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COMPLEX GEOMETRY OF POLYGONAL LINKAGES

G. Khimshiashvili UDC 514.16

Abstract. We present observations on the complex geometry of polygonal linkages arising in the

framework of our approach to extremal problems on configuration spaces. Along with a few general

remarks on applications of complex geometry and theory of residues, we present new results obtained

in this way. Most of the new results are presented in the case of a planar quadrilateral linkage with

generic lengths of the sides. First, we show that, for each configuration of planar quadrilateral linkage

Q(a, b, c, d) with pairwise distinct side-lengths (a, b, c, d), the cross-ratio of its vertices belongs to the

circle of radius ac/bd centered at the point 1 ∈ C. Next, we establish an analog of the Poncelet porism

for a discrete dynamical system on a planar moduli space of a 4-bar linkage defined by the product

of diagonal involutions and discuss some related issues suggested by a beautiful link to the theory of

discrete integrable systems discovered by J. Duistermaat. We also present geometric results concerned

with the electrostatic energy of point charges placed at the vertices of a quadrilateral linkage. In

particular, we establish that all convex shapes of a quadrilateral linkage arise as the global minima

of a system of charges placed at its vertices, and these shapes can be completely controlled by the

value of the charge at just one vertex, which suggests a number of interesting problems. In conclusion,

we describe a natural connection between certain extremal problems for configurations of linkage and

convex polyhedra obtained from its configurations using the Minkowski 1897 theorem and present a

few related remarks.
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1. Introduction

We continue discussing certain geometrical and dynamical aspects of polygonal linkages arising in

the framework of the general approach to geometry and topology of linkages developed in [16–19].

In this paper, the emphasis is on those constructions and results which use concepts and methods

of complex geometry and complex analysis. For planar linkages, use of complex numbers has a long

tradition and has led to many results on the geometry and topology of linkages (see, e.g., [10, 14]).

Recently, some methods of complex analysis, in particular theory of residues, became applicable to

linkages in the framework of our approach to extremal problems on moduli spaces [18]. The aim of

the present paper is to present a number of new results obtained along these lines.

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 77, Complex Analysis and Topology, 2012.
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The essence and peculiarities of considerations we are going to present can be most clearly seen

in the case of quadrilateral linkages and even in this case they lead to new results. So in the main

part of these paper we deal with quadrilateral linkages (or 4-bar mechanisms). Despite the apparent

simplicity of these linkages, their study is related to several profound results of algebraic geometry

and function theory, in particular, to the theory of elliptic functions [6] and the Poncelet theorem [8].

Comprehensive results on the geometry of planar 4-bar mechanisms, including some classical ones

from [6], are presented in [10]. Several recent developments in the spirit of the “four-hinge method”

of J. Steiner [5] can be found in [16, 20].

We complement the results of [10, 16] by discussing several new aspects which emerged in the course

of our study of functions on moduli spaces of polygonal linkages (cf. [16, 17, 20]). In this context it

is natural to consider polygonal linkage as a purely mathematical object defined by a collection of

positive numbers [5]. The approach of [16, 17] enables one to extend the setting of [10] by considering

realizations of quadrilateral linkage L in the N -dimensional Euclidean space, for arbitrary natural

N ≥ 2, and working with its Nth moduli MN (L) space as defined in [5]. Saying that linkage L is

planar (or spatial) simply means that we are going to deal with its planar (respectively, spatial) moduli

space.

In this paper we basically deal with planar and spatial moduli spaces of quadrilateral linkages and

concentrate on those topics which are related to complex geometry and complex analysis. To create an

appropriate background for our considerations and make the text more self-contained, in Section 2 we

present necessary preliminary results on the topology and geometry of planar and spatial quadrilateral

linkages. We begin by recalling the definitions and the topological structure of MN (L) for all N ≥ 2

(Propositions 2.1, 2.2, and 2.3) and add a few remarks concerned with the Euler’s point formula which

will be used in the sequel. At the end of Section 2 we recall some results of [15] and define bending

flows on M3(Q) [14] and diagonal involutions on M2(Q).

To give a more precise idea of the topics considered in the sequel, let us briefly mention the relations

to complex geometry which we are going to deal with. First of all, planar moduli spaces of linkages

are naturally related to complex geometry since the positions of vertices can be described by complex

numbers, which gives the most obvious link with the complex geometry used in many studies (see,

e.g., [10]). Concerning this aspect, we will complement results of [10] by using the concept of cross-

ratio of four complex numbers which plays an important role in many topics of complex geometry and

analysis. Notice that, for a quadrilateral linkage Q, there is a naturally defined cross-ratio map CrQ
from its planar moduli space into the extended complex plane (Riemann sphere). We describe the

image of the cross-ratio map (Proposition 3.1) and outline some related aspects in Sec 3.

The second natural link with complex geometry arises from the representation of planar moduli space

as the intersection of real quadrics, i.e., as the set of solutions to a system of quadratic equations in real

affine space. Then the complexified moduli space MC
2 (L) is defined as the set of all complex solutions

to the same system of quadratic equations. This suggests several natural problems on the topology

and geometry of complexified moduli spaces, which were thoroughly studied in [10] in the case of

quadrilateral linkage. In particular, consideration of complexified moduli space enabled Darboux to

obtain an analog of the famous Poncelet theorem for quadrilateral linkages. Later on, J. Duistermaat

established the interesting connection of this topic with the theory of discrete integrable systems [7].

Regarding these aspects, in Section 4 we give a proof of the aforementioned analog of the Poncelet

theorem in the spirit of [7].

The third link with complex geometry and analysis arises in connection with the results on gen-

eralized Heron polynomials of cyclic polygons [27, 29]. As was explained in [17] these results can be

naturally interpreted in terms of the Grothendieck residue symbol (or multidimensional logarithmic

133



residue [28]). In Sec. 5 we show that this approach enables one to obtain similar results for a certain

class of functions on moduli spaces and outline some related topics and open problems.

The fourth link with complex geometry arises in connection with a recent setting suggested in our

paper [19]. This topic is discussed in some detail in Sec. 6 and leads to certain results in the spirit of

the famous Maxwell conjecture on equilibria of a system of point charges. We show that the planar

version of this topic can be analyzed using the geometry of complex polynomials.

In the last section we briefly describe an interesting and apparently unconventional connection

between certain extremal problems for configurations of a linkage and convex polyhedra obtained from

its configurations using the Minkowski 1897 theorem, and illustrate it by a simple result concerned

with three-dimensional configurations of quadrilateral linkages.

Acknowledgement. This work started during the author’s visit to the Abdus Salam International

Center for Theoretical Physics in March of 2011 and was completed during the author’s visit in June

of 2011. The author acknowledges financial support and excellent working conditions provided by the

Center during the author’s visits in the capacity of Senior Associate of the Center, which was very

helpful for achieving progress on the topics presented in this paper.

2. Moduli Spaces of Quadrilateral Linkages

We freely use some definitions and constructions from the mathematical theory of linkages, in

particular, the concept of N th moduli space of a polygonal linkage for which we refer to [5]. For any

polygonal linkage L, its Nth configuration space MN (L) is defined as the set of its configurations

(realizations) in R
N taken modulo the group of orientation preserving isometries of RN [5]. As is well

known and easy to verify, moduli spaces MN (L) have natural structures of compact real algebraic

varieties. For generic side-length vector l, MN (L) is a smooth compact manifold.

In particular, the quadrilateral (4-bar) linkage Q = Q(l) is defined by a quadruple of positive

numbers l = (a, b, c, d) ∈ R
4
+, called the side-length vector of Q. Recall also that a (robot) 3-arm is

analogously defined by a triple of positive numbers l ∈ R
3
+ and its planar moduli space is diffeomorphic

to two-torus T 2.

It is known that, for any linkage L, the topology of moduli spaces MN (L) stabilizes for N bigger

than the number of vertices in L [24]. To illustrate this phenomenon, note that, for an arbitrary

triangle �, the moduli space M2(�) consists of two points (the same triangle taken with different

orientations), and thus it is homeomorphic to sphere S0. Now, M3(�) is a one-point set since one of

the configurations can be moved into another one by a rotation about one of its sides in R
3. Obviously,

all higher moduli spacesMd(�) with d ≥ 4 also consist of one point. So the topological type of moduli

space indeed stabilizes and is that of a zero-dimensional disc.

This phenomenon enables one to determine all moduli spaces of 4-bar linkages and 3-arms. For a

4-bar linkage Q, M2(Q) is a one-dimensional compact variety possibly with singular points. If it is

smooth it can have not more than two components diffeomorphic to circle S1. For completeness and

convenience of reference we recall the well-known description of the topological structure of all moduli

spaces for 4-bar linkages and 3-arms.

Moduli spaces of robot arms are easier to describe, in particular, because they do not depend on

the lengths of sides (bars). So let us consider first the moduli spaces of a 3-arm A3(l) = A(l1, l2, l3).

First, it is obvious that M2(A3(l)) is homeomorphic to two-torus T 2 and so indeed does not depend

on l. Stabilization phenomenon and some elementary geometric considerations enable us to describe

all moduli spaces of a 3-arm.

Proposition 2.1. For any l, the moduli space M3(A3(l)) is homeomorphic to three-sphere S3. For

any natural N ≥ 4, the moduli space MN (A(l)) is homeomorphic to the closed 3-dimensional ball B3.
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Proof. The first statement can be proved as follows. It is obvious that by a rigid motion we may place

the first side of A on the first axis and keep the second side in a fixed plane, say, horizontal. Let us say

that a configuration is adapted if it has these two properties. Then the set of adapted configurations

of A(l) is obviously homeomorphic to S1 × S2 and it is easy to realize that M3(A) is obtained from

the set of all adapted configurations by factorization (t, p) ∼ (−t,−p). It remains to notice that this

is the well-known “antipodal” factorization which appears in the standard proof of homeomorphism

SO(3) ≈ RP
3. The rest follows by a straightforward verification that M4(A) ≈ B3 and by referring

to the stabilization theorem from [24].

The list of possible topological types of planar moduli spaces of 4-bar linkages has been known for

a long time (see, e.g., [14]).

Proposition 2.2. The complete list of homeomorphy types of planar moduli spaces of a 4-bar linkages

is as follows: circle, disjoint union of two circles, bouquet of two circles, two circles with two common

points, and three circles with pairwise intersections equal to one point.

Taking into account the stabilization phenomenon, one can describe the topology of higher moduli

spaces as well.

Proposition 2.3. For each Q, M3(Q) is homeomorphic to a two-sphere S2. For all N ≥ 4, MN (Q)

is homeomorphic to a disc (two-dimensional) ball B2.

We will also need three geometric lemmas concerned with diagonals of quadrilateral.

Lemma 2.4. Let V be a configuration of quadrilateral linkage Q(a, b, c, d) and x, y be the lengths of

its two diagonals. Then x and y satisfy an algebraic relation of the form

x2y4 + y2x4 − (a2 + b2 + c2 + d2)x2y2 + (a2 − d2)(b2 − c2)x2

+ (a2 − b2)(d2 − c2)y2 + (b2d2 − a2c2)(b2 + d2 − a2 − c2) = 0.

This is in fact a well-known identity, sometimes called the Euler four points formula [3]. Note that

its left-hand side F is a homogeneous form of sixth order in variables (a, b, c, d, x, y). In fact, this is

a cubic relation between variables u = x2 and v = y2. So one can easily describe the shape of the

corresponding cubic curve in the (u, v)-plane and obtain essential features of the relation between the

lengths of diagonals.

Obviously, the geometrically realizable part of the sextic {F (x, y) = 0} lies in a box [mx,Mx] ×
[my,My] determined by the minimal and maximal lengths of both diagonals. For typical sidelengths

l, this is a smooth simple closed curve which touches the sides of this box in four points corresponding

to extremal values of diagonal lengths. Assume now that configuration V is convex and neither of the

two diagonals attains its extremal value at V .

Lemma 2.5. Both partial derivatives Fx and Fy are nonzero at configuration V .

This fact, which can be verified by direct computation, means that each of the variables can be

locally expressed as a smooth function of another one. Hence it makes sense to speak of differentiating

one of them with respect to another.

Lemma 2.6. Let V be a convex configuration of Q with the nonextremal lengths of diagonals x and

y. Then the lengths of both diagonals cannot be simultaneously increased or decreased by a small

deformation of V in M c(Q), i.e., if one has a deformation V (t) such that the length of one of the

diagonals increases, then the length of the second diagonal decreases, and vice versa.
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This follows from the shape of the part of the curve F (x, y) = 0 in the indicated box. In view of

Lemma 2.5, this means that the derivatives of x and y with respect to each other are negative. One

of the corollaries of the latter fact will be used in the sequel.

Corollary 2.7. For a configuration satisfying conditions of Lemma 2.6, the ratio Fx/Fy is positive.

Indeed, if we locally resolve the relation F (x, y) = 0 in the form y = y(x), then differentiating the

identity F (x, y(x)) = 0 we get

Fx + y′(x)Fy = 0.

Since we know that y′(x) < 0 at such configurations, the result follows.

In order to define certain self-mappings of the planar and spatial moduli spaces of a 4-bar linkage

which will be considered in the sequel, we again need to assume that the side-lengths lj are pairwise

nonequal. Then Q(l) does not have configurations with coinciding vertices, so, for each configuration

V of Q(l), both diagonals are nonzero and define two different lines in the ambient space.

Consider first the spatial moduli space. For each configuration V one can rotate it by an angle

α ∈ [0, 2π] about either of the diagonals which defines two families of homeomorphisms of M3(Q(l))

called bending flows (see [15]) which give an action of the plane R
2 on M3(Q(l)). As is shown in [15],

this action is transitive on M3(Q(l)), or, in other words, any configuration can be transformed into

another one by a sequence of bendings. Theorem 6.2 of [15] yields an estimate for polygonal linkage

with arbitrary number of sides, but this estimate is highly noneffective. For quadrilateral linkages, it

is easy to verify that 4 bendings are always enough to transform one configuration into another one.

Analogous mappings and problems can be considered for planar moduli spaces. Since side-lengths

li are pairwise nonequal then, for each planar configuration V of such a Q(l), one can construct its

reflections in the diagonals v1v3 and v2v4 respectively. This obviously defines two diagonal involutions

i1 and i2 on M2(Q) which are the same as bendings by an angle π, called π-bendings in [15]. If we

introduce unit vectors ui along the sides of V , then it is easy to verify that diagonal involutions act

by the formulas

i1 : (u1, u2, u3, u4) �→
(
u1, u2, u

−1
3

l1 + l2u2

l1 + l2u
−1
2

, u−1
4

l1 + l2u2

l1 + l2u
−1
2

)
;

i2 : (u1, u2, u3, u4) �→
(
u1, u

−1
2

l1 + l2u2

l1 + l2u
−1
2

, u−1
3

l1 + l2u2

l1 + l2u
−1
2

, u4

)
.

These formulas enable one to investigate many concrete issues related to diagonal involutions. In

particular, they do not commute and it is easy to describe how they act on various functions on the

moduli space such as the cross-ratio considered in the next section. As usual, for noncommuting

involutions it is reasonable to consider their composition τ = i1 ◦ i2 which in this case is called the

Darboux transformation of Q(l) (see [7]). The above formulas show, in particular, that τ has no fixed-

points on M2(Q(l)). However, τ may have periodic points, and their investigation leads to interesting

problems that can be better understood by considering the action of τ on complexification MC
2 (Q(L))

of the planar moduli space, which can be introduced as follows [15].

Both above maps are birational transformations of C4. The reduced planar moduli space M̃2 ≈ S1

can be defined as the quotient of the curve

E =
{
(u1, u2, u3, u4) ∈ C

4 : u1 = 1, |uj | = 1, j = 1, 2, 3,
∑

ljuj = 0
}

by the action of the involution

θ : (u1, u2, u3, u4) �→ (u1, u2, u3, u4).

The complexified planar moduli space MC
2 (Q(L)) is defined as the complexification EC of E.
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Proposition 2.8 (see [6, 10]). For each generic Q, M
C
2 (Q) is a nonsingular connected elliptic curve

(Riemann surface of genus 1) and τ extends to an automorphism τC of EC which has no fixed-points.

In particular, M
C
2 (Q) is always homeomorphic to the two-torus T 2 which leads to interesting con-

nections with function theory and the Poncelet theorem discussed in [7].

3. Cross-Ratio Map of Planar Quadrilateral Linkage

In this section, we use some properties of cross-ratio which can be found in [3]. First, consider a 4-

bar linkage Q = Q(a, b, c, d) with smooth M2(Q) (i.e., without aligned configurations) and, moreover,

assume that the side-lengths are pairwise different so that Q has no configurations with coinciding

vertices. Then, for each planar configuration V = (v1, v2, v3, v4) ∈ C
4 of Q, we set

Cr(V ) = Cr((v1, v2, v3, v4)) =
v3 − v1
v3 − v2

:
v4 − v1
v4 − v2

.

This obviously defines a continuous (actually, real-analytic) mapping

CrQ :M(Q) → C

and our first aim is to describe its image ΓQ = �CrQ, which is obviously a continuous curve in C.

Taking into account some well-known properties of cross-ratio and moduli space, one can easily obtain

a few geometric properties of ΓQ.

In particular, its image should be symmetric with respect to the real axis. Moreover, since the

cross-ratio of four points is real if and only if they are concircular (lie on the same circle) or aligned,

we conclude that, for a linkage Q as above, the points of intersection with the real axis correspond

to cyclic configurations of Q. Since it is known that Q can have no more than four distinct cyclic

configurations of Q that come into complex conjugate pairs [16], it becomes obvious that ΓQ can

intersect the real axis in no more than two points. Since the two components of M2(Q) are complex-

conjugate, the image of Cr is equal to the image of each component. This implies that ΓQ is always

connected even though M(Q) may have two components.

In the process of discussing these observations with Elias Wegert of Bergakademie (Freiberg) in

January 2011 we came up with a quite explicit description of �CrQ, which should be considered as

our joint result.

Theorem 3.1. For a quadrilateral linkage Q as above, �CrQ is a subset of the circle C(1, ac/bd) of

radius ac/bd centered at the point 1 ∈ C. The image is always an arc symmetric about the real axis

and contains the point 1 +
ac

bd
corresponding to the convex cyclic configuration of Q.

Proof. After having found this result, its proof was immediate by using well-known properties of the

cross-ratio. First, note that for each quadruple of points vj ∈ C, we have

Cr(v1, v2; v3, v4) = 1− Cr(v1, v3; v2, v4).

Now

Cr(v1, v3; v2, v4) =
v3 − v1
v3 − v2

:
v4 − v1
v4 − v2

,

hence

|Cr(v1, v3; v2, v4)| = |v2 − v1|
|v2 − v3| :

|v4 − v1|
|v4 − v3| .

Since the moduli in the right-hand side are equal to the distances between the points vi that form

a configuration of Q(a, b, c, d), we finally obtain

|1− Cr(v1, v2; v3, v4)| = ac

bd
,
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as was claimed. The remaining statements follow easily from the above remarks.

Since the argument of Cr(v1, v3; v2, v4) can be expressed in terms of the angles between the sides

of the configuration, one can now express the length of �CrQ in terms of the side-length vector

l = (a, b, c, d) and characterize those l for which �CrQ = C(1, ac/bd). In the latter case, Cr is

a smooth mapping between two compact one-dimensional manifolds. Taking into account the above

representation of cross-ratio, it is easy to calculate its differential with respect to an angular parameter

on M2(Q) and try to identify its critical points. We omit those developments since they are quite

standard and do not seem instructive. We only wish to add that it seems remarkable that the above

argument reveals that the cross-ratio has a natural interpretation in terms of 4-bar linkages.

If linkage Q(a, b, c, d) is not generic, then the description of ΓQ becomes a bit more complicated, as

can be seen in the following example.

Example 3.2. Let Q(1) denote the rhomboid planar linkage with side-length vector (1, 1, 1, 1). Here,

in addition to the two cyclic configurations of Q(1) at which Cr(V ) has the same real value 1, one

should take into account also the three aligned configurations Q(1) at which the value of Cr(V ) is

also real. Thus it becomes necessary to examine the image and multiplicities of its real points more

carefully. In this case, this can be done in a quite elementary way.

Recall thatM(Q) is homeomorphic to a union of three circles S1 each pair of which has one common

point [5]. Since each of these circles admits simple parametrization, we can investigate the issue by

elementary computations. Let us assume that v1 = 0 and v2 = 1 and first consider the part X of

M(Q(1)) on which the second and fourth sides of Q(1) remain parallel. As a (local) coordinate φ on

X, one can take the angle between the positive real semi-axis and the second side. Then we have

v3 = 1 + cosφ+ ı sinφ, v4 = cosφ+ ı sinφ,

and we have

Cr(V (φ)) = 1− (cosφ− ı sinφ)2.

This shows that the cross-ratio is a surjective mapping from X onto the circle C(1, 1). The above

formula also shows that Cr changes orientation and its mapping degree is equal to 2. Similar consid-

erations for the two other components of M(Q(1)) show that CrQ(1) is surjective and each of the two

real points in its image is covered 4 times.

Similar results can be obtained for a kite and degenerate quadrilaterals of other types. We omit a

routine case-by-case analysis and turn to planar 3-arm A(l). As was explained in Sec. 2, the topology

of moduli spaces of a robot arm does not depend on the lengths of its bars and hence does not depend

on their order, so we may assume that the first (fixed) side is the longest one and l1 ≤ l2 ≤ l3. Since

we are going to deal with the cross-ratio on M2(A), it makes sense to distinguish between two cases:

(1) l2 + l3 < l1,

(2) l2 + l3 ≥ l1.

In the first case,M2(A(l)) does not contain configurations with coinciding vertices, so the cross-ratio

is defined as a map Cr : M2(A) → C. Since M2(A) is diffeomorphic to T 2 we may ask a number of

natural questions about the behavior of F as a mapping of a two-surface into the plane in the spirit

of Whitney’s classical results. For example, one can wonder if Cr is a nice mapping in the sense of

Whitney (i.e., stable in the sense of singularity theory). If so, then by a classical result of Thom Cr

should have an even number of cusps and one may wish to calculate this number in terms of lengths lj .

In order to find the differential of Cr one can fix a number t ∈ [l1 − l2 − l3, l1 + l2 + l3] and consider

the 4-bar linkage Qt obtained by adding to A a fourth side of length t. Then the image Cr(M2(Qt))

can be identified as explained below and the image of CrA is simply the union of the (arcs of) the
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circles described in Theorem 3.1. This enables one to express the differential of CrA geometrically by

taking the basis ∂/∂t, ∂/∂φ in the tangent space M2(A), where φ is the argument of the third vertex

of V ∈M2(A). By our formula for the radius of Cr(M2(Qt)) we have

∂ CrA
∂t

= − ac

bd2
.

The second partial derivative can also be calculated explicitly, as was explained above for a 4-bar

linkage, and one can then analyze the arising explicit formulas for DCrA. However, such analysis

requires more time and effort than we could afford at the moment, so it is left as a challenge for the

interested reader.

In the second case, M2(A) contains curves along which the last vertex v4 tends to the first vertex.

Obviously, |CrA | tends to infinity along each such curve, and so CrA should be considered as a

mapping into the Riemann sphere. Its behavior on the aforementioned curves can be investigated

using the transformation rules for a cross-ratio.

These aspects and problems are only mentioned to show that the simple results presented in this

section suggest some interesting perspectives. They may also appear useful by providing a paradigm

for a number of similar problems which arise as follows. For a given configuration of linkage, consider

certain geometrically or physically meaningful point defined by the configuration. For example, one

can place certain masses or charges at the vertices of configuration and consider the center of mass

(i.e., the weighted sum of vertices) or the point of stable electrostatic equilibrium of those charges

(i.e., the point where the global minimum of Coulomb energy is attained). In both cases one obtains a

mapping into C (complex-valued function) and may study its image and singular points. In a certain

sense these maps are even more interesting than the cross-ratio map because they make sense for all

moduli spaces of polygonal linkage with arbitrary number of sides. Some results in this spirit for 4-bar

linkages are given in Sec. 6.

4. Poncelet Porism for Diagonal Involutions

The approach developed in [7] leads to interesting results and problems on the geometry of mapping

τ = i1 i2 :M2(Q) →M2(Q).

One can also obtain quite comprehensive results on the behavior of the discrete dynamical system τn

generated by τ . This follows from a beautiful link with the theory of so-called QRT maps discovered

by Duistermaat and described in big detail in [7].

The first result in this direction is a direct analog of the Poncelet porism (see [8]). As is mentioned

in [7, p. 512], this result and related conjectures were discussed in a colloquium talk of the present

author in Utrecht on Fenruary 9, 2006, which gave an impetus for the study initiated by Duistermaat.

Later on, it turned out that this version of the Poncelet porism was already known to Darboux [6]. For

this reason Duistermaat suggested to call τ the Darboux transformation of a 4-bar linkage Q = Q(l).

It is known that the moduli space M2(Q) and its complex projectivization MC
2 (Q) are smooth if

and only if the side-lengths satisfy a certain genericity condition [10]. This condition, traditionally

called the Grashof condition, actually means that Q(l) does not have aligned configurations [10], or

equivalently, there do not exist numbers ei = ±1 such that

4∑
i=1

ei li = 0.

Theorem 4.1 (see [6, 7]). For a 4-bar linkage Q with positive side-lengths satisfying the Grashof con-

dition, one has the following dichotomy: either each configuration is periodic with the same period or

the orbit of each configuration is infinite.
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The “raison d’ètre” of this result is rather simple and elegant: it turns out that τ can be realized

as an automorphism of the complexified planar moduli space MC
2 (Q) acting as a translation, which

makes the statement obvious. For completeness we give an outline of the proof.

Outline of the proof. Let us use a rigid motion to place the first two vertices of Q = Q(a, b, c, d) at

points v1 = (0, 0), v2 = (a, 0) and consider an angular parametrization of M2(Q) by setting

v3 = (a+ b cosφ, b sinφ), v4 = (d cosψ, d sinψ).

Then the remaining distance condition d(v3, v4) = c is easily seen to be equivalent to

c2 = a2 + b2 + d2 + 2a(b cosφ− d cosψ)− 2bd(cosφ cosψ + sinφ sinψ).

Finally, using now the rational parameterizations

cosφ =
u2 − 1

u2 + 1
, sinφ =

2u

u2 + 1
, cosψ =

−v2 + 1

u2 + 1
, sinψ =

−2v

u2 + 1

we rewrite the distance equation in the form

((a+ b+ d)2 − c2)u2v2 + ((a+ b− d)2 − c2))u2 + ((a− b+ d)2 − c2)v2 + (−a+ b+ d)2 − c2 = 0.

The above curve in the (u, v)-plane is biquadratic and, as explained in [7], if it is smooth as a

curve in the Cartesian square of the complex projective line, it is an elliptic curve. Since we assume

that Q(l) satisfies the Grashof condition, this curve is smooth in P
1 × P

1 and MC
2 (Q) is an elliptic

curve. It is now easy to directly verify that the Darboux transformation corresponds to the horizontal

switch (u, v) �→ (u′, v) followed by the vertical switch (u′, v) �→ (u′, v′) in the (u, v)-plane. Therefore,

the Darboux transformation on M2(Q) coincides with to the so-called QRT transformation of the

biquadratic curve above [7]. Then, as is shown in [7], the Darboux transformation acts on it as

translation [7], which makes the result obvious.

Details of the proof can be found in [7, Sec. 11.3]. For us, especially inspiring is that the relation

to the Poncelet porism established in [7] indicates a clear way for solving the two natural problems

formulated in the aforementioned 2006 talk of the author, namely:

(1) develop an algorithm for solving the dichotomy for a given linkage;

(2) in the periodic case, compute the period k in terms of side-lengths.

Indeed, from the results and formulas in [7] it follows that, for given side-lengths, the dichotomy

for τ : M2(Q(L)) → M2(Q(L)) is reduced to investigation of the Poncelet porism for a pair of plane

quadrics defined by explicit equations. An exhaustive solution of the latter problem was given by

Cayley [4]. The method used by Cayley is quite effective and yields a solution to both problems

simultaneously. It can be easily implemented as a computer algorithm for answering these questions

in concrete cases.

In some symmetric cases the answers can be found geometrically by analyzing the action of τ on the

convex cyclic configuration. For example, using the fact that the diagonals in a rhombus are mutually

perpendicular, it is easy to check that the convex cyclic configuration of 4-bar linkage Q(2, 2, 2, 4) is

fixed by the third degree of τ . So by Theorem 4.1 all configurations of Q(2, 2, 2, 4) are fixed by τ3.

It is also possible to describe those pairs of nonequal positive numbers (a, b) for which the Darboux

transformation of parallelogram linkage Q(a, b, a, b) is periodic and express its minimal period through

a and b. However, a similar task for arbitrary side-lengths appears open and rather difficult. There

are also other natural problems concerned with diagonal involutions and Darboux transformation. For

example, for a given planar 3-arm A(a, b, c) and given P > a+ b+ c, find the number of configurations

of perimeter P for which the Darboux transformation τ has period k. Hopefully, problems of such

kind can be successfully studied using the link to the theory of QRT-mappings described in [7]. In
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general, there is good evidence that the book [7] is a rich source of new results on geometry of 4-bar

linkages.

5. Generalized Heron Polynomials and Residues

Generalized Heron polynomials were introduced by Robbins as a tool for computing the areas

of cyclic polygons [27]. As was explained in [17], they can be calculated using the Grothendieck

residue symbol or multidimensional logarithmic residue [28]. In fact, as was revealed in [16], [20],

these polynomials admit a natural interpretation in the context of cyclic configurations of polygonal

linkages. Namely, if one considers the oriented area of configuration as a function on the moduli space

of linkage, then its critical points are given by the cyclic configurations and critical values are the

real roots of the corresponding generalized Heron polynomial. In other words, one can find critical

configurations as solutions to a constrained extremal problem on the ambient affine space with the

oriented area as target function. To this end one can work in affine coordinates in the ambient space

and use the method of Lagrange multipliers as explained in [17]. After excluding the multipliers, one

is left with a square system of equations in the ambient space which we call the Lagrange system.

In the case of oriented area, the Lagrange system consists of polynomial equations and so one

can find the sum of values of any holomorphic function at its solutions as the Grothendieck residue

of the function with respect to Lagrange system. As explained in [16], this eventually yields the

construction of a univariate polynomial with roots equal to the critical values of the oriented area, i.e.,

the generalized Heron polynomial in the sense of [27, 29]. In this way one can calculate the coefficients

of generalized Heron polynomial by calculating sufficiently many residues with respect to Lagrange

system.

With a view towards our discussion of electrostatic energy in Sec. 6, we now present a slight

generalization of the above reasoning, which is applicable to a natural class of functions on moduli

spaces. First of all, it is easy to verify that the above reasoning is applicable to any rational function

on the ambient space without poles on the moduli space, in particular, to any polynomial function on

the ambient space. In fact, with a bit more work one can perform the same procedure for any rational

function. Next, it is easy to realize that the same can be done for any function on moduli space whose

gradient is expressed by a rational function in affine coordinates. This conclusion is useful since the

latter class already contains the logarithmic potential and a few other practically important potentials.

This gives the following simple but conceptually important result.

Theorem 5.1. Let f be a real-valued differentiable function with rational gradient on a smooth planar

moduli space of polygonal linkage. Then the critical values of f can be found as the real roots of a

univariate polynomial with coefficients which are algebraically computable in terms of residues.

It should be added that practical computation of these coefficients is a difficult task. To our

knowledge, the only explicit examples of generalized Heron polynomials are those found in [27, 29].

Several further questions arise in connection with the concept of generalized Heron polynomial. For

example, are the roots of generalized Heron polynomial generically simple? Is it true that two different

cyclic configurations always have different oriented areas? It may be shown that the first question

is basically equivalent to the Morse property of the oriented area on moduli space. Positive answers

to both these questions would facilitate finding the exact number of cyclic configurations of a given

linkage and shed more light on the whole topic.

In [17] we conjectured that generically (i.e., for generic side-length vector) the cyclic configurations

are nondegenerate critical points of oriented area. An analog of this conjecture for 3-arms was proved

in [21]. We prove that the same is true for generic 4-bar linkages, and the latter result implies
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our conjecture in the general case. We prove first the nondegeneracy of cyclic configurations for

quadrilateral linkages.

Proposition 5.2. For generic side-length vector (a, b, c, d), the cyclic configurations of Q(a, b, c, d)

are nondegenerate critical points of the oriented area.

The same result for 3-arms was proved in [21] using some elaborate results of singularity theory, in

particular, the parametric transversality theorem which does not permit one to indicate the explicit

conditions of genericity mentioned in the proposition. Below we show that in the case of a 4-bar

linkage one can give a more direct proof using the results of of [13], which permits us to indicate the

precise conditions Moreover, our approach yields a natural method of calculating the Morse index of

an oriented area at a cyclic configuration.

Proof. Let us parameterize M = M2(Q(a, b, c, d)) by taking the two opposite angles x and y at the

first and third vertex of a configuration V . Then the signed area A(V ) is given by

2A = ad sinx± bc sin y,

where the sign is plus for a convex configuration and minus for a self-intersecting (deltoid) configura-

tion. The calculations are absolutely analogous in both cases, so we consider only the case with the

plus sign (i.e., convex configuration V ). By the cosine theorem the moduli space is (locally) defined

in these coordinates by the equation (constraint) g = 0, where

g = 2ad cosx− 2bc cos y + b2 + c2 − a2 − d2.

According to [13], to analyze the Hessian of A|M , one should first introduce Lagrange function

L = A + pg, where p is a real number (Lagrange multiplier), and calculate its Hessian matrix HL

with respect to the three variables x, y, p. The main result of [13] applied to our situation yields

that if V ∈ M is an isolated critical point of A|M with Lagrange multiplier p and the hessian

h(V, p) = detHL(V, p) is nonzero, then V is a nondegenerate critical point of A|M and its index is

one less than the index of HL(V, p). The possibility of effective application of this result is given by

fact that critical configurations are cyclic [16]. Hence at each critical configuration one has sinx = sin y

and cosx = ± cos y.

Following this recipe we get

HL(V, p) =

⎛
⎝−ad(2p cosx+ sinx) 0 −2ad sinx

0 bc(2p cos y − sin y) 2bc sin y

−2ad sinx 2bc sin y 0

⎞
⎠ .

So its determinant is

h(V, p) = −4abcd
[
ad sin2 x(2p cos y − sin y) + bc sin2 y(2p cosx− sinx)

]
.

Since at a convex critical point V we have

sinx = sin y, cosx = − cos y,

we find that

2p = cotx = − cot y.

The above expression can be simplified, and we obtain

h(V, p) = −4abcd sin2 x

(
− ad

sin y
+

bc

sinx

)
= 4abcd sinx(ad− bc).

Thus, h(V, p) vanishes if and only if sinx = 0 or ad− bc = 0. The first possibility is excluded since

we assumed the Grashof condition, and hence Q does not have aligned configurations. The second

possibility will be also excluded if we permit only side-length vectors in the complement of the cone
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{ad − bc = 0} in the parameter space R
4
+. The case of a deltoid cyclic configuration is completely

analogous. Thus, we have proved the proposition and have identified the explicit conditions of gener-

icity, namely: the side-length vector (a, b, c, d) should satisfy the Grashof condition and, moreover,

ad− bc = 0.

Now we can use a modern version of Steiner’s four-hinge method to extend this result to polygonal

linkages with arbitrary number of sides.

Theorem 5.3. For arbitrary n, there exists a dense open subset Un ⊂ R+
n such that for each side-

length vector l ∈ Un the oriented area is a Morse function on M2(L(l)) (i.e., all cyclic configurations of

n-bar linkage L(l) are nondegenerate critical points of the oriented area function on the moduli space

M2(L(l))).

Proof. The proof is based on a simple general lemma, which has a routine proof and is omitted for

brevity.

Lemma 5.4. If p ∈ M is an isolated critical point of a smooth function on smooth manifold M

and TpM has a basis τ1, . . . , τdim M such that the restrictions of f on all germs of curves through p

representing vectors τi have nondegenerate critical points at p, then p is a nondegenerate critical point

of f .

Now, following the argument in [20], we consider a basis in TVM2(Q) represented by n − 3 “four-

hinge” deformations of Q with respect to n− 3 “short” diagonals. By Proposition 5.2, the restrictions

of A to the curves representing these deformations are nondegenerate, so that the result follows by

the lemma.

For a planar 3-arm A, the cyclic configurations form a one-dimensional subset of M2(A). A number

of results on the structure of this set and its various subsets can be found in [11, 21].

6. Electrostatic Potentials on Moduli Spaces of Linkages

The generality of the considerations and the results of [16, 17] suggest that it might be reasonable

to apply them to other geometrically or physically meaningful functions on moduli spaces of linkages

such as the electrostatic (Coulomb) energy and its two-dimensional analog derived from the logarithmic

potential. To this end we introduce the electrostatic energy E of positive point charges placed at

vertices of a planar or spatial configuration of the linkage (in which situation we speak of vertex-

charged linkage) and consider it a function on the moduli space of linkage. Under certain assumptions

the energy E is a smooth or rational function on the moduli space, and we wish to investigate its

critical points.

The physical motivation is that critical points of E are exactly the equilibria of the charged linkage,

where it is assumed that the linkage is massless and subject only to electrostatic forces. In particu-

lar, the minima of energy correspond to stable equilibria which are especially important in physical

problems. Two natural problems arise in this setting:

(P1) What is the number of equilibria of a given vertex-charged linkage?

(P2) What is the maximal number of equilibria over all vertex-charged linkages with n links?

Note a certain analogy of problem (P2) with the famous Maxwell conjecture on the number of

equilibria of a system of point charges [23]. Recall that the problem considered by J. C. Maxwell

was to estimate the maximum possible number M(n) of equilibria of the electrostatic force created

by n unit charges in fixed positions, where by equilibria is understood the critical points of Coulomb

potential Φs of this system of charges considered as a function of the ambient three-dimensional affine

space. In other words, equilibrium is a point p in the ambient space such that another unit charge
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placed at p will stay at rest in the electrostatic field created by this system of charges. Maxwell

conjectured that M(n) = (n − 1)2 for all n (see [23]), but in spite of the efforts of many researchers

the problem remains unsolved even for three charges. Namely, the best available estimate for n = 3

is 12 (see [9]) instead of 4, which confirms that the problem is highly nontrivial even in the simplest

case.

Note that for the planar electrostatic potential Φp the answer is well known for all n. Namely, the

maximal number of critical points of the planar electrostatic potential of n equal charges Φp equals

n− 1. This follows easily from a classical observation of Gauss (see., e.g., [26]).

We aim at obtaining some results concerned with problems (P1) and (P2). To place our discussion

in a more general and natural context, we introduce a class of functions containing planar and spatial

electrostatic energy and start investigating them in the spirit of our general paradigm. Since the

electrostatic potential and the energy of a system of equal charges depend only on pairwise distances

between the locations of charges, this suggests considering functions depending only on the lengths of

diagonals of the configuration.

To this end we begin with two general remarks on the lengths of diagonals considered as functions

on the moduli space. Let L = L(l) be a n-gonal linkage with generic sidelength vector l such that

its moduli spaces are smooth and let M(L) (S(L)) denote its planar (spatial) moduli space. For a

configuration P of L, let dij(P ) denote the distance between ith and jth vertex of P with i = j. In

this way we obtain a family of n(n−1)/2 functions dij on the moduli space of linkage. It is also useful

to consider their squares d2ij which can be conveniently organized in the so-called Cayley–Menger

matrix of P (see [3]). Since the lengths of the sides are fixed, n functions di i+1 are constant and

can be neglected in our context. After excluding them we are left with m(n) = n(n−3)
2 functions on

the moduli space. Functions d2ij are regular functions on moduli spaces since they are restrictions of

polynomials on the ambient affine space and it is easy to verify that they completely determine planar

or spatial configuration of any linkage.

Lemma 6.1. The mapping D : M(L) → R
m(n) defined by the collection of dij, j = i, i+ 1, is an

embedding.

In other words, the functions dij can be used to express any function on moduli space. However,

typically they cannot serve as a system of coordinates even locally because there are certain algebraic

relations between them like the Euler four points formula given in Sec. 2.

For our purposes, a natural class of functions on moduli space is formed by the rational (in par-

ticular) polynomial functions of the lengths of diagonals. Note that the electrostatic energy is of this

type. In fact, energy corresponding to a spherically symmetric potential decreasing at a certain degree

of distance from the source can be included in this scheme, but for simplicity we will only consider

electrostatic energies Ep (planar) and Es (Coulomb). To present our approach in the clearest way, we

work out in some detail the case of quadrilateral linkage. In addition to problems (P1) and (P2) we

also discuss one related topic in the spirit of control theory which was inspired by the recent physical

results concerned with driving nano-cars (see [22]).

So let us consider a quadrilateral linkage Q = Q(a, b, c, d) with nondegenerate and pairwise nonequal

side-lengths. The moduli spaces MN (Q) do not contain configurations with coinciding vertices, which

enables us to define a one-parametric family of differentiable functions Er on MN (Q) for arbitrary

N ≥ 2 as follows. For a configuration V of Q, let x and y denote the lengths of its diagonals. For any

r > 0, we set

Er(V ) =
1

xr
+

1

yr
.
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These formulas obviously define a family of infinitely differentiable functions on MN (Q). Note that

E2 = Es is the Coulomb energy of unit charges placed at the vertices of V and E1 = Ep is their planar

electrostatic energy. In the sequel we will only consider these two cases and write simply E when the

discussion is applicable to both of them.

Among the critical points of Ep and Es the global minima are especially important since they give

stable equilibria of the linkage subject to only electrostatic forces.

Lemma 6.2. The global minimum of Es can only be attained at a planar configuration of quadrilat-

eral Q.

Indeed, for each nonplanar configuration one can increase the length of at least one of the diagonals

without changing another, which clearly decreases the value of Es. Thus in this context it is sufficient

to consider both energies as functions on M(Q).

Lemma 6.3. The global minima of both energies always belong to M c(Q).

This follows from the fact that, given a nonconvex planar configuration of Q, one can increase both

of its diagonals simultaneously by deforming the linkage.

Our next topic was suggested by certain recent results on manipulations with so-called nano-car [22].

A natural mathematical counterpart of those results in our setting is to consider the electrostatic

equilibrium of a charged polygonal linkage and try to modify its shape by changing the charge at one

or several vertices. In other words, we wish to study the behavior of equilibria of electrostatic energy

under a change of charges at the vertices and refer to this procedure as Coulomb control of linkage.

Lemma 6.4. There exists unique positive value of t such that V is the Coulomb equilibrium for the

system of (positive) charges (t, 1, 1, 1) placed at vertices of Q in the given order, and it is given by the

formula

t =
x2Fx

y2Fy
.

Proof. The formula for t follows by merely applying the Lagrange multipliers method to the constrained

optimization problem with the target function Es = t ·x−1+y−1 and the Euler constraint F (x, y) = 0.

In this case the gradients of E and F should be proportional at the constrained critical point, which

immediately gives the formula above. The fact that t is positive follows from the above remark.

Having established this fact, we are able to prove that there exists a unique positive number t such

that Q is the electrostatic equilibrium for the system of (positive) charges (t, 1, 1, 1) placed at vertices

of Q in the given order. In fact, one can prove a stronger result.

Lemma 6.5. For an admissible quadrilateral linkage Q with arbitrary positive charges at its vertices,

the global minimum of Es on M(Q) is unique, and the same is true for Ep.

This result suggests the idea of controlling the shape of Q by changing the charge at one of the

vertices of Q. More precisely, we fix the positions of the first two vertices of Q, place unit positive

charges at all vertices except the first one placed at the origin, and permit ourselves to change the

value q > 0 of charge at the first vertex. By Lemma 6.5, for each q > 0 we have a single stable

equilibrium of Es, i.e., a well-defined point in M c(Q) which we denote by W (q). A natural question

now is whether this mapping is surjective as a mapping from R
+ into M c(Q). A positive answer to

this question would mean that we may force the linkage to take any convex shape from M c(Q) by

choosing a proper value of q.

Theorem 6.6. The mapping from R
+ into M c(Q) defined by q �→ V (q) is surjective onto the interior

of M c(Q).
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Proof. First, using the Lagrange method it is easy to see that the configuration with the lengths of

diagonals equal to (xo, yo) is the global minimum of Es when the charge at the first vertex is equal to

q =
x2Fx

y2Fy
, where the subscripts denote partial derivatives and both yo and Ty are nonzero. If y0 = 0

one has an analogous relation with the roles of x0 and y0 exchanged. It only remains to show that the

obtained value of q is indeed positive. This can be proved by analyzing the implicit functions of the

form y(x) and x(y) obtained from equation F (x, y) = 0. A simple argument implies that in convex

position both partial derivatives have the same sign, which completes the proof.

The final conclusion is that all strictly convex configurations of Q appear as electrostatic equilibria

with positive charges. If we permit t to be negative, then the whole moduli space M(Q) consists of

electrostatic equilibria for certain t. In other words, the Coulomb control in this case permits us to

reach any configuration from a given one by adjusting the value of charge at just one vertex.

Using the ideology and terminology of control theory [1] this result means that global equilibria of

a charged quadrilateral Q as above can be completely controlled by the value of charge at just one

of its vertices. The same result holds for Ep and its proof can be obtained by a slight modification.

In fact, the result for Es seems more important since in real life one always deals with the Coulomb

potential.

Obviously, similar problems make sense for linkages with arbitrary number of sides. In particular,

the reasoning based on the Lagrange multiplier method appears also effective in the case of a pentagon

linkage L with pairwise nonequal lengths of the sides. Let P be a configuration of such pentagonal

linkage L(a, b, c, d, e). Then all diagonal lengths x, y, z, u, and v are nonzero. Place the charges

(s, 1, t, 1, 1) in the given order at the vertices of P . Then the Coulomb potential at P equals

E(P ) = sx−1 + ty−1 + stz−1 + u−1 + v−1.

The Euler four-point formula yields three functional relations, say F1, F2, and F3, between the variables

x, y, z, u, and v which hold on the moduli space of L. It can be verified that these three relations are

functionally independent. So they can be taken as defining equations of L, and it is reasonable to use

them as constraints in the constrained optimization problem for E onM(L). Notice that the gradients

of L and Fi form a (4× 5)-matrix D, and the rank of this matrix should not exceed 3 at a constrained

critical point. The latter rank condition is equivalent to the vanishing of two (4 × 4)-minors of D,

which yields a system of two equations for unknowns s, t. Moreover, from the explicit form of our

target function E, it follows that one equation of this system is linear and the second one is quadratic.

Thus it may only have not more than two real solutions (s, t). After these preparations one readily

arrives at the analog of Lemma 6.4 for pentagonal linkages.

Lemma 6.7. If configuration P is convex, then there exists a unique pair of positive numbers (s, t)

such that P is the equilibrium of the system of charges (s, 1, t, 1, 1) placed at the vertices of P in the

given order.

The final conclusion is that also in this case the convex configurations of L can be controlled by two

charges placed at any two nonadjacent vertices of L. Obviously, similar problems make sense and are

interesting for linkages with an arbitrary number n of sides. However, the situation becomes much

more complicated for n ≥ 6 and we do not have any reasonable results for n ≥ 6.

7. Minkowski 1897 Theorem for Quadrilateral Linkages

In conclusion, we describe another interesting aspect of polygonal linkages emerging from the

Minkowski 1897 theorem (see, e.g., [2]). Given a polygonal linkage L = L(l1, . . . , ln), for each of
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its configurations P in R
N , the Minkowski 1897 theorem yields a unique (up to isometry) convex N -

dimensional polyhedron μ(P ) with (N−1)-dimensional faces Fi, i = 1, . . . , n such that Fi is orthogonal

to the side pipi+1 of P and the (N − 1)-dimensional volume of Fi is equal to li. In this situation we

say that the corresponding polyhedron is a Minkowski N -polyhedron (or a face calibrated polyhedron)

with face gauge l (it is also tempting to introduce the term Minkowski face control which, however,

will not be used below).

If we include into consideration also degenerate polyhedra having all of their vertices in the same

hyperplane of RN and identify congruent configurations, we obtain a certain compact space ΩN (l)

which can be called the moduli space of Minkowski N -polyhedra with face gauge l. As is easy to show,

the Minkowski theorem in fact implies that ΩN (l) can be naturally identified with Nth moduli space

MN (l) of linkage L(l). Despite its simplicity, this observation is quite useful because it enables one to

describe the topological structure of ΩN (l) using the well-known methods for studying the topology

of MN (l). Moreover, this observation suggests plenty of natural geometric problems only some of

which are mentioned below. For brevity and clarity, we only consider the case where N = 3 and

n = 4. In other words, we discuss the relations between spatial moduli space of quadrilateral Q(l) and

Minkowski tetrahedra with face gauge l.

In line with the general setting of extremal problems for mechanical linkages described in [17, 18],

it is natural to compare the critical points of the two functions Vo, V
c on moduli spaces Ω3(l) and

M3(l). The first one is defined on Ω3(l) as the usual oriented volume of a tetrahedron, while, for a

configuration P of a 4-bar linkage L, we set V c(P ) = Vo(ConvP ), where ConvP is the convex hull of

P , i.e., a tetrahedron, maybe degenerate. Although the two settings look quite similar, they cannot

be reduced to each other in a direct way, since simple examples show that the oriented volume of the

convex hull of a spatial 4-bar configuration P of Q(l) does not coincide with the oriented volume of its

Minkowski transform μ(P ). Hence the geometry of critical points may be different in the two settings

considered, and they should be studied separately.

We present just one simple result on this topic. As was shown in Sec. 2, for any quadrilateral linkage

Q = Q(l), one has M3(Q) ∼= S2. It follows that Ω3(l) ∼= S2 for any face gauge l. Using the method

described in Sec. 4, we can show that, for generic l, the volume Vo is a Morse function on both these

moduli spaces.

Let us identify the maximum of Vo(ConvP ) on M3(Q). For a positive number d, let Xd denote

the set of all configurations P of L such that the length of the diagonal p1p3 is equal to d. It is then

obvious that the maximum of V on Xd is attained at a configuration for which the dihedral angle

between the two faces containing p1p3 is equal to π/2. By the same reasoning, for the Vo-maximal

configuration, the dihedral angle by the second diagonal should also be π/2. It is easy to verify that

there always exists a configuration P ∗ with both dihedral angles by diagonals equal to π/2 and so

the (global) maximum of Vo(ConvP ) is attained at P ∗. The maximal value M of V ∗ can now be

explicitly computed by merely using elementary geometry. The minimum m = −M is attained on a

configuration obtained by reflecting the maximal configuration P ∗ in one of its faces. In many cases

these are the only critical points in Q3(L); however, we do not have a proof in the general case.

Note that for a regular quadrilateral Q(1, 1, 1, 1), the extremal configurations do not coincide with

the regular tetrahedron as one might have expected. In fact, from our considerations it follows that

the maximal configuration of regular 4-bar linkage is orthocentric, i.e., all of its altitudes have a

common point (orthocenter). In general, the connection described above suggests many other open

problems and plausible conjectures which will be addressed in the further research of the author and

his collaborators. We conclude by adding that most of the considerations in this paper make sense for

spherical linkages on SN (cf. [12] for the case of two-dimensional sphere) and it would be interesting

to find out what results in the spirit of this paper can be obtained for spherical linkages.
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