the Riemann or Poincaré
sphere, the limit set of such trajectories is the north pole. These are key trajectories by definition
since an infinitely remote point is always singular.

1.1. Examples from the dynamics of a rigid body interacting with a medium. To begin,
we consider the following systems:

α′ = −ω +
σ

I
F (α) cosα+ σω2 sinα, (1)

ω′ =
1

I
F (α)− ωΨ(α, ω), (2)

where
Ψ(α, ω) =

σ

I
F (α) sinα− σω2 cosα,

and

α′ = −ω +
σ

I
F (α) cosα+ σω2 sinα+

s(α)

m
sinα, (3)

ω′ =
1

I
F (α)− ωΨ(α, ω), (4)

where

Ψ(α, ω) = −σω2 cosα+
σ

I
F(α) sinα− s(α)

m
cosα.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 78, Partial Differential Equations and Optimal Control, 2012.
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Lemma 1. Let us consider system (1), (2) on the set

Π ∩ {(α, ω) ∈ R
2 : ω > 0},

where

Π =

{
(α, ω) ∈ R

2 : −π

2
< α <

π

2

}
.

Then, for any sufficiently smooth function F , there exists a single trajectory going to infinity (and
having the point (−0,+∞) as the ω-limit set).

Proof. Let us endow the phase plane R
2{α, ω} with an infinitely remote point to obtain an extended

phase plane R2{α, ω}. Now map the region Π ∩ {(α, ω) ∈ R
2 : ω > 0} onto a Riemann or Poincaré

sphere. In the vicinity of the north pole of the sphere, there exist new coordinates

(α, y), y =
1

ω
,

to which the former coordinates of the considered region of the extended phase plane are sent by a
nonsingular transformation.

In the variables (α, y), system (1), (2) is equivalent to the equation

dα

dy
=

y + σy2F (α) cosα/I + σ sinα

y4F (α)/I − σy cosα+ σy3F (α) sinα/I
.

In this case, the trajectories of the equation are parametrized in a different manner than the trajectories
of system (1), (2).

One can see that there exists a singular point (0, 0) corresponding to the infinitely remote point
(0,+∞) of system (1), (2). One can readily ensure that the point (0, 0) is a hyperbolic saddle; Lemma 1
is proved.

Similarly, we have the following lemma.

Lemma 2. Let us consider the system (3), (4) on the set

Π ∩ {(α, ω) ∈ R
2 : ω > 0}.

Then for any sufficiently smooth functions F and s there exists a unique trajectory going to infinity
(and having the point (0,+∞) as the ω-limit set).

1.2. Existence and uniqueness of trajectories going to infinity. Let us consider an arbitrary
autonomous system of differential equations on the plane. With this system of equations, we associate
an equation whose phase trajectories are parametrized in a different way and are mapped from the
extended phase plane of the system onto the Riemann (or Poincaré) sphere. In this case, infinitely
remote points of the system are sent to the north pole of the sphere.

Theorem 1. (1) If, after the change of phase variables

(x1, x2) �→ (x1, y), y =
1

x2
,

the equation defined on the sphere acquires the singular point (x01, 0), the system under consid-
eration has a trajectory tending to the straight line

{(x1, x2) ∈ R
2 : x1 = x01}

and having an infinitely remote point as the limit set.
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(2) If, after the change of the phase variables

(x1, x2) �→ (y, x2), y =
1

x1
,

the equation defined on the sphere acquires the singular point (0, x02), the system under consid-
eration has a trajectory tending to a straight line

{(x1, x2) ∈ R
2 : x2 = x02}

and having an infinitely remote point as the limit set.

Remark 1. The number of trajectories going to infinity is determined from the topological type of
the infinitely remote singular point. In particular, in systems (1), (2) and (3), (4), there exists a single
trajectory going to infinity since the infinitely remote point is a saddle (if it is not the plane but the
phase cylinder that is mapped).

Remark 2. There may exist phase trajectories going to infinity on the phase plane along which both
phase variables infinitely increase. In this case, changing the variables

x1 =
1

y1
, x2 =

1

y2
,

and examining the topological type of the north pole of the sphere, which is always a singular point,
one can try to prove the existence and uniqueness of trajectories approaching straight lines of the form

A1x1 +A2x2 +A3 = 0,

where A1A2 �= 0.
Indeed, in this case, the trajectory tends to the north pole of the sphere at a certain angle which

corresponds to a trajectory on a plane tending to a straight line with a nonzero and finite slope.

1.3. Elements of the theory of monotone vector fields. Let us consider a family of sufficiently
smooth vector fields vε in the region D of a two-dimensional oriented Riemann surface. In the tangent
space TqD of each point q ∈ D, one can measure angles made by the vectors of the family under
consideration [1, 10].

Definition 1. A one-parameter family of fields vε (ε ∈ E) exhibits a monotonicity in D, if, for any
points q ∈ D, ε1 ∈ E , ε2 ∈ E in the tangent space TqD, the angle made by the vectors vε1 , vε2 ∈ TqD is
a monotone function of the difference ε2−ε1; the orientation of the angle variation remains unchanged.
If the monotonic dependence is strict, we say that vε possesses the strict monotonicity property.

Theorem 2. Let a field vε possess the monotonicity property in the region D of the plane R
2. Let x0

be a nonsingular initial condition for the phase trajectory of the field vε for all ε ∈ E.
Then, if, for any ε ∈ E, the limit set of trajectories beginning at x0 lies in the set g0, which lies in a

finite region of the plane, and {A,B} = ∂g0, where A is the limit set of the trajectory of the field vε1,
and B is the limit set of the trajectory of the field vε2 , ε1 < ε2, then we have ε ∈ (ε1, ε2) if and only
if there exists a set C, which is the limit set of the trajectory of the field vε, which, when increasing,
shifts monotonically from A to B. (We speak here simultaneously of either α- or ω-limit sets of the
family of trajectories.)

The required phase trajectory is unique if the monotonicity property is strict.

The scheme of the proof. For any ε, the set g0 can be assumed to consist of ω-limit sets. According
to the theorem on the continuous dependence of solutions on initial conditions and right-hand sides of
equations, for a small change of the parameter ε the limit set will remain in a small neighborhood of
the initial one (in the case where the set g0 is simply connected). If the set g0 is multiply connected,
we successively look over each of the connected components. Within the framework of the theory
of comparison systems, in view of the monotonicity property, a nonmonotonic dependence of the
trajectory on the parameter ε is excluded.
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Fig. 1. Homoclinic situation on the sphere.

Suppose that a system possesses a strict monotonicity property. On the contrary, for a point
M ∈ g0, let there exist at least two parameters ε1 and ε2, for which the trajectories of the fields vε1
and vε2 tend to the point M . Then the trajectories of all fields vε̄ and ε̄ ∈ [ε1, ε2] tend to the point
M (by virtue of the monotonicity property). Since the monotonicity property is strict, for any δ > 0
the system with the vector field vε+δ (ε + δ ∈ E) is the comparison system for vε. It can be easily
understood that the trajectory of the field vε+δ starting from a nonsingular initial condition never
intersects the corresponding trajectory of the field vε starting from the same initial condition. In view
of this, the trajectories of the fields vκ1 and vκ2 have different limit sets and ε1 < κ1 < κ2 < ε2, which
is a contradiction. This completely proves the theorem.

This may also be the scheme of proof of a qualitatively different proposition that holds for any
smooth two-dimensional oriented manifold.

Lemma 3. Let us consider a family of fields vε (ε ∈ E) in a region of the sphere S
2 [29–31] of the

following form: the south (S ) and the north (N ) poles of the sphere are saddles. Let this family of
fields possess a strict monotonicity property so that for a certain ε1, the ω-limit set of the trajectory
emanating from the south pole is the south pole, and for a certain ε2 > ε1, the ω-limit set of the
trajectory emanating from the north pole is the north pole. Both these situations are homoclinic on
the sphere when there exists only one rest point (in addition to N and S ), located in the region bounded
by the indicated separatrices. The sphere contains no other nontrivial limit sets (Figs. 1, 2).

Then there exists only one value of the parameter ε = ε0 ∈ (ε1, ε2) such that the trajectory emanating
from the south (north) pole enters the north (south) pole (this is a heteroclinic situation on the sphere,
Fig. 3).

Proof. Uniqueness. On the contrary, let two parameters ε and ε possess the indicated property. Then
by virtue of the monotonicity property, all the parameters from the interval (ε, ε) possess this property.
With arguments similar to those used in Theorem 2, we obtain a contradiction to the monotonicity
property.

Existence. Therefore, there exists a unique value of the parameter ε = ε0 such that for ε < ε0 and
ε > ε0, different homoclinic situations are realized on the sphere. On the contrary, for ε = ε0, let one
of the homoclinic situations hold. Then there exists a neighborhood of the value ε = ε0

U = U δ
ε0 = {ε : |ε− ε0| < δ}

such that for any ε ∈ U , the same homoclinic situation holds, which is a contradiction. This completely
proves the proposition.
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Fig. 2. Homoclinic situation on the sphere.

Fig. 3. Heteroclinic situation on the sphere.

Remark 3. We have obtained another method of the proof of Lemmas 1 and 2. Indeed, the unknown
fields satisfy the conditions of Lemma 3, since the infinitely remote point is projected on the north
pole of the Riemann (or Poincaré) sphere and the point (−π/2, 0) is projected on the south pole.

2. Periodic and Poisson-Stable Trajectories in Phase Spaces of Dynamical Systems

Systems of ordinary differential equations often comprise infinite families of closed trajectories that
are everywhere dense in some sets, and nonclosed trajectories also turn out to be everywhere dense in
a certain region of the phase space. Here, along with the notion of “everywhere dense in a set,” there
arises the more specific notion of “everywhere dense around itself.” The latter property of trajectories
has the classical name of Poisson stability [4, 9, 17].

Recall that, in the phase space, a trajectory is Poisson stable if at a finite time, it returns to any
sufficiently small neighborhood of any of its points.

Sufficient conditions for the existence of Poisson-stable trajectories are stated in the following the-
orem.

Theorem 3. Let us consider a set of differential equations

ẋ = f(t, x, μ), (5)
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depending on the parameter μ ∈ M ⊆ R
1 in the region D ⊆ R

n+1{x, t}. For certain initial data
(x0, t0) ∈ D, let the projection of the integral trajectory (x∗(t), t) with the given initial data and
parameter μ = μ0 on the space R

n{x} be a nonclosed curve that can be continued to the whole time
axis.

If in any neighborhood Uμ0 of the point μ = μ0 ∈ M there exists a value of μ such that the projection
of the integral trajectory x(t, μ) with arbitrary initial data (x1, t1) ∈ (x∗(t), t) on the space R

n{x} is a
closed curve, then the curve x∗(t), t ∈ R, belonging to the space R

n{x}, is everywhere dense around
itself (is Poisson stable).

Proof. Let us consider an arbitrary point x1 of the projection of a nonclosed integral curve x∗(t) and
the projection of the solution of system (5) with the initial data (x1, t1) ∈ (x∗(t), t) for μ = μ0. Since
this solution can be extended to the whole time axis, we see, according to the theorem on continuous
dependence of solutions on right-hand sides and the parameter, that, for any ε > 0, there exists a
value of μ1 sufficiently close to the value of μ0, and a positive number T1 such that for t1 ≤ t ≤ T1,∣∣x∗(t)− x0(t)

∣∣ < ε.

Here x∗(t) is the solution of system (5) for μ = μ0 with the initial data (x1, t1), and x0(t) is the
solution of system (5) for μ = μ1 with the same initial data. Thus, for any ε > 0, in the ε-neighborhood
Uμ0 of the point x1 ∈ R

n{x}, there exists a solution of system (5) for μ = μ1 and for a certain T1 > 0.
This implies the density of the trajectory x∗(t), belonging to the space R

n{x}, around itself. Given
this, the space R

n{x} is the projection of the space R
n+1{t, x}, which implies Theorem 3.

Remark 4. Closed curves in the space R
n{x} should be understood as projections of periodic solu-

tions of system (5) as integral curves from the space R
n+1{x, t} on the space R

n{x} [25–28].

Remark 5. If one considers the closure Z1 of a Poisson-stable trajectory x∗(t) as a set in the space
R
n{x}, then, in the set Z1, the family of closed trajectories is everywhere dense. In turn, if one

considers the closure Z2 of the family of closed trajectories as a set in the space R
n{x}, then, in the

set Z2, the Poisson-stable trajectory x∗(t) is also everywhere dense [21–24].

Corollary 1. The sets Z1 and Z2 coincide. Both the direct and inverse inclusions follow from the
density of the family of closed curves and their Poisson stability.

3. Spatial Poincaré Topographical Systems (PTS) and Comparison Systems

3.1. Topographical systems in the spatial case. The spatial PTS can be defined analogously
to the PTS on the plane. In this case, (nondegenerate) level hypersurfaces of codimension 1 in the
space R

n compose a topographical system of hypersurfaces embedded in each other and having the
vertex at a singular point [7].

Theorem 4. In a simply connected domain D of the space R
n containing a unique equilibrium point

x0 of a sufficiently smooth vector field v1, let there exist a hypersurface Γ � x0, prolonged up to the
boundary ∂D and intersecting it along a surface g (the surface g can be infinitely distant), such that
there exists a PTS centered at x0, defined by a smooth function v, prolonged along Γ to g, filling a
domain K ⊆ D and having the property

(v1, v2)|Rn > 0

(v2 = gradV ) almost everywhere in K, except probably for some hypersurfaces that do not contain x0
inside themselves. (Here v = const is the family of hypersurfaces of the PTS.)

Then the whole domain D does not contain closed curves consisting of trajectories of the field v1
and intersecting the hypersurface Γ.

Proof. We proceed by contradiction. Let there exist such a curve g0 that {N1, N2} = Γ ∩ g0 �= ∅,
and let the point N1 be a nonsingular initial condition for the motion along the curve g0. A closed
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hypersurface Γ̄ from PTS passes through the point N1, and, moreover Γ̄ ⊂ K. If the hypersurface Γ
bounds a domain S̄, then there exists ε > 0 (which we diminish, if necessary) such that:

(1) Nε ∈ Γ̄ε ∩ Γ, where Γ̄ε is a hypersurface of the PTS;
(2) the distance between the points Nε and N1 is equal to ε;
(3) Γ̄ε bounds a domain S̄ε ⊃ S̄.

The chosen value of ε is such that, after a finite time, moving along the trajectory g0 with the
initial condition N1, the point leaves the domain S̄ε. Since S̄ε ⊂ K and the inequality of the theorem
holds almost everywhere in K probably except for some hypersurfaces that do not contain x0 inside
themselves, the point with the initial condition N1 never returns to the domain S̄ε ⊂ K ⊂ D. Since
S̄ ⊂ S̄ε, we arrive at a contradiction with the closedness of the curve g0.

Recall that, in a number of cases, spatial PTS successfully help us to solve the problem of distin-
guishing the center and focus. In the latter case, it is not necessary to have a PTS centered at a given
singular point. The comparison system can have either an attracting or repelling singular point [2, 3,
12–16].

Let, in the domain D containing a unique singular point of system (A), which is given on the plane,
one pose the problem of distinguishing the center and focus. In the same domain, let system (B) have
the same unique singular point x0.

In the spatial case, the characteristic function is constructed as follows. Let v1, v2 be two smooth
vector fields in the space R

n. According to the field v1 we (non-uniquely) construct a normal smooth
vector field n. In each concrete case, the field n is constructed from the reasons that allows us to obtain
a sign-definite characteristic function in what follows. The latter is defined as the inner product

χ = (n, v2).

Example 1. Let us consider the following system:

α′ = −Ω+ b sinα, b > 0, (6)

Ω′ = sinα cosα, (7)

x′ = sin(α+ ϕ), (8)

y′ = cos(α+ ϕ), (9)

ϕ′ = Ω, (10)

which arises in planar dynamics of a rigid body interacting with the medium [5, 6, 8, 11, 18–20].
System (6)–(10) satisfies all conditions of Theorem 3. Then the projection of the phase orbits on the
plane R

2{x, y} almost always fills around tightly the ring areas (Figs. 4 and 5).

3.2. Even-dimensional case. In the even-dimensional case, the characteristic function has the
most natural form.

Example 2. Let us consider a system of weakly coupled pendulums, i.e., the conservative system
with small (nonconservative) additions defined by a field

{X1, X
1, . . . , Xn, X

n}
in coordinates

x = {x1, x1, . . . , xn, xn}
of the following form:

Xi = −xi + εFi(x), Xi = Gi(x) + εF i(x), dG(0) ≥ 0.

Then it is natural to choose the characteristic function of the form

χ =
n∑

i=1

(XiY
i −XiYi),
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Fig. 4. Almost everywhere dense trajectory for “small” times.

Fig. 5. Almost everywhere dense trajectory for “larger” times.

where the vector field Y of the comparison system has the form

Y = {Y1, Y 1, . . . , Yn, Y
n},

where Yi = −xi, Y i = Gi(x).

Also, in the spatial case, corresponding assertions similar to two-dimensional PTS’ and comparison
systems can be presented.
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