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HYDRODYNAMICAL AND COMPUTATIONAL ASPECTS
AND STABILITY PROBLEMS FOR VISCOPLASTIC FLOWS

D. V. Georgievskii UDC 517.958

Abstract. This survey is devoted to some typical problems modeling technological processes of treat-
ment of materials, rolling of a rigid body on a lubricated surface, the behavior of layers of the Earth’s
crust for continuous loading, and dynamical interaction of elements of viscoplastic constructions.
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The theory of viscoplastic flows that generalizes, on the one hand, the Saint-Venant theory of ideal
plasticity, and, on the other hand, the Navier–Stokes theory of flow of a Newtonian viscous fluid, was
chronologically the first direction in the scientific research of A. A. Il’yushin. Being a 25-year-old
young scientist, he gave a successful report at the All-Union Conference on plastic deformations that
was organized by the Department of Technical Sciences of the Academy of Sciences of the USSR, in
which the differential equations of the motion of plastic media were obtained, new properties of sliding
lines were proved, and exact solutions of some practic problems were presented. Later on, based on
this report, the paper On the problem on viscoplastic flows of materials (see [155]) was written, and
it attracted the attention of G. Genka.

The world interest in this subject, in particular, the works [63, 64] of B. Finzi reported at the Italian
National Academy in 1936, encouraged Il’yushin to develop the theory of viscoplastic flows and to
solve concrete problems of this theory. He defended his Ph.D. thesis at the Moscow State University in
1937 and his doctoral dissertation on this theme in 1938. In 1940, based on his doctoral dissertation,
Il’yushin published his famous work Deformation of Viscoplastic Solids [149].

In [149], thermodynamical methods were added to the mechanical equations of plasticity theory
for the first time, statements of problems were given, new methods for solving stability problems
with respect to wide classes of perturbations were presented, the variational minimum principle was
formulated, and the equivalence of differential and variational formulations of problems was proved.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 78, Partial Differential Equations and Optimal Control, 2012.
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Experiments based on hydraulic and dynamic-test methods on the pneumatic copr for finding effective
material constants of viscoplastic materials were described.

The work [149] of A. A. Il’yushin on the theory of viscoplastic deformations initiated a new branch
in plasticity theory. In many respects, it is a theoretical premise for the formulation of the theory of
small elastoplastic deformations (see [151–153]). In many subsequent works, the viscoplastic Bingham
model, which took its name after the publication of the monography [24] of E. Bingham, is now called
the Bingham–Il’yushin model.

Introduction

The general formulation of the defining relations of a viscoplastic medium for one-dimensional
processes is connected with the names of outstanding scientists of the 19th and 20th Centuries,
A. J. C. Saint-Venant, N. P. Petrov, F. N. Shvedov, E. K. Bingham, M. Reiner, R. Rivlin, etc.

A. A. Il’yushin (see [149]) gave a strict definition of a viscoplastic solid: this is “a uniform continuous
solid, for which the following two hypotheses hold:

I. The directions of maximal tangential velocities of sliding coincide with the directions of maximal
tangential stresses at each point of the solid.

II. The maximal tangential stress for the solid flow is always greater than some constant and is a
linear function of the maximum velocity of sliding.”

Exact analytic solutions of problems on viscoplastic flows were obtained, in general, for the cases
of pure shift and pure extension-compression, where the modulus of the intensity of deformation
velocities is equal to one of the components (or the linear combination of the components) of the
tensor of deformation velocities. The characteristics of all similar stationary solutions are well known
(for example, see the survey [310] on the rheology history and the state problem to the 1950s and also
the papers and monographs [8, 14, 25, 45, 54, 75, 119, 148, 175, 221, 237, 252] devoted to various
aspects of viscoplastic flow theory). Similarly to the work [310] of M. P. Volarovich, many Russian
papers of the 1940–60s related to the mathematical modeling of viscoplastic flows were published in
the “Colloid Journal.” Speaking of contemporary international journals, we need to note “Journal of
Non-Newtonian Fluid Mechanics,” which pays great attention to different directions of the discussed
themes and, in particular, periodically publishes Special Issues.

Problems that model flows more complex than one-dimensional, even stationary, where, in contrast
to the linear viscous case, there is no self-similarity, admit analytic-numerical solutions. By virtue of
the physical nonlinearity of the model, every new investigation in this domain is of special interest.

This survey is based on the works [92, 94, 100] of the author with the references of the last decade.
It is devoted to some typical problems modeling technological processes of treatment of materials,
rolling of a rigid body on a lubricated surface, the behavior of layers of the Earth’s crust for continuous
loading, and dynamical interaction of elements of viscoplastic constructions. Special attention is paid
to the hydrodynamical stability of flows and motion of rigid domains (stopping zones, flow kernels),
whose existence distinguishes the model of a rigid-plastic solid from other models of media mechanics.

First, we list a number of works from the latter two decades [13, 23, 27, 74, 187, 188, 268, 276,
278, 283], in which various mathematical aspects of the existence and uniqueness of solutions to
boundary-value problems of viscoplastic flows and new variotional estimates are considered.

In [202], the global-in-time existence theorem in totally for the first initial-boundary-value problem
corresponding to flows in a bounded domain in the class of weak generalized solutions is proved. For
generality, an anisotropic relation between stresses and deformation velocities is assumed.

1. Viscoplastic Flows in Planar and Conic Diffusers and Confusers

It is well known that the search for stationary solutions of viscoplastic flow problems under the
action of pressure at infinity in a planar diffuser or confuser of the form v(r, θ) = V (θ)/r, similarly for
viscous fluids, and in a conic diffuser or confuser of the form v(r, θ) = V (θ)/r2, leads to contradictions.
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First, these difficulties were demonstrated in [299, 301]. Earlier (see [192, 311]) the kinematic research
of flow processes in a cone using the method of X-rays was carried out, the experimental distribution of
velocities in a conic nozzle with angles 10◦– 25◦ was found, and the formula for the dependence of the
expenditure on the pressure is established. It was noted that the shift probably occurs at the lateral
surface of a cylinder with diameter equal to the diameter of the outlet (consequently, this cylinder is
a rigid kernel). An analytic search of solutions in this form again did not lead to a result. This means
that streamlines are not straight lines and the family of streamlines has a complicated behavior on
the plane or inside the cone.

In [170], in the case of planar confuser, the stream function ψ(r, θ) was found in the form

ψ = −
∞∑

i=1

ωi(θ)r
1−i. (1)

The test function ω1(θ) in (1) defines the value of expenditure; ω2(θ) and ω3(θ) do not affect the
expenditure but only correct the form of the profile. It is proved that in this case, there is no flow
kernel. A similar approach to the viscoplastic flow problem between two coaxial cones was used
in [288]. The small effect of correcting functions ω2 and ω3 is verified experimentally by the example
of moving peat in a conic nozzle with angles 5◦–10◦. Leaden frames were put in the peating mass
and, by using an X-ray installation, their state was photographed in the process of motion. The
photographs showed that the streamlines are very similar to lines drawn from the vertex of the cone.
The experimental curve shows that wall-adjacent sliding occurs in the motion of a viscoplastic mass.

Slow viscoplastic flows in conic and planar confusers with small angle is studied in [128]. The
solution for the Poiseuille flow in a cylinder pipe or in a plane layer was taken as a basic solution.
Further, assume that the flow occurs not in a cylinder but in a cone with small aperture β. The
following formula for the expenditure Q in the first approximation with respect to β was obtained:

Q =
9π tan2 β

32μτs

(
p1 − p2 − 2τs

tanβ
ln
r2
r1

)2 r31r
3
2(

r
3/2
2 − r

3/2
1

)2 , (2)

where μ and τs are the dynamical viscosity and the yield stress for shear of material, p1 and p2 are
the pressures in the input and output sections, and r1 and r2 are the radii of these sections. For a
planar diffuser, a formula similar to (2) has the form

Q =
tan2 β

μτs

(
p1 − p2 − τs

tanβ
ln
a2
a1

)2 a21a
2
2

(a2 − a1)
2 , (3)

where 2a1 and 2a2 are the distances between walls of the diffuser in the input and output sections.
This method in the case of a Herschel–Bulkley material was also applied in [177].

The motion of a viscoplastic medium in a planar parabolic confuser was studied in [191] by using
the variotional method. The minimum of the energy functional is realized on the real field of velocities.
Complex viscoplastic flows inside a wedge were studied in [42] and inside a dihedral angle and coaxial
cones in [43, 44]. High-speed viscoplastic flows in conic confusers when the dimensionless yield stress
is much less than the dimensionless viscosity were considered in [35].

In [313], the problem on slow steady-state flow of a viscoplastic medium in a convergent conic
channel with reference to extrusion and casting processes under pressure was solved. Parameters of
the deformation process found are similar to the corresponding parameters of a Newtonian flow in a
cone under the action of pressure at infinity.

In a series of publications of the last decade [2–4, 173, 174], the problem on the motion of a
material whose plastic properties are weakly expressed, i.e., similar to a Newtonian fluid, is inves-
tigated numerical and analytically for a planar confuser with rectilinear walls. The solution of the
initial-boundary-value problem for such a medium is reduced to the solution of the corresponding
viscous problem and the linearized (with respect to the dimensionless yield stress) problem of the
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first approximation. The equations of the asymptotic boundaries of the rigid zones that arise under
a perturbation of the yield stress are written. The solution of this problem allows one to study the
stability of the main process (initial viscous flow) with respect to the perturbation of the material
functions (emergence of the yield stress). The paper [73] is also devoted to the variation of the yield
stress in a one-dimension flow of two Bingham fluids in a pipe.

The numerical simulation of inertialess viscoplastic flows through channels consisting of sudden
expansions or constrictions was carried out in [206] using the method of finite volumes. The model
of a generalized Newtonian fluid with the viscosity function proposed by the authors was used. The
experimental test of the results was realized for an aqueous solution of carbomer.

2. Rolling of a Cylinder Covered by Viscoplastic Lubricant

The equations of motion for the rolling of a cylinder along a surface covered by plastic lubricant
were first integrated in [181]; the case of viscoplastic lubricant was considered in [180]. Expressions
for the pressure distribution in the layer of lubricant, the load-lift capacity of the interlayer, and the
power required for overcoming the rolling friction force were obtained. Note that in the case of an
exponential dependence of the critical shear stress and viscosity on the pressure, there exists a critical
minimum thickness of the layer of lubricant.

The results of experiments are given in [307] in the form of the dependence of the resistance coef-
ficient λ on the generalized Reynolds number Re constructed from the effective viscosity of the layer
of lubricant: λ ≈ 64/Re in the range 2 · 10−4 < Re < 6.

In [243], experiments for determining the dependence of the friction moment on load, the angular
speed of the shaft in the roller bearing, size of the bearing, and rheological properties of viscoplastic
lubricant are presented.

The rheodynamical theory of viscoplastic lubricants is developed in [300]. Flow in planar bearing is
considered in the domain between an infinite plane moving with a constant speed along a fixed oblique
plane. This domain is divided into three zones with different boundary conditions and velocity and
pressure distributions. The existence of rigid zones near the surfaces of both planes in the case where
k ≈ h1/h2 ≥ 2, h1 is the width of the input and h2 is the width of the output is proved. The width h
of the layer moving with a constant velocity is

h =
k − 2

k + 1
h2. (4)

Stability conditions of rigid zones are found. Viscoplastic lubricants are preferred to viscous lubricants.
For viscous lubricants, break of the oil film occurs; this leads to leakage of oil from the gap. In a
viscoplastic medium, as follows from (4), this does not occur for k �= 2 because of the more uniform
distribution of pressure on the plane of the bearing shell. In addition, the existence of continuous
rigid stops provides fullness of flow, where the input stop protects against hitting by air in the layer
of lubricant. Also, in [179], attention is paid to singularities of the behavior of viscous lubricants in
the friction zone in comparison with Newtonian media.

A planar flow of viscoplastic lubricant in a small gap between a wire and the interior surface of a
nozzle during drawing is considered in [178]. Five qualitatively different schemes of flows depending
on the drawing speed, expenditure, and rheology of lubricant are presented.

An experimental study of deformation of viscoplastic lubricants under complex shifts in wide ranges
of temperatures is presented in [306]. Methods and results of laboratory tests of viscoplastic oils and
lubricants under friction and their choice for the reduction of friction and wear of triboconjugations
are presented in the handbook [204]. Modern experiments related to very slow flows of viscoplastic
media around a circular cylinder are compiled in the recent work [294].

Based on the finite-element method, a numerical simulation of flows of a bilinear non-Newtonian
fluid with piecewise linear viscosity in the lubricated layer of a support bearing is performed in [320]. As
a critical case, the Bingham limit is discussed. Results of computional and experimental investigation
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of nonlinear viscoplastic lubricants in hydrostatic support bearings are presented in [321]. For reducing
losses due to injection of lubricant, one needs to increase the effective viscosity and the critical shear
stress.

3. Motion of Viscoplastic Films over Rotating Disk

Problems on the motion of a viscoplastic layer over a rotating disk are closely related to problems
on the deformation of lubricant layers. In [127], a distribution vr(r, z) for such a motion is found,
and a first-order partial differential equation for the thickness of the layer h(r) is obtained. A similar
problem on the equilibrium and flow of a viscoplastic material over a rotating cone is considered
in [129]: in this paper, the maximal thickness of a lubricant layer that can remain at rest on the cone
surface is found.

The papers [160, 203] are devoted to the analytic calculation of the thickness of a film made from
a viscoplastic material over a rotating disk. In [60], approximate analytic solutions for two types of
such flows are given. In the case where the viscosity and the yield stress are independent of radius, the
thickness of the film decreases with distance from the center. For media with changing parameters,
the situation can be different.

In [33], a problem on the covering of a the rotating disk by a thin viscoplastic film is considered.
As a defining relation, the model with a piecewise-linear viscosity is used, where the limit case is a
viscoplastic model. By using finite-difference modeling, it was proved that the whole domain consists
of three zones: the rigid zone near the rotation axis, the domain of shear flow adjoining the disk, and
the rigid zone near the free surface.

If there is a hole at the center of the rotating disk, then the axisymmetric field corresponding to
the sink at the origin is added to the kinematic field of the axisymmetric rotation. For this flow,
distributions of the tangential velocity and its circulation are obtained in [132].

The numerical and analytical solution of a viscoplastic analog of the von Karman problem is of
theoretical interest. The search for a solution in the same form, as was made in the case of a linear
viscous fluid, does not lead to a result because of the absense of self-similarity. Here, the following
three questions are of the most interest: What is the distribution of rigid zones for stationary motions?
With what velocity does the rotation disk “suck” the medium from infinity (z → ∞) and is this effect
observed, in general, in this problem? Does the passage to the limit exist in the solution of the
viscoplastic von Karman problem to the solution of the corresponding viscous problem as the yield
stress tends to zero.

A viscoplastic analog of the von Karman flow was studied in [109]. The dimensionless yield stress
is taken as a small asymptotic parameter with respect to which the decomposition of the solution
is carried out. The classical solution of the von Karman problem serves as the zero or support
approximation. Finding the asymptotic boundaries of rigid zones that arise under perturbations of
a viscous model by the yield stress is of special interest. Expressions for the analytical definition of
typical points of these boundaries are given.

4. Non-One-Dimensional, Complex, and Unsteady Shear of Viscoplastic Medium

Mass transfer problems modeling flows of viscoplastic media in pipes with various cross-section
and in open channels are very popular and attract the attention of scientists since they describe the
motion of oil and oil products and their pumping through pipes at great distances under the action of
the pressure difference, for example, purely shear Couette and Poiseuille flows and their combinations
(see [138]) and Couette–Taylor flows between two coaxial cylinders. With the development of numerical
methods (see the review in [309]), it is possible to simulate non-one-dimensional (in coordinates),
complex, and unsteady shear, i.e., acceleration and damping stages of flows up to its termination.

Speaking of the first studies in this direction, in which analytical results were obtained, we note
the papers [246, 247] devoted to the problem on viscoplastic flow in the gap between two circular
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coaxial pipes under the action of a moment applied to the internal cylinder and the pressure gradient
along the axial direction. General conditions of the existence of a flow are presented. The solution is
valid when the yield stress at the cylinder walls due to the translational motion greatly exceeds the
yield stress arising owing to the rotation of cylinders. This is a particular case of a flow of a drilling
solution in the circular channel of drive pipes under which the velocity gradient at a pipe wall due
to the translational motion greatly exceeds the velocity gradient arising as a result of rotation of an
internal bar.

The experimental study of the flow of grease in a double-rotation viscosimeter with coaxial cylinders,
which allows one to study the mutual effect of axial and circular flows with account of end effects, is
given in [307]. It is proved that the axial flow increases the resistance to deformation under a circular
flow. However, the superposition of the two pure shears is possible only in the first approximation.

Combinations of viscoplastic Couette and Poiseuille flows in a plane gap is studied in [228]. For
visualization, the character of the flow is put in dependence on two dimensionless variables defining the
coordinates of a point on the plane. Three domains corresponding to the presence, partial presence,
and absence of the flow are found. A similar approach is also realized for combinations of the Couette–
Taylor and Poiseuille flows between two coaxial cylinders. On the representation plane, there exist
five domains with different characters of deformation.

Viscoplastic flows between two infinite plates under the action of a tangent force and a pressure
gradient directed under an arbitrary angle to this force is considered in [29]. Such a model is used for
flow analysis in extruder channels.

In [200], fluid rheology is described by a model formed by consequent combination of viscoplastic
and arbitrary viscoelastic models. A cylindrical pipe of given radius and length rotates with a constant
angular velocity and uniformly moves along the axis inside a stationary coaxial cylindrical pipe filled
with a viscoelastic-plastic incompressible fluid. Steady flows for the complex shear is studied in details
and the boundaries of the viscoelastic kernel are found. The change from a rigid kernel to a deformable
material is also realized in [76].

Spiral flows of viscoplastic media with the rotation of the internal cylinder and axial pressure
difference is numerically studied in [26]. An analytical solution for a plane-gap approximation is
obtained. If the pressure difference is smaller than the critical pressure, then there exists a stationary
rigid domain. The angular velocity of the external pipe for which this domain disappears, is found.

Solutions of many problems on complex and unsteady shear of viscoplastic materials concerned
with pumping out of oil and motion of oil products in oil wells are presented in the monograph [237].
The nonstationarity stipulates the change of the boundary of a rigid zone (usually a cylindrical kernel
in the center of the pipe) for acceleration or deceleration. Many considered problems can be reduced
to a nonlinear problem of the Stefan type in a domain with an unknown boundary. A series of exact
problems on unsteady flows between two plates and in pipes of circular cross-section is obtained in [255,
260].

In the thin-layer approximation, the general problem of flows of viscoplastic media when particles
of boundary surfases are displaced under a given law is considered in [112–114, 253]. A problem on
the deformation law of a material in a narrow channel under a given pressure distribution on the
boundaries of this channel is also stated. The obtained expressions for the flow rate and the pressure
allow one to formulate problems of flow control in a thin layer and to optimize these processes.

The qualitative analysis of different shear flows in porous media is performed in the monograph [120].
For a flow of the Bingham–Il’yushin medium between two parallel porous plates, one of which moves
parallel to the other with a constant speed, an exact analytical solution that takes into account the
transverse motion owing to the porosity is found in [297].

In [10], a theoretical investigation of a thrust axial flow of a viscoplastic fluid in a gap formed by
two axial cylinders and filled by a hydrolubricant is fulfilled. For different regimes, flow velocities,
expenditures, and yield stresses of the transported and lubricating fluids are calculated. The compre-
hensive experimental study of viscoplastic fluids in gaps (approximately 120 experiments for solutions
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of xanthan and carbomer) is performed in [143]. It is proved that axisymmetrical flows can be steady
and can remain in such form for wide range of diameters.

The surveys [14, 15] are devoted to viscoplastic flows along inclined planes and along inclined
surfaces. The main attention is paid to leakage with constant flow rate from small holes and the
rolling down of fixed volumes of material. The problem on the influence of ultrasonic oscillations and
sliding on inclined walls for planar flows of viscoplastic media along it is investigated in [261].

Justification for the lower estimate of the width of the rigid zone in the problem of one-dimensional
barotropic flow of a compressible viscoplastic fluid in the case where it leaves an equilibrium state
due to the spatially homogeneous mass force increasing in time is given by Basov in [16]. Generalized
solutions of equations describing compressible flows are also obtained in [18, 37] and for the steady
case in [38].

5. Computational Viscoplasticity

Computational viscoplasticity was extensively developed in the last decades. It is a part of com-
putational hydrodynamics, which was formed, in general, on the base of problems modeling unsteady
shears in pipes (channels) of arbitrary constant cross-section. We mention two different approaches to
the solution of such problems. The first of them is based on using variotional inequalities, introduction
of auxiliary variables, and a modification of the Uzawa method for finding solutions of the discretized
problem. This approach is somewhat problematic from the point of view of the application of standard
effective iterative methods such as the Newton or Picard methods, but it allows one to describe the
behavior of the viscoplastic medium itself (in presence of stopping zones and flow kernels), not any of
its approximations.

The second approach, which can be called practical or “engineering,” is based on the regularization
of defining relations of the material. The possibility of applying of various methods of discretization and
computational linear algebra, in particular, stronger than the Uzawa method, and also the convenience
of integration in already existing hydrodynamic packets have made this approach very popular.

Algorithms based on the Uzawa method , which is presented in the monograph [11] (see, e.g., [46,
54, 57, 111]) are based on the separation of the desired hydrodynamic variables (the pressure and the
components of the velocity vector) and finding their values by iteration.

A numerical simulation of the termination of a viscoplastic Couette flow based on the finite element
method is performed in [325]. An estimate of the influence of rheological properties and models of
pseudoplastic fluids on the finite times of termination is presented. Estimates of errors arising in the
use of finite Pk-elements in adaptive methods are given in [269–271]. The finite-element Galerkin
method, the mortar finite-element method, the operator-splitting method, and the method of straight
lines for the computation of viscoplastic flows are developed in [49, 53, 139, 147, 295]. We also note an
effective method for numerical estimation of the main integral parameters of flows of Bingham media
proposed in [317].

In combination with the method of finite volumes, Uzawa developed algorithms in [304, 305, 312]
where transitional nonisothermal viscoplastic flows in pipes modeling the pumping of untreated oil
where oil is cooled downstream owing to special external temperature conditions is numerically studied.

The papers [227, 241] are devoted to the method of finite differences, which is less popular within
the framework of the first approach. As a test, velocity current lines are constructed in the problem
of flow in a cavity, which was also studied in [5, 216].

Based on two variational statements proved by Mosolov and Myasnikov (see [221]), a procedure of
finding the minimal pressure difference on a unit of the pipe length required for starting the motion
of viscoplastic media in pipes with a symmetric section in the form of a circle, a ring, an ellipse,
a restangle, a triangle, or an L-shaped figure is given in [145]. Features of initial regimes and the
acceleration of a Bingham–Il’yushin medium from the resting state up to a steady-state regime are
noted and commented in [50, 51]. The acceleration stage of a flow, including the result of the action
of a quick longitudinal push, is also studied in details in [28].
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In [240], an original method of versions, in which the difference scheme is constructed for a network
with unknown variable steps, is proposed. The problem is solved consecutively in accordance with
passing from one time layer to another. On every time layer, the difference scheme is used for defining
step sizes and nodal values of the desired function, for example, tangential stress in a viscoplastic
band. In addition, information on already obtained nodal values of the function and network steps
on the previous time layers is used. Special attension is paid to the formation of rigid zones; it is
shown that the formation of one, two, three, and, possibly, a larger number of them is possible. Test
experiments of the method of versions in the problem of flow between two fixed plates and the problem
of longitudinal flow in a cylindrical pipe are described in [238].

A new version of the Boltzmann lattice method is presented in [303]. In contrast to the traditional
Boltzmann method, the summand known as the “collision term” is chosen such that the tensors of
stress and deformation velocities satisfy defining relations after collision. The problem on flow through
a periodic network of cylinders is solved.

Now we pass to computational regularization methods (see the survey [277]), i.e., to the second of
the approaches mentioned above. By using these methods, the vertical segment of the rheological curve
is changed by an oblique segment with a greater gradient. Therefore, instead of a rigid-viscoplastic
body, a non-Newtonian viscous fluid with large dynamical viscosity μ∗ is studied for small deformation
velocities. This change seems inadequate at first sight, but it allows one to seek a solution in the whole
domain occupied by the medium and is suitable for estimating the dependence between the pressure
difference and the expenditure. In the papers [18, 279] devoted to the study of the Bingham–Il’yushin
body as the limit of the model of a non-Newtonian fluid, this assertion is confirmed.

In [72], general problems on the convergence of regularized solutions as μ∗ → ∞ are studied in the
mathematical and physical senses. Examples showing the order of errors are presented. It is shown
that there exist flows (for example, flows in lubricant layers) for which regularization methods yield
large errors. The influence of regularization on problems of hydrodynamic stability is also considered,
and it is noted that for a wide class of problems, stability characteristics are defined incorrectly.

The paper [222] is devoted to a comparison of results obtained by the regularization method and
the Lagrange method of increments. In this paper, the flow of compound viscoplastic fluids through
nozzles is numerically simulated. It is shown that there exists a class of problems for which the
Lagrange method of increments (see the monograph [68]) is more suitable. For example, such a
problem is a problem on critical pressure differences, for which the flow is terminated. The problem
of multilayer flow in a nozzle with opposite flow is solved in the “lubricant approximation.”

Steady-state flows in pipes with circular and square sections was studied in [146] using the Lagrange
method. For Bingham–Il’yushin bodies and Casson and Herschel–Bulkley fluids, the velocities of rigid
zones, velocity profiles, localizations of interface between flow zones, termination criteria, and friction
coefficients were compared. Auxiliary realizable variational inequalities are also derived.

The problem on termination of one-dimensional Couette and Poiseuille flows is solved by the finite-
element method in [39, 40] using the regularizing Papanastasiou defining relation, and the problem
on flows of the source type is investigated in [215]. It was shown that the full termination time is less
than the theoretical upper limit and is finite only when the yield stress is positive. It is an interesting
that the inroduction of regularization did not prevent the authors from modelling the finite time of
flow termination.

A similar problem of deceleration of viscoplastic media in channels of circular and noncircular
sections was solved in [223–225] using the Uzawa algorithm. Features of the location of stagnation
zones that are typical for unsteady motion are found. It is shown that stagnation zones appearing
before termination include the whole boundary contour in circles, rings, and squares. For other forms
of sections, they go out of critical curves corresponding to the stationary case. An axisymmetric
analog, precisely, the deceleration of a flow between two coaxial cylinders upon stopping one of them,
is studied in [162] sufticiently completely and thoroughly.
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Unknown variables in the difference scheme used in [226] for the study of unsteady flows in pipes
with constant cross-sections are the velocity vector, the deformation velocity tensor, and the stress
tensor.

The papers [21, 125, 245, 296, 325] are devoted to Papanastasiou, Cay, and Turcotte models and
their combinations, generalizations, optimal choice, and numerical methods.

An optimization of the three-parametric iterative method of calculation of viscoplastic flows and
flows of generalized Newtonian fluids is realized in [211–213]. The main difficulty for practical real-
ization of this method generalizing the well-known Arrow–Hurwicz algorithm consist of the search for
the optimal iterative parameters.

6. Vortex Diffusion in Viscoplastic Media. Self-Similar Solutions. Stefan Problem

The equations of motion of viscoplastic and thermoviscoplastic media with arbitrary scalar relations
were first analyzed from the standpoint of their group properties [193, 194] (see also [9]). A complete
set of invariant first-rank solutions is obtained. In [194], solutions of some problems on flows and
heat transfer in bounded domains, on a half-plane, and in an infinite media for cylinder motion are
constructed. A self-similar problem on the rotation of a thin rod with permanent heat sink in a heat-
conducting viscoplastic medium is solved exactly. The problem of longitudinal-transversal motion of a
medium with power dependence of stress intensities and deformation velocities is considered in [193].
A detailed analysis of invariant properties of thermoviscous plasticity equations with different scalar
defining relations is given in [195].

Self-similar solutions depending on variables of the type x/
√
t or r/

√
t are classical fundamental

solutions of one-dimensional linear and nonlinear parabolic equations. They describe various physical
phenomena with boundary discontinuities at an initial time. Exact and approximate solutions of
such problems in the case of one-dimensional unsteady viscoplastic flows modeling mass transfer of a
medium through planar or axisymmetric channels is described in detail in [144, 237, 255, 260].

In [97], Georgievskii considered the problem of diffusion of the tangent stress gap on the boundary of
a half-plane, which is a particular case of the general problem on the diffusion of a vortex layer. Classes
of media and types of boundary conditions under which self-similar solutions exist are discussed. For a
viscoplastic medium in a half-plane, the problem is reduced to a problem in a layer with time-variable
thickness, whose solution does not have the analyticity property. Asymptotics of this problem are
obtained for large time. An algorithm for finding the zone thickness of the viscoplastic flow inaccessible
for measurement is suggested in the case where both tangent stress and horizontal velocity can be
simultaneously measured at the accessible boundary.

The survey [100] is devoted to parabolic problems modeling physical phenomena in continuous
solids that have gaps on the boundaries at an initial time moment. The concept of generalized vortex
diffusion, which is characterized by sufficiently general kinematics of the process, physical nonlinearity
of the medium, and the type of boundary condition of gap points, is introduced for one-dimensional
processes. Cases in which self-similarity occurs are classified. A detailed analysis is carried out for a
non-Newtonian power fluid, a medium whose properties are close to that of a rigid ideal-plastic body,
and also for a viscoplastic Bingham–Il’yushin body. For the latter, a survey of numerical-analytical
methods for the emerging Stefan problem is given.

As is well known, the words “Stefan problem” in mathematical physics and mechanics of continuous
media mean different initial-boundary-value problems of parabolic type in which the interface between
domains with different physico-mechanical and chemical properties (phase boundary) is unknown, and
to define it, one needs to impose additional conditions. A sufficiently complete classification of such
conditions including their physical sense can be found in [273]. In this connection, we mention the
works [183, 184] of Kruzhkov.

In recent years, the interest of researchers has traditionally focused on the well-posedness and math-
ematical aspects of statements of Stefan problems such as the existence and uniqueness of solutions,
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their stability in time, and the monotonic dependence on parameters. Thus, in [167], the notion of a
viscosity solution of the one-phase Stefan problem is introduced, and the existence, uniqueness, and
uniform convergence of solutions for porous media to solutions of the Hele-Shaw problem are proved.
The existence and uniqueness theorems for global classical solutions for some classes of initial and
boundary conditions that provide the monotonicity of the free boundary are proved in [163]. This
result is valid for two one-phase problems, when the considered function (for uniformity, we will call
it the temperature below) coincides identically with the temperature of the phase transition in one of
the phases. In [290], the monotonic dependence of solution on the thermal transport coefficient H is
shown for a two-phase problem in a semi-infinite material with the fixed-convection condition on the
boundary, and the asymptotics as H → ∞ and t → ∞ are obtained. In [182], the solvability of the
problem for a degenerate parabolic system is proved.

A one-dimensional problem for the periodic fluctuating temperature on the interface of a fluid and
a rigid phase is considered in [56], where the return motion of the solidification front is proved for
large Stefan numbers.

In [231], G. A. Nesenenko constructed asymptotics in the Poincaré sense and considered their
difference from asymptotics in the Erdélyi sense in nonlinear singularly perturbed parabolic problems,
including Stefan problems.

The development of new mathematic methods for the study of Stefan problems is occasioned by
the creation of new theoretical methods in functional analysis, mathematical physics, and continuum
mechanics and the increasing computational power of computers. In some cases (see [122, 142]), for
example, for an inhomogeneous cylinder or melting in a thin plate caused by a cylindrical heat source
moving with a constant speed and intersecting the plate vertically (the quasi-stationary approxima-
tion), one succeeds in the construction of exact solutions.

For solving parabolic boundary-value problems with unknown boundaries, a method based on frac-
tional differential-integral analysis is proposed in [168]. As a result, an integral relation connecting
the temperature on the moving boundary and its speed is obtained.

The numerical method (“the shock-capturing method”) developed in [323] is based on the thermody-
namical approach and uses auxiliary density functions of the internal energy and Kirchhoff functions.
It allous one to solve the Stefan problem without selecting the phase boundary and dividing the whole
domain into two or more subdomains with moving boundaries. Another numerical algorithm for sim-
ulation of the thermal convection of a viscous incompressible fluid with free boundaries is represented
in [41], where the problem of a phase transition fluid–gas in a domain with fixed boundaries is solved
as an example. We also note the numerical method of lines developed in [126]. It allows one to reduce
a multi-dimensional problem to a sequence of one-dimensional problems with free boundaries, which,
in turn, are reduced to a system of ordinary equations by using the Riccati transformation. The
method of front rectification (explicit and implicit schemes with direct differences, splitting scheme,
Vabishchevich–Samarskii scheme) is applied to the solution of a boundary-value problem in a domain
with fixed boundary but with a convective term in the equation.

Evdokimov and Kochubei [133] investigate the case of slow phase transitions. The method of small
parameter is developed and two sequences of elliptic boundary-value problems are obtained. This
approach is a generalization of the Leibenson approximation for the Stefan problem.

As shown in [324], the Green function of the boundary-value problem for a Laplace equation with
a third boundary condition artificially introduced on a part of the boundary enables one to find
numerical solutions of the multi-dimensional Stefan problem for a wide class of boundary conditions.

Modeling of complexities of the physical mechanism on the phase boundary and accounting for such
phenomena as kinetic supercooling (the decrease in the freezing point of a fluid is proportional to the
rate of growth of the phase boundary) and the Gibbs–Thomson effect (the temperature of the phase
transition on a curved surface is changed so that its curvature is decreased) are realized in [58, 59,
186]. It is shown that a system with nonlinear kinetic supercooling on a free boundary is similar to
a diffusion system with reactions at the interface of the substances. Great attention is paid to the

232



similarity to and difference from the linear kinetic condition at the moving boundary. For the power
form of the kinetic condition, time asymptotics are obtained. Similarly to the Boltzmann method
of finding nonlinear diffusion coefficients, an experimental method of finding kinetic supercooling
parameters is presented.

Returning to the problem of vortex diffusion in a viscoplastic media, we note that Okulova [239],
proposed an original method of reducing the classical statement of the problem to a system of two
functional equations, which can be solved numerically. A series of statements that characterize the
behavior of the boundary of a rigid zone is proved.

7. Compression of a Viscoplastic Layer between Rigid Surfaces

The problem on the compression of a viscoplastic layer by rectangular rigid plates under the as-
sumption that the distance between plates is small compared with their sizes is solved in [228]. The
following result is obtained: there always exists a domain of flow near the plates in which viscous
stresses play the dominant role. An almost ideal-plastic flow whose parameters are found as a correc-
tion to the classical Prandtl solution envelops the remaining middle domain. In [80], the compression
of a viscoplastic layer by circular plates with holes in the center is considered. A hypothesis on the
presence of a rigid zone of constant thickness in the middle part of the gap is made.

In [112, 113], a solution of the problem on the compression of a viscoplastic medium between circular
parallel plates during coaxial translational motion is given in the inertialess thin-layer approximation.

The problem of plane-parallel viscoplastic flow for approach or moving apart of rigid plates with a
given speed in the inertialess thin-layer approximation for arbitrary viscosity and yield-stress param-
eters is solved in [172, 254, 256]. Analytical expressions for the velocity and pressure are obtained,
and the boundary of the rigid zone inside the domain is found. For a given law of motion of plates,
the force acting on a plate of a finite size is found, and the condition of inseparable drawing of plates
is obtained. Moreover, in [254], in the case of immovable plates, a new class of exact solutions is con-
structed; it allows one to find (in the series form) the important dependence of the pressure difference
on the expenditure for any Saint-Venant number. In comparison with other dependences (see e.g., (2)
or (3)), this dependence is reciprocal.

The slow compression of a viscoplastic layer (the three-component model) between circular parallel
plates is analyzed using variotional methods in [326]. Upper and lower estimates of solutions are
obtained; it follows from the experiment that lower estimates are close to the exact solution. In [280],
similar problems are considered, for example, the displacement of a non-Newtonian (in paticular,
viscoplastic) medium by two parallel circular disks. Two assumptions are made: the ratio of the
distance between disks to their radius is small; the ratio of the tangent stress on the boundary to the
yield stress is constant. The value of the resulting force acting on the disks is obtained.

Variational methods for the study of viscoplastic flows in the extrusion by two parallel plates are
also used in [272]; it is proved that the velocity field consists of the central domain of the extension
flow, the middle domain between the plates, and the shear domains near the plates.

The compression of a viscoplastic medium between approaching parallel plates is experimentally
investigated in [190]. The type of boundary conditions substantially affects the results of experiments
and calculations: does adhesion or external friction occur, and by which law is this friction governed?
Experiments are carried out on resins, plasticine, and silica dispersions; moreover, from independent
compression experiments, the yield stress was defined as the stress at which slow deformation starts.

A recent asymptotic analysis of deformations of viscoplastic media in the thin-layer approximation
and a number of subtle mathematical results are contained in [32, 166].

Tikhonov, Gulyaev, and Semenyuta [291] considered a model of the discontinuity of a viscoplastic
layer between two surfaces when they move apart one from the other. The discontinuity or the
dispersion of the layer occurs at a certain instant (for a certain value of the deformation velocity,
which was found analytically) instead of the quasi-equilibrium process.
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8. Impact of a Viscoplastic Solid against a Rigid Barrier

The one-dimensional problem on the impact of a viscoplastic rod of finite length against a fixed
rigid barrier was studied for the first time by Ishlinskii and Barenblatt [158]. It is shown that two
zones arise after the impact: in one of them, adjoint to the barrier, a viscoplastic flow arises and the
velocity field satisfies the heat equation with unknown boundary; in the other zone the material is not
deformed. To solve this problem, the approximate von Karman–Pohlhausen method is used. First,
the flow zone increases and then starts to decrease, never attaining the free end of the rod. At some
moment, this domain disappears and the deformation terminates. A scheme of numerical simulation
for this problem was suggested later by Gaipova [77]. The problem was solved with stresses; this
allowed not selecting the interface between the viscoplastic and rigid zones. The transition to the
rigid state for unloading after an impact is taken into account in [185], and the difference in viscous
properties under loading and unloading in [282].

The impact of a rigid solid against a viscoplastic rod is also considered in [289, 292]. The collision
takes place with such velocity that great plastic deformations arise. The stresses are calculated for
the following cases: a constant velocity of impact of semi-infinite and finite rods; the impact of a
rigid solid of finite mass against semi-infinite and finite rods. If the connection of stress intensities and
deformation velocities is arbitrary, then the problem is reduced to the solution of a nonlinear parabolic
equation with moving boundary.

In [159], the real rod of finite length is replaced by some schematic rod whose mass is concentrated
in a finite number of sections. Between masses, the material is inertialess but satisfies the viscoplastic
law. The problem is reduced to the sequential solution of systems of ordinary differential equations
with a varying number of desired functions. Numerical results are similar to analytical conclusions
of [158].

The wave propagation in an infinite cylindrical rod is studied in [19]. Nonlinear defining relations
are linearized by the Taylor expansion of the root of the stress intensity near some value. For such a
medium, it is proved that the rod behaves as an elastic body at high frequencies.

The motion of a circular clamped plate caused by the impact of a concentrated mass at the center
is considered in [164]. The problem of impact compression of a viscoplastic sample with constant
cross-section and mass much smaller than the mass of the impactor was solved in [205].

The work [316] is devoted to the propagation of small perturbations in plastic and viscoplastic
media. The linearization is performed near the state corresponding to the preliminary monoaxial
loading of solid, for which the material comes into the plastic domain. In particular, the propagation
of the axisymmetric longitudinal harmonic wave in a cylindrical rod with stress-free external boundary
is studied.

In [234, 293], the problem on the dynamical deformation of a rigid viscoplastic thread meeting a
rigid matrix under the action of uniformly distributed constant pressure on the thread is considered.
An equation for the free part of the thread and conditions in a neighborhood of the contact point are
obtained.

The theoretical papers [61, 121, 131, 232, 235] are also devoted to different problems on the impact
of a viscoplastic cylindrical rod of finite or semi-infinite length or a viscoplastic thread against a rigid
barrier.

9. Hydrodynamical Stability of Viscoplastic Flows

Boundary-value stability problems even for one-dimensional flows with respect to small or finite
perturbations are non-one-dimensional. As the Squire theorem asserts (see, e.g., [22]), it suffices to
restrict ourselves to two-dimensional perturbations in the shear domain for the analysis of stability
of steady plane-parallel shears of ideal or viscous fluid. The planar picture of small variations allows
one to reduce the problem to one equation for the flow function and, after separation of the time
multiplier, to the spectral Orr–Sommerfeld or Rayleigh problem.
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The situation with non-Newtonian and viscoplastic flows is more difficult since the Squire theorem
or any similar assertion does not hold (see [79]), i.e., it is necessary to study the three-dimensional
picture of perturbations. In [82], the following generalized Squire theorem is proved.

Generalized Squire theorem. In the case of a one-dimensional, steady, viscoplastic shear in the
plane (Ox1x3), among all increasing three-dimensional perturbations satisfying the condition

∂δv2
∂x3

+
∂δv3
∂x2

= 0, (5)

there exists a two-dimensional perturbation in the same plane (Ox1x3) increasing with the same rate
but for a smaller Reynolds number Re and a greater value of the dimensionless yield stress τs.

Condition (5) missing in the case of viscous flows substantially restricts the class of perturbations.
We note that this condition is sufficient.

Georgievskii [104] studied the applicability of the Squire transformation in the case where conditions
distinct from the adhesion conditions are given at the layer boundaries.

Problems of the deformation stability of viscoplastic solids were considered first in the 1940s by
Il’yushin [149] and Ishlinskii [156, 157]. Equations of the plane motion of viscoplastic solids were
obtained by Il’yushin [149] in the form of a system of two nonlinear equations with respect to the
stress function Φ and the flow function Ψ:

L(Φ)L(Ψ) + 4M(Φ)M(Ψ) = 0, (6)
√
L2(Φ) + 4M2(Φ)−

√
L2(Ψ) + 4M2(Ψ) = κ, (7)

L =
∂2

∂x2
− ∂2

∂y2
, M =

∂2

∂x ∂y
.

The parameter κ in (7), which is equal to the ratio of the shear-yield stress to the dynamical
viscosity, being dimensionless, is called the Il’yushin number. System (6), (7) can be reduced to a
single fourth-order equation with respect to each of the functions Φ or Ψ. Moreover, system (6), (7)
is equivalent to the variational minimum principle for the power of internal forces.

In [149], a boundary-value problem on the stability of viscoplastic flows with respect to small per-
turbations (the Poincaré method) is also given. The linearization of equations of motion is performed
near the main state; moreover, this state is considered well known from some geometric and physical
arguments. Perturbations are imposed both on equations of the solid boundary and on the known
kinematic and dynamical fields inside the flow domain. External data, i.e., surface loads and boundary
velocities, are not varied. Hence the system of equations obtained after substitution of fundamental
solutions of the linearized equations of motion in the boundary conditions restricted to nonperturbed
surfaces, is homogeneous. We present the system of two linearized equations with respect to the
perturbations δΦ and δΨ near the main state marked by the subscript 0:

L(Φ0)L(δΨ) + L(Ψ0)L(δΦ) + 4M(Φ0)M(δΨ) + 4M(Ψ0)M(δΦ) = 0, (8)

√
L2(Ψ0) + 4M2(Ψ0) [L(Φ0)L(δΦ) + 4M(Φ0)M(δΦ)]

=
√
L2(Φ0) + 4M2(Φ0) [L(Ψ0)L(δΨ) + 4M(Ψ0)M(δΨ)]. (9)

Further, a way of finding the law of motion, i.e., Lagrangian coordinates of each body particle, is
proposed in [149]. In applications, as the basic flows of viscoplastic media, extension–compression of
an infinite strip and spreading of a thick-walled spherical shell under the action of an internal pressure
are chosen. In the latter case, as the parameter of perturbations imposed on the one-dimensional
spreading v◦r (r, t), the eccentricity of the interior section of the pipe is taken. Thus, the stability of
the basic motion is examined with respect to small variations of initial data and domain geometry.
Results on the problem of extension–compression of the strip obtained in [149] are generalized in [165]
with account of the nonlinearity of the scalar relation of a viscoplastic material.
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The hydrodynamic stability of a viscoplastic flow of a strip, a circular rod, and a circular plate are
studied in [156, 157] from the standpoint of the Euler approach. The stability criterion of the basic
motion in these papers is connected with the fact that the angle between the displacement vector at
a given point and the perturbation vector must be obtuse at any point of the body boundary. If this
angle is acute, then the motion, by definition, is assumed to be unstable. The stability of the strip
extension and the ring deformation is also studied in [130, 281].

After the works [149, 156, 157], the principal interest of investigators in the USSR temporarily
switched from viscoplastic flows to the development of deformation approaches in plasticity theory.
This is due to the specifics of the wartime and the appearance of urgent practical problems associated
with defense. In his autobiographical essay “Dynamics” [154], Il’yushin writes about the necessary
“. . . to clarity phenomena appearing in a shell during its motion through the barrel channel and to
justify the possibility of radical change, simplification, and price reduction of design, engineering,
production, and military acceptance since October 16, 1941, when German troops were near Moscow
but our artillery had no shells.”

Another classical problem on the stability of rotation of a viscoplastic medium between two coaxial
cylinders (the Couette–Taylor flow) was analytically examined in [12]. It was proved that the motion
is always stable in the transition from laminar regime to turbulent if the internal cylinder is fixed and
always unstable if the exterior cylinder is fixed. The transition to turbulence in such flows was earlier
discovered experimentally in [214].

The necessity of choice of a viscoplastic model in technological problems is noted in many works,
where the motion of viscous fluids of power type through pipes is investigated, i.e., the nondeformed
zone in the middle part of the pipe is not taken into account. The transition to turbulence in Poiseuille
flows in circular pipes with account of the yield stress of the material occurs when some dimensionless
parameter achieves its critical value. Based on this fact, a dependence of the critical Reynolds and
Hedstrom numbers is deduced in [136, 197]. Some criteria defining the transition of a Bingham–
Il’yushin flow from the laminar to the turbulent regime are also discussed in [6].

In [267], the stability of the process of metal extrusion through a gap in one of the punches compress-
ing a viscoplastic layer is considered. The problem is reduced to the solution of two Riemann–Hilbert
problems for analytical functions. It is proved that for some geometric parameters, the detachment
of the material from a part of the surface of one punch situated opposite the gap in the other punch
occurs.

The loss of stability of a viscoplastic flow due to the absence of a steady-state distribution of
velocities and temperature in the flow is considered in [20]. The viscosity and yield stress are assumed
to be inversely proprtional to the temperature.

In [287], by the loss of stability of a viscoplastic pipe under the action of an internal pressure,
torque, and axial power, Storakers is reffering to the state where the strengthening rate is insufficient
to compensate for increasing stress because of decreasing pipe thickness.

The convective instability of a planar viscoplastic layer heated from below is considered in [110].
For a plane-parallel motion in the layer, an exact solution of the problem is found. The solution exists
if the Rayleigh number defined by the vertical temperature gradient and the half-width of the layer is
greater than some constant. As the Rayleigh number increases in this domain, the width of the flow
zone also increases and the velocity amplitude decreases. Such a motion is unsteady with respect to
small perturbations. For the stimulation of convection from rest, the perturbation amplitude must
exceed some critical value depending on the dimensionless yield stress (“rigid unsteady stimulation”).

In [248, 250], the stability of a viscoplastic Poiseuille flow with respect to small and finite perturba-
tions is studied. It is shown that in a shear domain near the boundary of the flow kernel, the flow is
steady with respect to perturbations of infinitesimal amplitude. A finite perturbation is represented as
the sum of a stationary distortion of the profile of the basic flow and an unsteady part. Dependences
of the Reynolds number Re on the wave number corresponding to the curve of neutral stability are
obtained. The same curves but for the more complicated rheological model of a solid (Casson models
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with exponents m and n) are constructed for different values of m and n and sizes of the rigid zone
in [249]. It is shown that rheology substantially affects the stability of the plane gradient flow. The
hydrodynamical instability of a viscoplastic Hartmann flow is analyzed by Pavlov, Romanov, and
Simkhovich in [249]. A large number of numerical results relating to the stability of Poiseuille flows
of Bingham–Il’yushin materials is contained in [70].

In [69, 137], conditions of transition from the laminar regime in the turbulent regime for a viscoplas-
tic body with the three-constant Herschel–Bulkley equation are studied. The so-called local stability
parameter, whose critical value is found by the loss of stubility of a Newtonian fluid, is introduced.
It is shown for which exponents in the power law, small values τs stabilize the laminar flow and for
which the inverse is observed.

A semiempirical description of a turbulent regime of a viscoplastic flow in a circular pipe is given
by Litvinov [198]. Dependences obtained for averaged speeds and the coefficient of hydrodynamical
resistance are generalizations of well-known semiempirical relations for Newtonian fluids.

The loss of stability of developed flows of viscoplastic media in pipes is studied in [229]. Based on
an analysis of the behavior of small perturbations, the critical Reynolds number Re is found; it agrees
well with the experimental value, when the radius of the rigid zone is 0.6 times greater than the pipe
radius. In [230], for description of turbulent flows of viscoplastic bodies, the k-ε-model is proposed.

An analysis of instability of simple shear of a viscoplastic material posessing the property of deforma-
tion loss of strength is performed in [34]. Methods for solution of linearized boundary-value problems
and the stability of the nonperturbed deformation process at a finite time interval are proposed. Two
dimensionless coefficients, one of which defines viscous properties and the other deformation kinemat-
ics, play a key role. Similarity relations between these coefficients are obtained.

An theoretical analysis of stability of some shear thermo-viscoplastic flows with mixed boundary
conditions that connect heat and mechanical parameters is given in [196]. Such solutions are used for
modeling of tectonic phenomena in the lithosphere and on the boundaries of lithospheric plates.

In [134, 135], it is assumed that a heavy, stratified, viscoplastic medium is holonomically dissipative
and, by using the variational principle (see [221]) in an orthogonal curvilinear coordinate system, the
basic relations of stability theory are obtained. Problems on the stability of axisymmetrical flows of
a two-layer circular plate and spreading of a spherical shell under the action of internal pressure are
studied.

The papers [55, 140, 141, 274, 275] are devoted to geophysical applications of flows of inhomoge-
neous viscoplastic media: block structure, landslips at hillsides (in particular, their final form), and
landslides. Interesting experimental results on the problem of dam destruction are presented in [48],
where the mass of the carbomer solution (43 kg) was spread along a plate inclined at an angle from
0◦ to 18◦.

The stability of some two-layer shears of viscoplastic materials is analyzed in [262, 315]. In [315],
two-layer flows along an inclined plane are considered and stability under small two-dimensional per-
turbations is studied. Values of critical Reynolds numbers Re are obtained in the long-wavelength
approximation, and the influence of the yield stress τs on the stability is examined. In [262], the lin-
earized stability of the interface between two Bingham solids in a rectilinear channel under the action
of a pressure gradient is considered. Results of numerical simulations show that increasing the yield
stress stabilizes the interface. Expansions by Chebyshev polynomials are used for the discretization
of the problem.

Results of the experimental investigation of laminar transition flows and turbulent flows of fluids
in pipes with yield stress (aqueous solution of carbomer, glycerin) are represented in [251]. The yield
stress stabilizes the flow; this is also confirmed by many theoretical results, exact and approximate.
Turbulent spots were compared for different fluids and it was shown that the mean square profiles of
the axial velocity for Newtonian and non-Newtonian media are similar except for a neighborhood of
the wall where the turbulence intensity is greater for non-Newtonian fluids.
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The works [36, 189, 208–210, 236] are devoted to investigation using modern analytic-numerical
methods (the collocation Chebyshev method, the normally modal and nonmodal approaches, and
the asymptotic method for small yield stresses) of the linearized stability of stationary shear Couette,
Poiseuille, Couette–Taylor, and Rayleigh–Bénard Poiseuille flows. Perhaps the most complete analysis
of three-dimensional perturbations of Poiseuille flow was performed in [71].

The linearized stability problem for the plane-parallel shear of a viscoplastic layer 0 < x3 < 1
(the picture of perturbations is two-dimensional in the layer plane (Ox1x3)) in the case where rigid
interlayers are absent in the thickness can be reduced to a single equation with respect to the amplitude
ϕ of the stream function ψ (see [81, 82]):

φIV − 2s2ϕ′′ + s4φ− 4κs2
(
ϕ′

|v◦′|
)′

= is

[(
v◦ − iα

s

)
(ϕ′′ − s2ϕ)− v◦′′ϕ

]
Re, α ∈ C, (10)

and the boundary conditions

x3 = 0, x3 = 1, φ = φ′ = 0, (11)

where, v◦(x3) is the velocity profile of the nonperturbed flow and κ is the Il’yushin number. The
last summand on the left-hand side of (10) describes the influence of plastic properties of the mate-
rial in comparison with viscous properties. Without this summand, relation (10) coincides with the
well-known Orr–Sommerfeld equation: therefore, system (10), (11) is a generalized Orr–Sommerfeld
problem. But in the case where rigid interlayers are present and their boundaries are changed from
planar to curvilinear in the perturbed flow, we need to write conditions on the boundaries of rigid
zones instead of conditions (11). The boundary-value problem becomes substantially complicated in
this case.

In [84, 86], based on methods of integral relations (see, e.g., [176]) in the complex-valued Hilbert
space H2, the upper estimates of the real part of the eigenvalue α and the lower estimates of the critical
Reynolds number, respectively, are given as a function of κ. These sufficient estimates of stability
show the stabilizing role of the plasticity parameter in comparison with viscous flows. Also, similar
variational energy estimates of stability for viscoplastic Couette–Taylor flows and for the diffusion of
vortex layers in the viscoplastic half-plane in the case of the tangential discontinuity of the velocity
or tangential stress are derived.

In the series of works [87–91, 96, 101, 107, 108, 171] and the monograph [175], methods of integral
relations were developed for stability problems of viscoplastic bodies with account of different factors:
unsteadiness of the main flow, two- and three-dimensional kinematics of the main flow, a sufficiently
arbitrary scalar defining the relation of the medium, and a weak inhomogeneity, i.e., a small variation
of the density and the strengthening function (in particular, the viscosity and the yield stress) for the
transition from a homogeneous main flow to a nonhomogeneous perturbed flow.

Bifurcations and the loss of stability of constructions and composite bodies are a branch of the
theory of stability of viscoplastic deformation processes. In [65, 66, 318], an axisymmetric buckling of a
cylindrical shell from a material with a linear scalar relation under the action of a radial impulse load is
invesigated. In [319], a similar problem for a spherical shells is solved with account of nonaxisymmetric
perturbations. In particular, the influence of meridional transitions on the critical impulse and critical
modes is found. The problem on the dynamic loss of stability of viscoplastic shells is examined in [31]
in the most complete statement of the problem (with account of the nonaxisymmetry, the arbitrariness
of the scalar relation of the material, and the presence of a temperature field).

In [217], the phenomenon of unstable form change of metals and polymers under large deformations,
which consists of the formation and development of shear bands, is investigated. This stage is transient
from stable deformation to blow-up. Critical conditions of shear localization are obtained in closed
form for a thermo-viscoplastic Couette flow (elastic deformations are not considered). In the case of
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a more general planar motion, the start of localization of shear bands is considered in [7]. Critical
conditions of their formation and the most probable directions of development are established, and
estimates of the growth rate of arising shear bands are also obtained. The works [302, 314] are devoted
to shear bands as a manifestation of the instability.

In [298], the appearance and development of the neck in a circular polymer pattern made of a
viscoplastic material under uniaxial extension are investigated. The start of neck formation is caused
by introduction of initial geometric perturbations. The stress distribution at different stages of loading
and the evolution of the pattern profile are found by using the finite-element method.

An original investigation of the loss of cylinder stability made of a viscoplastic fluid is presented
in [52].

10. Stability under Perturbations of Material Functions of Viscoplastic Solids

The concept and methods of investigation of the stability by two measures, one of which restricts
initial deviations of kinematic and force values and the other restricts the current values, are developed
in the pioneering works [218–220, 284–286].

These methods can be generalized to the case where perturbations of mass and surface forces,
variations of the boundary of the body (composite materials), perturbations of material functions,
and other input parameters of the problem are estimated by their measures. Some definitions of the
stability under sets of such measures with respect to given classes of perturbations are represented
in [90, 92, 93]. Methods developed in these works show that the stability of a process (motion, flow,
etc.) is a relative concept. The mathematical statement of a stability problem, together with equations
and initial and boundary conditions, must contain a description of the class of perturbations that can
be imposed on the main process and measures that estimate these perturbations at the initial instant
and also at sequential instants. Since it is impossible to search through perturbations of all values
(some part of them falls outside the limits of the mechanical model of the problem) and to verify all
functions as possible measures of deviation, it is not correct to speak of “absolute stability” of any
process.

As is well known, material functions are a necessary part of defining relations that describe any
model of continuous media. They can be defined as a set of objects that allows one to completely
determine the operator of defining relations. Material functions are found in adjusting experiments
and show than in the framework of one model, this medium is different from others (see [264]). The
so-called “theory of adjusting experiments” is an important branch of modern experimental mechanics
of deformable solids.

Material functions are defined with irremovable errors of measurements. Thus, experimentaters
know that there exists an unimprovable tolerance roughly of 7% in measurements of the elasticity
modulus in any arbitrarily exact experiment. More than once, beginning still with work [150] of
A. A. Il’yushin, the attention of investigators was paid to the necessity of taking such tolerance into
account for the definition of material constants, functions, and functionals in mechanical problems,
and, especially, for the analysis of stability of deformation processes. Mathematically, this means
that stability problems with respect to perturbations of initial data, external fixed forces, domain
boundaries, etc. must be extended by adding unknown perturbations of material functions belonging
to some class.

Not only material constants but also entire functions and functionals that characterize the material,
for example, strengthening functions, creep and relaxation functionals, must also be altered. The
instability can be interpreted as the change in the type of boundary problem, which implies change
in the qualitative properties of the solution. Many classical paradoxes in mechanics and engineering
applications (passages to the limit, destabilization, and false resonance) explained in [244] are related
to this fact.
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An additional difficulty of modeling consists of the fact that the class of perturbations imposed on
material functions of the basic process may fall outside the defining relations of the material in the
basic process, i.e., may reduce to more general defining relations in the perturbed motion of the body.

Different aspects of the theory of isotropic tensor functions and their invariants in the general case
of scalar and tensor nonlinearities are described in [199, 263, 265]. They have meaning of the defin-
ing relations connecting the stress and deformation tensors or deformation velocities in an isotropic
continuous medium (see also [95, 102]). These defining relations contain scalar material functions of
invariants, which can be varied, and variations are proportional to certain small physical parameter
α. The given variations imply perturbations of the tensor function itself.

In [98, 99, 103], components of such perturbations linear and quadratic in α are found. A closed
system consisting of the motion equations, which are linear in the variables of the corresponding
approximation, and the incompressibility conditions is obtained for each approximation. A similar
procedure is realized for a nonlinear vector-valued function, which is also interpreted as a defining
relation of a physically nonlinear medium; for example, a dependence between vectors of electric field
and electric displacement. In these works, tensor linear or quasilinear functions with an arbitrary
scalar rheology are analyzed in more details. Non-Newtonian viscous fluids and viscoplastic materials
are examples of materials with such defining relations. For them, the existence of rigid zones, inside
which the stress intensivity is less than the yield stress, is typical. Equations of the boundaries of
rigid zones in the perturbed motion, in particular, in the case where a Newtonian viscous fluid is the
nonperturbed medium, are deduced.

Models of continuous media that are used for the investigation of the change of shape of materials
are discussed in [21]. It is emphasized that in high-speed processes (flows), the viscosity and inertia
forces, temperature gradients, and internal structural parameters play an important role. For the
assignment of defining relations, it is suggested to include the whole variety of properties in the set of
scalar defining relations. It is postulated that all functionals, functions, and parameters that describe
the process can be defined from macroexperiments.

Regularization problems for defining relations of a viscoplastic body for finite (not small) yield
stresses can also be considered as problems of stability under perturbations of material functions.
As is known, the problem on the stress state inside a rigid kernel is, generally speaking, statically
indefinite since the number of equations of motion or equilibrium is less than the number of unknown
components of the stress tensor, but any defining relations are absent in the kernel domain. However,
in certain simple cases, for example, in one-dimensional shears, when only one component of the stress
deviator is nonzero, the stress state can also be defined in the rigid zone. The computational aspects
of regularization methods were discussed in Sec. 5.

The method of equivalent viscosity is proposed and developed in [114–119]. It is the method of
successive approximations, and on each step, it consists of linearization of the dependence of the
stress tensor on the tensor of deformation velocities by introducing the equivalent viscosity coefficient
μe, which can be found analytically in the sequel. The value μe, in contrast to the viscosity of
ordinary fluids, depends not only on the physical constants of the medium but also on the intensivity
of deformation velocities, i.e., on the stress-deformed state.

11. Some Other Applications

1. The collapse of a single bubble in a viscoplastic medium. The study of the behavior of vacuum or
gas bubbles in media under the action of pressure at infinity is an important branch of hydrodynamics.
The simplest completely integrable case, the collapse of an immovable vacuum bubble in an ideal
incompressible fluid without an initial velocity, was examined by Rayleigh. Results of the problem on
the collapse of a bubble in a Newtonian viscous fluid obtained in [266, 322] show that there exist two
substantially different regimes of filling. If the Reynolds number is greater than some critical value,
the picture is similar to the behavior of a bubble in an ideal fluid. If the Reynolds number is less than
the critical value, then the energy cumulation breaks due to the viscosity, and filling occurs with a
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finite rate at an infinite time. Reviews of works on the influence of relaxation effects in viscoelastic
fluids on the behavior of a bubble (the Maxwell model and other special models) can be found, for
example, in [30, 62, 233].

Taking into account both scalar and tensor nonlinear properties of a medium surrounding a vacuum
or gas bubble, in particular, the presence of a yield stress, leads to the qualitative reorganization of the
collapse process. For a steady yield stress τ , any arbitrarily large pressure difference at infinity and at
the boundary of the bubble r = R(t) cannot lead to the start of motion or beginning of compression
or extension. For this, the boundedness of the integral

∫ ∞

R(t)
(τ(r)/r) dr <∞

is required. A special case of a piecewise constant dependence τ(r) (where τ ≡ 0 for r > r0) was
considered in [1, 124]. A piecewise constant dependence simulates, for example, the behavior of a
bubble in a large volume of a viscoplastic material, which, in turn, is surrounded by a viscous medium
with the same viscosity coefficient. Another model example is the problem on the contact of a metal
with hydrogen bubbles in whose neighborhoods, starting from a certain value of concentration, the
change of plastic properties of metal occurs.

In [83, 105, 106], a numerical-analytical study and asymptotic analysis of the problem on the start
of deformation and complete filling of a bubble by a barotropic gas in a nongomogeneous viscoplastic
space are performed.

2. Motion of a particle in a viscoplastic fluid. In [78, 242], the motion and diffusion of particles
(microparticles) in a flow of a viscoplastic fluid is studied. The influence of the distance between
two spheres moving in a viscoplastic medium with very small speed on the resistance force is studied
in [207]. Two cases are possible: the line connecting the centers of the spheres is parallel or orthogonal
to the flow. It is shown that the presence of the plastic component decreases the interaction force
between the spheres in comparison with a Newtonian fluid. This effect is also described in [161].

3. Dynanical chaos and confusion. Problems on the mixing of a nonhomogeneous continuous
medium are new and rather difficult from the point of view of mechanics since it is necessary to
observe the trajectories of Lagrangian particles or to find the law of motion in the whole domain
occupied by the body. The mentioned difficulty consists of the combination of the Euler and Lagrange
approaches for the search of the velocities pole and the law of motion of particles which must be
defined simultaneously.

Problems of mixing of viscoplastic media and chaos in dynamical systems are examined in [119, 175,
259]. In [119], the inculcation of theoretical results in practice is emphasized, namely, in the creation of
new technological machines used in the food industry (mainly, meat), which work on vibrational-wave
principles.

In [257, 258], the mixing of a viscous fluid in a thin layer between circular eccentric rotating cylinders
embedded one in the other is investigated. Poincaré points, i.e., positions of fluid particles at time
intervals divisible by the rotation period, are calculated. The observed transition to chaotic motion
is connected with the process of mixing and is studied both numerically and by the use of mapping
constructed up to the third degree of the small eccentricity. An optimal regime for which the area of
the mixing domain achieves the maximum is represented.

Briefly speaking of peristaltic viscoplastic flows connected with the given themes, we mention one of
the first investigations in this direction — the work [308] of Vishnyakov, Pavlov, and Romanov devoted
to motion in a gap channel with deformable walls and also reviews in the monographes mentioned
above. The motion of blood and other biofluids and biomasses through vessels deformed under the
action of an inner pressure is a well-known application of peristaltic flows in biomechanics. The
averaged analytical-numerical approach demonstrated on the example of one-dimensional blood flow
in an artery (the Navier–Stokes model) in [67] is very promising for describing such flows.

241



4. Influence of electromagnetic fields. Magneto-hydrodynamical applications connected with the
influence of electromagnetic fields on the basic integral parameters of flows of Bingham–Il’yushin media
are analyzed in [47].
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50. I. Daprà and G. Scarpi, “Start-up of channel-flow of a Bingham fluid initially at rest,” Math.
Appl., 15, No. 2, 125–135 (2004).
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