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MODELING OF FLEXURAL VIBRATIONS OF A KIRCHHOFF PLATE 
WITH A THIN-WALLED ELASTIC INCLUSION OF WEAK CONTRAST 

Ya. I. Kunets’  and  V. V. Matus  UDC 539.3 

We have proposed a model of the elastodynamic interaction between a thin plate and a thin-walled elas-
tic rectilinear inclusion of weak contrast.  The inclusion in the plate is subjected to steady-state flexural 
vibrations and the conditions of perfect contact.  The plate motion is described according to the Kirch-
hoff hypotheses.  The procedure of study is based on the application of methods of the theory of singular 
perturbations.  Using the obtained model, we have studied the spectral characteristics of flexural waves 
scattered by the inhomogeneity into the far-field zone. 

Introduction 

The diffraction phenomena in elastic media, containing thin-walled elastic elements, were investigated in 
numerous works (see, e.g., [2, 6, 7, 12] and literature reviews therein).  This is caused by the practical require-
ments of fracture mechanics, nondestructive testing, mechanics of composite materials and structures, etc.  The 
dominant majority of these works is devoted to considering thin high- or low-rigidity inhomogeneities [3, 9, 12, 
14].  The dynamic interaction of weak-contrast inclusions with an elastic medium was studied only in single in-
stances [2, 5]. 

The problems of the scattering of flexural waves in thin elastic plates were considered mainly for the case of 
scatterers of convex or canonical shapes [1, 8, 10, 11, 13].  In the present work, using the method of matched 
asymptotic expansions, we model the interaction of flexural waves with a thin-walled rectilinear inclusion of 
weak contrast and constant thickness, which is situated in a thin Kirchhoff plate.  Based on these results, using 
the Green integral representations of the solutions of modeled problems, we investigate the behavior of the scat-
tered fields of flexural waves in the far wave zone (Fraunhofer zone). 

Statement of the Problem 

Consider an infinite thin plate of thickness  h ,  which is characterized by flexural rigidity  D ,  Poisson’s 
ratio  ν ,  and density  ρ .  The plate motion is described on the basis of the Kirchhoff hypotheses [1].  In the 

plate, under conditions of perfect mechanical contact with it, there is a through rectilinear elastic inclusion with 
the corresponding parameters  D0 ,  ν0 ,  and  ρ0 ,  which occupies the domain 

 
  
Wε = {(x1, x2 ): x1 < a,  2 x2 < h0 }, ε =

h0
a

� 1. 

Here,  x = (x1, x2 )   are Cartesian coordinates,  2a   and  h0   are the length and longitudinal thickness of the 

inclusion (its through thickness is equal to  h ),  and  ε   is a small dimensionless parameter, characterizing the 
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small relative longitudinal thickness of the inhomogeneity.  We consider inclusions of weak contrast, i.e., the 
relation 

 ε <
D0
D

< 1
ε  (1) 

is valid for the elastic and geometric parameters of the composite.  We also assume that, in this case and under 
condition   h/h0 � 1 ,  the dynamic behavior of the inclusion can also be simulated with the framework of the 

Kirchhoff hypotheses. 
For steady-state flexural vibrations, the deflections of components of the composite satisfy the equations of 

motion [1, 11] 

  Δ
2w(x) − k 4w(x) = 0, x ∈R2 \ Wε , (2) 

 Δ2w0 (x) − k0
4w0 (x) = 0, x ∈Wε , (3) 

 w(x) = wsc (x) + w in (x) , 

where  w(x)   and  wsc (x)   are the fields of flexural waves in the plate (total and scattered by the inhomogene-

ity, respectively),  w in (x)   is the deflection of a homogeneous plate, characterizing the applied load,  w0 (x)   is 

the inclusion deflection,  k = ρhω2 /D4   and  k0 = ρ0hω2 /D0
4    are the wave numbers of flexural waves of 

the plate and inclusion, and  ω   is the angular frequency of vibrations. 
According to the Kirchhoff model, we may represent the conditions of mechanical contact of the plate and 

inhomogeneity in the form 

 w(x) = w0 (x), γ (x) = γ 0 (x) , 

 M (x) = M 0 (x), V (x) = V0 (x), x ∈∂Wε , (4) 

where  γ ,  M ,  V   and  γ 0 ,  M 0 ,  V0   are the angles of rotation of a normal element, bending moments, and 

generalized Kirchhoff shear forces in the plate and inclusion, respectively [1, 11]. 
In addition, the condition of radiation at infinity should be satisfied [1]: 

 wsc (r,θ) = 2
πkr

ei(kr−π /4 ) f (θ) + o 1
r

⎛
⎝

⎞
⎠ , r →∞ , (5) 

 x1 = r cosθ, x2 = r sinθ, 0 ≤ θ ≤ 2π , 

where  f (θ)   is the complex amplitude of the scattering of flexural waves, and  (r,θ)   are polar coordinates. 
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Effective Conditions of Mechanical Contact between Components of the Composite 

To obtain the generalized contact conditions, written on the medial line of the inclusion, we use methods of 
the theory of singular perturbations [2, 6, 9].  We represent the deflections in the matrix and inclusion in the 
form of asymptotic expansions: 

 

 
wsc (x) = ε jw j

sc (x)
j=0

∞

∑ , x ∈R2 \ Wε , (6) 

 w0 (x) = ε jw0 j (x1, x2 )
j=0

∞

∑ , x ∈Wε , x2 = εx2 , ε→ 0 . (7) 

Further, we carry out the change of variables  x2 = ε x2   in the domain of inclusion, substitute representa-

tions (6) and (7) in Eqs. (2) and (3) and contact conditions (4), and equate expressions with equal powers of  ε .  
As a result, with regard for relation (1), we obtain a system of ordinary differential equations for determining the 
unknown coefficients of expansion (7).  From here, accurate to the dominant terms of asymptotics (6) and (7), 
we have 

 Φ1 = 0, Φ2 = hD (νD0
−1 − ν0 D−1 ) ∂

2w in

∂x1
2

+ (D0
−1 − D−1 ) ∂

2w in

∂x2
2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

, 

 Φ3 = hDd1
∂3w in

∂x1
2∂x2

, Φ4 = hD d2w in + d3
∂4w in

∂x1
4

+ d4
∂4w in

∂x1
2∂x2

2

⎛

⎝⎜
⎞

⎠⎟
,  

 x1 < a, x2 = 0 , (8) 

where 

 d1 = κ1(1− ν0 ) + ν −1, d2 = k 4 − κ1k0
4 , 

 d3 = κ1(1− ν0
2 ) + νν0 −1, d4 = ν0 − ν, κ1 =

D0
D

, 

 Φ1 = w(x1,+ 0) − w(x1,− 0), Φ2 = γ (x1,+ 0) − γ (x1,− 0) , 

 Φ3 = M (x1,+ 0) − M (x1,− 0), Φ4 = V (x1,+ 0) −V (x1,− 0) . 

The generalized (effective) contact conditions (8) model the actual contact conditions (4) asymptotically ex-
actly and simplify substantially the solution of problem (1)–(5). 
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Determination of the Plate Deflection 

System (8) of effective shear forces and the corresponding moments applied to the inclusion is unbalanced.  
Therefore, it is necessary to take into account the action of concentrated forces and moments applied at the in-

clusion ends [2].  We represent the plate deflections  wsc (x)   in the form 

 wsc (x) = w1
sc (x) + w2

sc (x) , (9) 

where the component  w1
sc (x)   is the solution of problem (2), (5), (8), and  w2

sc (x)   is the set of concentrated 

forces and moments at the inclusion ends.  Using the theorem of work reciprocity [11] and effective conditions 

(8), we get the following integral representation for  w1
sc (x) : 

 w1
sc (x) = Φ3 (x10 )

∂G(x,x0 )
∂x20

− Φ2 (x10 )M G (x,x0 )⎡
⎣⎢−a

a

∫  

  −Φ4 (x10 )V G (x,x0 )⎤
⎦⎥

dx10 , x0 = (x10 , x20 ), x20 = 0 , (10) 

 G(x,x0 ) =
iπH0

(1) (k x − x0 )− 2K0 (k x − x0 )
8πDk2

, 

where  G(x,x0 )   is the fundamental solution of Eq. (2),  H0
(1) (x)   is the zero-order Hankel function of the first 

kind,  K0 (x)   is the zero-order modified Bessel function of the second kind, and  V G (x,x0 )   and  M G (x,x0 )   

are the generalized Kirchhoff shear force and the bending moment corresponding to the deflection  G(x,x0 )   

[4]. 
With the help of the method of matched asymptotic expansions, using the approach described in [2, 6], we 

obtain the representation for  w2
sc (x) : 

 

 
w2

sc (x) = hD [Aj
+G j

+ (x,x0
+ ) − Aj

−G j
− (x,x0

− )]
j=1

3

∑ , (11) 

where 

 G j
± (x,x0

± ) =
∂G(x,x0

± )
∂x j 0

, j = 1,2 , 

 G3
± (x,x0

± ) = G(x,x0
± ), x0

± = (± a, 0) , 
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 A1
± = − d3

∂2w in (x0
± )

∂x10
2

− d4
∂2w in (x0

± )

∂x20
2

, 

 A2
± = − d1

∂2w in (x0
± )

∂x10∂x20
, 

 A3
± = d3

∂3w in (x0
± )

∂x10
3

+ d4
∂2w in (x0

± )

∂x10∂x20
2

. 

Calculating the integral in (10) by parts, we find from representations (9)–(11) the following relation for de-
termining the plate deflection: 

 wsc (x) = hD d5
∂2w in (x10 )

∂x10
2

+ d6
∂2w in (x10 )

∂x20
2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂2G(x,x0 )

∂x10
2

dx10
−a

a

∫  

  + hD d6
∂2w in (x10 )

∂x10
2

+ (κ1
−1 −1)

∂2w in (x10 )

∂x20
2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂2G(x,x0 )

∂x20
2

dx10
−a

a

∫  

  − hD d1
∂2w in (x10 )
∂x10∂x20

∂2G(x,x0 )
∂x10∂x20

+ d2w in (x10 )G(x,x0 )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
dx10

− a

a

∫ , 

 x20 = 0 , (12) 

 d5 = κ1(ν0
2 −1) + κ1

−1ν2 − 2νν0 +1, d6 = κ1
−1ν − ν0 . 

Relations (9)–(12) determine the solution of problem (1)–(5) everywhere, except small neighborhoods of 
the inclusion ends, were the internal asymptotic refinements are valid [2, 6]. 

Wave Fields in the Fraunhofer Far Zone 

Let the inclusion be excited by a plane harmonic flexural wave 

  w
in (x) = W0 exp[− ik(x1 cosθin + x2 sinθin )] , 

where  W0   and  θin   are the amplitude and angle of incidence of the wave.  Substituting the asymptotic repre-

sentations of the functions  H0
(1) (x)   and  K0 (x)   for large arguments in (12), we obtain from (5) and (12) the 

following expression for the complex amplitude of the scattering of flexural waves: 
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f (θ) = i

8
W0k∗

2ε [d5 cos2 (θin ) + d6 sin2 (θin )]cos2 (θ){  

   + [(d6 cos2 (θin ) + (κ1
−1 −1)sin2 (θin ))]sin2 (θ)  

  − 1
4

d1 sin (2θin )sin (2θ) − d2k−4 ⎫⎬
⎭

j(θ,θin ), k∗ = ka , (13) 

 j(θ,θin ) = 2
sin (y)

y
, y = k∗ (cosθ + cosθin ) . 

For one-type components of the plate  (ν = ν0 ) ,  we have from here 

 
 
f (θ) = i

8
W0k∗

2ε(κ1
−1 −1) [(κ1(1− ν2 ) + ν2 )cos2 (θin ) + νsin2 (θin )]cos2 (θ) + [(νcos2 (θin ){  

  
 
+ sin2 (θin ))]sin2 (θ) + 1

4
(ν −1)κ1 sin (2θin )sin (2θ) + (κ1

−1 −1)−1(ρ0ρ
−1 −1)⎫⎬

⎭
j(θ,θin ) , 

 κ1 =
D0
D

=
E0
E

=
ρ0
ρ , k∗ = ka , (14) 

where  E   and  E0   are Young’s moduli for the materials of the matrix and inclusion, respectively. 

In Fig. 1, we present the modulus of the normalized scattering amplitude  f0 = 8 f /(W0k∗
2ε)    of a flexural 

wave for the cases where the rigidity of the inclusion material is lower than that for the matrix:  E0 /E = 0.5   

(Fig. 1a) and, on the contrary, is greater:  E0 /E = 2   (Fig. 1b).  We consider here the monostatic scattering of 

our inhomogeneity  (θ = θin )   and assume that  ν = ν0 = 1/3 .  Solid, dashed, and dotted lines correspond to 

k∗ = 0.5, 2.0 , and 5.0 , respectively.  We see that the level of normalized scattering amplitudes is higher for 

stiffer inclusions, decreases with increase in the wave size of the scatterer, and is maximal for  θin = π/2 . 

In Fig. 2, we show the data of the bistatic scattering of flexural waves for  E /E0 = ρ/ρ0 = 2 ,  ν = ν0 = 1/3 ,  

and different wave sizes of the scatterer  k∗ = 0.5, 2.0 , 5.0   (the types of curves are the same as in Fig. 1). 

Analysis of these results and the corresponding analytical investigations of representations (13) and (14) 
show that the reciprocity relation for scattering amplitudes is true: 

 f (θ,θin ) = f (θin ,θ) , 

and, hence, the proposed asymptotic modeling of wave processes is correct.  We also see that, with increase in  
k∗ ,  the level of normalized scattering amplitudes decreases for arbitrary angles of the observation and probing 

of the inhomogeneity  θ   and  θin . 
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 (a) (b) 

Fig. 1 

 

Fig. 2 

CONCLUSIONS 

As a result of the performed mathematical modeling (based on the theory of singular perturbations) of wave 
phenomena in a thin Kirchhoff plate with a thin-walled rectilinear weak-contrast inclusion of constant thickness, 
we have obtained analytical expressions for determining the plate deflections and stresses.  The proposed ap-
proach can also be used for the case of thin inhomogeneities of a more complex geometry. 

We have proved the reciprocity relation for the amplitudes of the scattering of flexural waves by thin scat-
terers of weak contrast. 



674 YA. I. KUNETS’  AND  V. V. MATUS 

The performed analytical and numerical investigations form the base for the development of efficient algo-
rithms for the solution of the corresponding inverse problems, namely, for determining the mechanical proper-
ties and spatial orientation of thin-walled inhomogeneities by the data of the scattering of flexural waves into the 
Fraunhofer zone. 

This work was supported by the State Foundation for Basic Research of Ukraine (project F40.1/018). 
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