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THERMOSTRESSED STATE OF A CYLINDER WITH THIN NEAR-SURFACE LAYER 
HAVING TIME-DEPENDENT THERMOPHYSICAL PROPERTIES 

O. I. Yatskiv,  R. M. Shvets’,  and  B. Ya. Bobyk  UDC 539.3 

We develop a method for the solution of boundary-value problems of the thermostressed state of cylin-
drical bodies with thin near-surface layers having time-dependent thermophysical properties.  The pres-
ence of a thin near-surface layer in a long solid cylinder is taken into account in the formulated bound-
ary-value problem by means of a nonclassical nonstationary boundary condition with variable coeffi-
cients.  The replacement of this condition by the classical first-kind condition enables one to reduce the 
original problem to finding the solution of an integro-differential equation with variable coefficients.  
This equation has a Volterra-type integral operator and is solved by using spline approximations.  The 
efficiency of this method has been partially verified on the well-known problem of heating of a thin ho-
mogeneous plate with variable Biot number by environment.  We investigate the thermostressed state of 
a cylinder for both linear and exponential normalized surface parameters of heat transfer and heat capac-
ity over time.  For different stages of heating, we analyze at what constant values of parameters the 
thermal regime of the cylinder is closest to the mode with variable parameters.  The obtained solutions 
and data on their properties can be used in solving the problems of boundary parametric identification. 

Introduction 

In various branches of science and industry, the problem of improvement of the properties of existing mate-
rials and the creation of new materials with special physicomechanical properties remains important.  One of the 
ways of the solution of this problem lies in the purposeful change in the properties of thin near-surface layers of 
structural elements and parts of machines and mechanisms or in the application of special coatings on their sur-
face [1, 7, 15, 38, 39, 58].  On the other hand, the present-day physics asserts that the near-surface layers of ac-
tual solids have physicomechanical properties different from the base material.  Furthermore, they can change 
additionally during the production and utilization of structural elements, especially under conditions of intense 
loading and influence of various physical fields [3–5, 38, 39, 51].  Therefore, in determining the thermostressed 
state of bodies, it is necessary to take into account their near-surface inhomogeneity and time variation of the 
thermophysical and mechanical properties of their thin near-surface layers. 

Under the heat exchange of bodies with the environment across a thin near-surface layer, the temperature 
distribution inside the bodies and their stress-strain state depend strongly on the values of heat transfer coeffi-
cients and heat capacity of this layer [2, 15, 19, 43, 48, 51, 61].  The variation of these parameters in time can be 
caused by different factors, e.g., by changes in the temperature of the body or by physical and chemical proc-
esses in thin near-surface layers such as the formation of scale and oxide films, friction, microcracking of the 
surface, filling of the surface micropores and microroughnesses with gases or liquids, contamination of the sur-
face, etc. [13, 38, 51, 56]. 

The results of studying the processes of heat conduction and diffusion as well as caused by them ther-
mostressed state in bodies of the canonical shape (plate, cylinder, or sphere) with thin near-surface layers or 
coatings with constant thermophysical parameters can be found, in particular, in [7, 15, 19, 26–28, 37, 42–49, 
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53, 58, 61].  To model the presence of near-surface layers, researchers proposed both rigorous approaches (based 
on the use of thin shells or plates and application of operator methods for deducing nonclassical nonstationary 
conditions of heat and mass transfer across a thin layer [24, 26, 27], application of the asymptotic expansions of 
required quantities in terms of a parameter [41], and expansion of the solutions into power series with their sub-
sequent approximation by several terms of the series [61]) and approaches based on imposing conditions of so-
called “concentrated capacity” on the surface of the body [2, 57].  As a result, the boundary conditions of these 
problems in all cases are nonstationary and take into account the kinetics of processes of the diffusion of heat or 
substance on the surface of the body and thermophysical properties of the thin layer.  Generalized boundary-
contact conditions of this type for the case of contact of the bodies across inhomogeneous (over the thickness) 
interphase layers were deduced in [21, 22], and the conditions of heat exchange with the environment across 
multilayer coatings in [61].  A more detailed review of publications devoted to the modeling of thin near-surface 
layers and other cases of the use of nonstationary boundary or boundary-contact conditions of such type can be 
found in [43, 48]. 

It is worth noting that, in recent years, researchers often apply a different approach to the description of 
near-surface inhomogeneities in bodies, based on the analysis of near-surface phenomena with the help of local-
gradient method, where the local mass displacement is taken into account [3, 4]. 

Taking account of the inhomogeneity of the structure of a body and time variation of the thermophysical 
properties of near-surface layers requires the construction of adequate mathematical models, formulation of the 
corresponding (nonclassical) problems on their basis, and the development of new efficient methods for their 
solution. 

For the solution of problems with the formulated nonstationary boundary conditions, researchers used 
mainly the method of Laplace integral transformation, however, due to the awkwardness of calculations and dif-
ficulties in finding originals, they mostly considered the asymptotic approximations of solutions for small and 
large values of time [26, 27, 39].  To study the diffusion of heat or substance in bodies with thin near-surface 
layers, the nonclassical Sturm–Liouville problem for eigenvalues and eigenfunctions was formulated, conditions 
of generalized orthogonality were specified, and solutions in the form of expansion into generalized Fourier se-
ries were obtained [44, 48, 52].  This method was extended to the case of multilayer bodies with thin interlayers 
and coatings [46, 47].  Simultaneously, a general approach was proposed for the solution of interrelated prob-
lems of thermodiffusion and problems with nonstationary boundary-contact conditions, which take into account 
the presence of thin near-surface or interphase layers in the body [45, 48, 53].  This approach is based on the 
splitting of nonclassical coupled or nonstationary boundary conditions and reduction of the problem to the solu-
tion of Volterra-type integral or integro-differential equations. 

The heat conduction problems for bodies with variable surface thermophysical properties also attract atten-
tion of researchers for a long time.  There exist experimental and theoretical confirmations of the time depend-
ence of heat transfer coefficients [13, 56].  However, mainly homogeneous bodies were considered, and the dif-
ference between the properties of near-surface layers and base material of the body was not taken into account.  
The use of analytical approaches to the solution of problems with a time-dependent coefficient of heat transfer 
from the surface even in the one-dimensional approximation is connected with significant difficulties, which lie 
in the fact that it is hard to satisfy simultaneously the equation of the problem and boundary conditions with a 
time-dependent parameter [13].  Therefore, for the solution of such problems, numerical methods were used, and 
a number of analytical-numerical approaches were developed. 

One of the first numerical methods for the solution of problems with a time-dependent heat transfer coeffi-
cient was the finite difference method [35].  In the analytical-numerical approach [9, 29], a change of variables 
was proposed as a result of which one obtains boundary conditions with constant coefficients, but the original 
equation of the problem becomes nonlinear.  An approximate solution of the transformed problem was obtained 
for small values of the Biot number after neglecting the nonlinear term in the equation. 
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At a certain period of the development of the theory of heat conduction, the Laplace operational method for 
the solution of such problems became widespread [12].  The formal solution of the problem with its use was ob-
tained in [33].  In [10], the Laplace integral transformation by time was also applied, and, afterwards, the prob-
lem was reduced to a Volterra-type integral equation for the surface temperature, whose solution was con-
structed by the method of successive approximations using the stage of the regular thermal regime of heating of 
the body.  The Laplace transformation with the use of two-frequency transfer functions for the problems with 
heat transfer coefficients in the form of rational combinations of polynomials, trigonometric functions, and ex-
ponentials was applied in [18].  In [54], the Laplace integral transformation was used together with the numeri-
cal finite difference method.  Another approach [20] was based on applying the combination of approximation 
technique and the method of successive approximations of the solutions of the problem in the space of Laplace 
transforms. 

Approximate approaches based on the division of heat conduction processes in a body into several succes-
sive stages also became widespread [29, 30], in particular, the hypothesis of “thermal layer” was formulated 
with the use of scheme of the approximate method of equivalent sources described in [30]. 

In addition, various schemes were proposed for the replacement of a problem with a variable heat transfer 
coefficient by a problem with a constant coefficient.  The next stage lay here in reducing the original problem to 
Volterra-type integral equations or nonlinear integral equations, for the solution of which these or those ap-
proximate or numerical methods were applied [23, 40].  The constant heat transfer coefficient, corresponding to 
the maximal value of the variable coefficient on a given time interval, was used in [8] for the initial approxima-
tion of the required solution.  For its refining, a sequence of linear problems was constructed, where the nonsta-
tionary component of heat transfer coefficient was carried to the ambient temperature. 

An integral equation for the surface temperature of an infinite plate with a time-dependent heat transfer co-
efficient, which is heated by the environment with a time-varying temperature, was obtained in [32] as well.  
The solution of this equation was found only for the stage of regular heating of the plate, i.e., for sufficiently 
large values of the time. 

The reduction of the problems of this type to an infinite system of ordinary differential equations with vari-
able coefficients was performed with the use of expansions into series in terms of eigenfunctions with constant 
[17] and time-varying eigenvalues [60] as well as with applying the method of finite integral transforms ex-
tended to such problems [59].  As an alternative to the classical method of finite integral transforms, the method 
of generalized integral transforms for certain classes of problems was developed in [16].  For solving the infinite 
system of ordinary differential equations, obtained due to its application, the reduction of this system was carried 
out, and the use of widespread computer mathematical packages was proposed.  This method was verified on the 
problems presented in [9, 10], and its efficiency was analyzed. 

The method of coordinate functions [36], based on obtaining a sequence of additional boundary conditions 
of the problem for calculation of the unknown coefficients of these functions, also belongs to approximate-
analytical methods. 

Among the investigations of heat conduction with variable heat transfer, we should mention especially the 
problems for thin-walled structural elements, in particular, plates [11, 25, 34].  In [25], the heat conduction equa-
tion for thin-walled elements with a time-dependent heat transfer coefficient was derived, and a number of heat 
conduction and thermoelasticity problems were solved using the Laplace integral transformation. 

After several decades of the development of analytical-numerical and numerical methods for the solution of 
nonstationary problems of the diffusion of heat and substance with a time-varying heat transfer coefficient, an 
analytical solution for a plate with an arbitrary law of the variation of this coefficient was obtained in [55].  The 
method of constructing this solution is based on the representation of a special structure for it and the use of the 
so-called “shift functions” with subsequent expansion of the temperature into a Fourier series.  The solution ob-
tained enables one to pass to the limit case of this problem with constant heat transfer coefficient. 
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Fig. 1 

As compared with the wide bibliography for homogeneous bodies, few publications are devoted to heat 
conduction in inhomogeneous bodies with time-dependent coefficients of heat transfer from the surface.  The 
heat exchange of a two-layer wall with the environment for the case of a variable heat transfer coefficient was 
considered in [31].  With the use of the Green functions, the problem was reduced to a second-kind Fredholm 
integral equation, whose kernel is approximated by a series of bilinear functions with obtaining a system of or-
dinary differential equations with variable coefficients.  The heat exchange of a half-space covered by a thin 
coating with a time-dependent coefficient of heat transfer from the surface was studied in [2].  However, the heat 
capacity of the coating was assumed to be constant.  To solve this problem, the Laplace operational method and 
the method of successive approximations in the space of transforms were used. 

Practically there are no theoretical investigations of heat transfer in bodies with thin near-surface layers, 
having time-dependent both heat transfer from the surface and heat capacity of the layer.  At the same time, ex-
perimental investigations show that, in a number of important cases, it is necessary to take into account the vari-
ability of the heat capacity of thin near-surface layers or coatings [51].  Among the main causes of change in the 
heat capacity of a thin layer, we should mention the change in both its microstructure and thickness. 

Therefore, in the present work we consider the heat exchange between the environment and a long solid cyl-
inder with a thin near-surface layer whose thermophysical properties differ from those of the base material of the 
cylinder.  The normalized coefficients of heat transfer from the surface and heat capacity of the thin layer vary 
with time.  We take the linear and exponential laws of their change.  To solve the formulated problem, we de-
veloped the proposed earlier method of splitting of the complicated boundary conditions into classical and non-
classical parts with the help of “binding functions,” expansion of the solutions into Fourier series in terms of the 
eigenfunctions of classical problems, and derivation of Volterra-type integral or integro-differential equations 
for the determination of the unknown “binding functions” [45, 48, 53].  For the case of variable thermophysical 
properties of the near-surface layer, we obtained integro-differential equations with time-dependent coefficients 
[50].  Based on the spline approximation of the binding functions, we developed an algorithm of the solution of 
such equations.  Using the determined temperature of the cylinder, we study its stressed state.  The obtained ana-
lytical-numerical solution of our problem enables us to investigate the thermostressed state of inhomogeneous 
cylinder at different stages of its heating without using assumptions on the smallness of values of thermophysi-
cal parameters.  The accuracy and efficiency of the developed method was partially verified by comparing our 
results with those obtained in the investigations of homogeneous bodies known from the literature [9, 29, 35, 
55]. 

1.  Statement of the Heat Conduction Problem and Its Solution 

Suppose that a long solid isotropic cylinder of radius  r1   with a thin near-surface layer, having time-

dependent thermophysical properties different from the base material, is heated by the environment of constant 
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temperature  TC .  The heat exchange of the cylinder with its environment obeys the Newton law.  The mechani-

cal properties of the layer and cylinder are identical.  We model the near-surface layer by a thin shell, having a 
perfect thermal contact with the cylinder.  The equation of axisymmetric nonstationary heat conduction for the 
cylinder has the form [12–14] 

 ΔT ∗ (r,τ) = α2 ∂T ∗ (r,τ)
∂τ , 0 ≤ r < r1 , (1) 

where 

 Δ = ∂2

∂r2
+ 1

r
∂
∂r

, 

T ∗ (r,τ)   is the cylinder temperature, and  α2   is a constant quantity inverse to the thermal diffusivity. 

Researchers often apply the approach where, instead of the two-layer structure body–shell, a homogeneous 
body is considered, and the influence of thin shell on its physicomechanical behavior is taken into account with 
the help of complicated generalized boundary conditions.  In recent decades, various methods have been devel-
oped for finding these conditions: 

 – the operator method, according to which the shell thickness tends to zero, and simultaneously its 
thermophysical characteristics are averaged [24, 26, 27]; 

 – the method of asymptotic expansions of the required quantities in terms of a parameter with consider-
ing different approximations [41]; 

 – the method of expansion of the defining characteristics of physical fields in thin layers into power se-
ries with keeping several first terms of the series [61]; 

 – the method of concentrated capacity, according to which one isolates domains in the body where a 
certain quantity changes insignificantly along this or that coordinate, and it is replaced in these do-
mains by average values [57]. 

A specific feature of these methods lies in the fact that, owing to their application on the boundary of the 
body, one obtains nonstationary boundary conditions with the operator of differentiation with respect to time. 

The axisymmetric thermal interaction between the cylinder and the environment through the shell is also in-
troduced with the help of nonstationary generalized boundary-contact conditions [48] written for time-varying 
boundary thermophysical parameters: 

 
 
∂T ∗ (r,τ)

∂r
+ B(τ)[T ∗ (r,τ) − TC ]+ H (τ)

∂T ∗ (r,τ)
∂τ = 0, r = r1 , (2) 

where  B(τ)   and  H (τ)   are the time-varying normalized thermophysical coefficients characterizing the heat 

exchange between the cylinder and the environment through the thin near-surface layer. 
At the initial moment of time, we assign the uniform temperature distribution over the cylinder thickness: 

 T ∗ (r,τ) = T0
∗ , τ = 0 . (3) 
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At the cylinder axis, we require the temperature to be bounded, and the heat flow to be absent: 

 T ∗ (r,τ) < ∞,
∂T ∗ (r,τ)

∂r
= 0, r = 0 . (4) 

To solve the posed problem under nonstationary boundary conditions with variable parameters, we develop 
the proposed earlier [45, 48, 53] method of expansion of the solutions of nonclassical boundary-value problems 
into Fourier series in terms of the eigenfunctions of problems with classical boundary conditions.  Using the re-
placement 

 T (r,τ) = T ∗ (r,τ) − TC , (5) 

we reduce the boundary condition (2) to the standard homogeneous form: 

 
∂T (r,τ)

∂r
+ B(τ)T (r,τ) + H (τ)

∂T (r,τ)
∂τ = 0, r = r1 , (6) 

and write Eq. (1), initial condition (3), and conditions (4) at the cylinder axis as 

 ΔT (r,τ) = α2 ∂T (r,τ)
∂τ , 0 ≤ r < r1 , (7) 

 T (r,τ) = T0
∗ − TC = T 0 , τ = 0 , (8) 

 T (r,τ) < ∞,
∂T (r,τ)

∂r
= 0, r = 0 . (9) 

To find the solution of the obtained problem, we split the boundary condition (6) with the help of introduc-
ing an unknown binding function  Φ(τ)   at the boundary  r = r1   [48]: 

 T (r,τ) = Φ(τ), r = r1 , (10) 

 
∂T (r,τ)

∂r
+ H (τ)

∂T (r,τ)
∂τ = − B(τ)Φ(τ), r = r1 . (11) 

Here, equality (10) is the classical first-kind condition, and expression (11), which represents the second part of 
condition (6), will be used below for finding the unknown boundary binding function. 

In the case of a constant initial temperature  T 0 ,  we write the structure of solution of the boundary-value 
problem (7), (10), (8), (9), represented via the function  Φ(τ) ,  in the form of expansion into a Fourier series in 

terms of the eigenfunctions of this problem: 

 T (r,τ) = r2

r1
2
Φ(τ) + 2 En (τ)

J0 (αμnr)
αμnr1J1(αμnr1 )

n=1

∞

∑ , (12) 
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where 

 En (τ) = T 0e−μn
2τ − Φ(τ)

(αμnr1 )2 − 4

(αμnr1 )2
+ 2μn

2 Φ(t )e−μn
2 (τ−t ) dt

0

τ

∫ , 

and  μn   are the zeros of the Bessel function J0 (αμr) .  Determining now  Φ(τ)   from the unused part (11) of 

condition (6), we make sure that the structure of solution (12) of the original problem of heating of a cylinder 
with a thin near-surface layer by the environment is its representation in the form of expansion into a Fourier 
series in terms of the eigenfunctions of the classical boundary-value heat conduction problem with the first-kind 
boundary condition. 

Substituting the expression for temperature (12) in the unused condition (11), we obtain, for determining the 
function  Φ(τ) ,  an integro-differential equation with a Volterra-type integral operator, whose coefficients are 

variable: 

 H (τ)
∂Φ(τ)
∂τ + B(τ) + 2

r1
+ 2

r1

(αμnr1 )2 − 4

(αμnr1 )2
n=1

∞

∑
⎛

⎝⎜
⎞

⎠⎟
Φ(τ) − 2

r1
2μn

2 Φ(t )e−μn
2 (τ−t ) dt

0

τ

∫
n=1

∞

∑ = 2
r1

T 0e−μn
2τ

n=1

∞

∑ . (13) 

We solve Eq. (13) numerically [6].  For this purpose, we approximate the function  Φ(τ)   on equal time in-

tervals by cubic splines: 

  si (t ) = ai0 + ai1(t − ti−1 ) + ai2 (t − ti−1 )2 + ai3 (t − ti−1 )3, i = 1,…, N . 

The optimality of partition of the time interval and choice of the number of terms of the series in (13) for 
ensuring the satisfactory accuracy of calculations of the temperature in the case of constant coefficients were 
investigated in [48].  For finding the coefficients of the splines, we use Eq. (13) and the conditions of compati-
bility of the splines at the internal nodes of partition of the time interval [6]: 

  si (ti ) = Φ(ti ), i = 0,…, N , 

  si (ti − 0) = si+1(ti + 0), i = 1,…, N −1 , 

  
′si (ti − 0) = ′si+1(ti + 0), i = 1,…, N −1 , 

  
′′si (ti − 0) = ′′si+1(ti + 0), i = 1,…, N −1 , 

 ′′s1(t0 ) = ′′sN (tN ) = 0 . 

Splines ensure a high accuracy of the approximation of both a function and its derivatives simultaneously.  
The construction of approximating splines is reduced to the solution of a system of linear algebraic equations 
with a three-diagonal matrix, which is solved by the sweep method [6].  The predominance of diagonal elements 
of the matrix guarantees the existence of a unique solution of such a system and its resistance to rounding errors. 
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After determining the cylinder surface temperature  Φ(τ)   from the integro-differential equation (13), we 

substitute this function in the structure of solution of the heat conduction problem (12) and establish the tem-
perature distribution in the cylinder. 

2.  Stressed State of a Cylinder 

We now find the stresses in a cylinder caused by its temperature field.  In the quasistationary case of ther-
moelasticity problem, the equilibrium equation in displacements has the form [14] 

  Δu + (1− 2ν)−1 grad divu = 2(1+ ν)(1− 2ν)−1αT gradT , r ∈[0, r1 ] , (14) 

where  u   is the vector of displacements in the cylinder,  ν   is Poisson’s ratio of its material, and  αT   is the 

coefficient of linear temperature  expansion. 
We neglect the influence of the thin near-surface layer, as a mechanical object, on the stressed state of the 

cylinder.  We assume that it is isotropic, and its surface is load-free: 

 σrr = 0, r = r1 . (15) 

In the case of an axisymmetric problem, the circumferential displacements are  uθ = 0 .  We seek the re-

maining solutions of the equilibrium equation in displacements (14) in the form of the Papkovich–Neuber repre-
sentation [14] 

 ur = Λr +
1

4(1− ν)
∂
∂r

(Λ − rΛr − zΛz ) , 

 uz = Λz +
1

4(1− ν)
∂
∂z

(Λ − rΛr − zΛz ) , (16) 

where  Λz (z,τ) = K1(τ)z ,  Λr (r,τ) = K2 (τ)r ,  and the component of representation  Λ(r,τ)   is an arbitrary 

partial solution of the equation 

 ΔΛ(r,τ) = 4(1+ ν)αT T (r,τ) . 

We may choose it, e.g., in the form 

 Λ(r,τ) = 4(1+ ν)αT
Φ(τ)

r1

r4

16 r1
+ 2

(αμn )3
1− 4

(αμnr1 )2

⎛

⎝⎜
⎞

⎠⎟
J0 (αμnr)
J1(αμnr1 )

n=1

∞

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎧
⎨
⎪

⎩⎪
 

  − 2 T 0 1
(αμn )3 r1

+ 1
α2μnr1

Φ(τ)eμn
2t dt

0

τ

∫
⎛

⎝
⎜

⎞

⎠
⎟

J0 (αμnr)
J1(αμnr1 )

e−μn
2τ

n=1

∞

∑
⎫
⎬
⎪

⎭⎪
. (17) 
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The arbitrary functions of time  K1(τ)   and  K2 (τ)   can be concretized by satisfying the boundary condi-

tions. 
To determine the temperature stresses in the cylinder, we use the Duhamel–Neumann relations: 

 σrr = (2μ + λ)
∂ur

∂r
+ λ

r
ur + λ

∂uz

∂z
− (2μ + 3λ)αT T (r,τ) , 

 σθθ = (2μ + λ) 1
r

ur + λ
∂ur

∂r
+ λ

∂uz

∂z
− (2μ + 3λ)αT T (r,τ) , 

 σ zz = (2μ + λ)
∂uz

∂z
+ λ

r
ur + λ

∂ur

∂r
− (2μ + 3λ)αT T (r,τ) , 

where  λ   and  μ   are the Lamé coefficients. 

The time-dependent functions  K1(τ)   and  K2 (τ) ,  determined from assumption (15) and the condition of 

equilibrium of the cylinder cross section 

 rσ zz dr
0

r1

∫ = 0, 

have the form 

 K1(τ) = (2μ + λ)
μ(2μ + 3λ)

1
r1

∂Λ
∂r

⎛
⎝

⎞
⎠ r=r1

,  

 K2 (τ) = (2μ − λ)
2μ(2μ + 3λ)

1
r1

∂Λ
∂r

⎛
⎝

⎞
⎠ r=r1

. 

As a result, we obtain the following expressions for the stresses: 

 σrr = 2μ
4(1− ν)

1
r1

∂Λ
∂r r=r1

− 1
r
∂Λ
∂r

⎡
⎣⎢

⎤
⎦⎥

, 

 σθθ = 2μ
4(1− ν)

1
r1

∂Λ
∂r r=r1

− ∂2Λ
∂r2

⎡
⎣⎢

⎤
⎦⎥

, 

 σ zz = 2μ
4(1− ν)

2
r1

∂Λ
∂r r=r1

− 1
r
∂Λ
∂r

− ∂2Λ
∂r2

⎡
⎣⎢

⎤
⎦⎥

. (18) 

Substituting relation (17) for  Λ(r,τ)   in (18), we find the stresses in the cylinder via its surface temperature  

Φ(τ) ,  which are not presented here due to their awkwardness. 
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3. Verification of the Efficiency of the Developed Method on a Particular Example: 
Problem of the Heating of a Thin Homogeneous Infinite Plate 

Theoretical analysis of the heating of bodies for the case of a time-dependent coefficient of heat transfer 
with the environment began, apparently, from the investigation [35].  Here, the temperature field in a homoge-
neous infinite plate was found with the use of the numerical method of finite differences.  Later, a series of ap-
proximate analytical-numerical approaches to the solution of heat conduction problems for homogeneous bodies 
with a variable Biot number was developed.  Among them, we here mention those works where the solutions 
were compared with the results obtained in [35].  For example, an approximate method for calculation of the 
temperature fields in bodies of the canonical shape with a variable coefficient of heat transfer from the surface 
was proposed in [9].  This method is based on change of variables, transformation of the original equation and 
boundary conditions of the problem, and neglecting the nonlinear term in the transformed equation for small 
Biot numbers.  In [9], the results of calculations performed for an infinite plate were compared with the numeri-
cal solution obtained in [35].  In [29, 30], it was proposed to divide the process of heating of a body into several 
successive stages with using the approximate method of the averaging of functional corrections (in subsequent 
works, the method of equivalent sources as its development).  In [29], the obtained numerical results were com-
pared with the data presented in both [35] and [9].  Somewhat later, for problems with a variable parameter in 
the boundary condition, the method of generalized integral transformations was developed in [17].  Its idea lay 
in the reduction of the original problem to an infinite system of ordinary differential equations with variable co-
efficients and the use, for their solution, of the known at that time computer mathematical packages.  The effi-
ciency of this method was also verified on the problem of heating of an infinite plate by its environment with 
detailed comparison of the results obtained and data from [9]. 

As noted in Introduction, an analytical method of the solution of heat conduction problems with boundary 
conditions corresponding to the Newton law of heat transfer with an arbitrary time dependence of the heat trans-
fer coefficient was proposed in [55].  It is based on the functional transformation of the boundary-value problem 
with the help of introducing “shear functions” to the structure of solution with subsequent realization of the 
scheme of separation of variables and expansion of the required temperature into a Fourier series in terms of the 
eigenfunctions of the problem with a constant heat transfer coefficient.  The efficiency of this method was veri-
fied on the problem of heating of a thin plate by its environment, which, as noted above, was considered earlier 
in [9, 16, 27, 34].  In addition, the solution obtained in closed form was compared with the results presented in 
[29, 35].  

In what follows, we carry out a comparative analysis of the efficiency of the method, developed in this work 
for bodies with thin near-surface layers, for the solution of thermoelasticity problems with complicated nonsta-
tionary boundary conditions in the case of variable boundary thermophysical parameters. Note that this compari-
son is partial because we consider the problem for a homogeneous body (for the same thin plate heated by the 
environment), the approaches to whose solution are analyzed above.  The developed method enables us to re-
duce the problem to a second-kind Volterra integral equation.  The analytical-numerical solution of this problem 
is compared with the well-known results obtained by both the numerical method in [35] and analytical method 

in [55].  The time dependence of the Biot number is exponential:  B(τ) = 1.2 − e−τ . 

The results of calculations of the surface temperature of the plate under consideration by the finite differ-
ence method [35], the analytical method described in [55], and the analytical-numerical method proposed here 
[solution of Eq. (13) for the case of a homogeneous plate] are summarized in Table 1 and Table 2.  The calcu-
lated deviations   δI-II   and   δIII-II   show that the analytical-numerical solution, obtained with using the devel-

oped method, has a satisfactory accuracy, and it is better than that of the numerical solution [35], with which 
numerous researchers compared their results. 
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Table 1 

Temperature on the external surface Deviation, % 

τ  І – [35] ІІ – [55] ІІІ – (13)  δI-II   δIII-II  

0.5 0.5257 0.538 0.5394 2.3 0.3 

1.0 0.6777 0.676 0.6831 0.3 1.1 

1.5 0.7693 0.780 0.7870 1.4 0.9 

2.0 0.8473 0.853 0.8588 0.7 0.7 

2.5 0.8834 0.902 0.9070 2.1 0.6 

3.0 0.9210 0.936 0.9390 1.6 0.3 

3.5 0.9465 0.958 0.9601 1.2 0.2 

4.0 0.9640 0.972 0.9739 0.8 0.2 

Average deviation, %  

1.3 0.5 

Table 2 

Temperature on the internal surface Deviation, % 

τ  І – [35] ІІ – [55] ІІІ – (13)  δI-II   δIII-II  

0.5 0.4004 0.401 0.4025 0.1 0.4 

1.0 0.5379 0.541 0.5437 0.6 0.5 

1.5 0.6619 0.672 0.6748 1.5 0.4 

2.0 0.7703 0.774 0.7768 0.5 0.4 

2.5 0.8333 0.848 0.8500 1.7 0.2 

3.0 0.8781 0.899 0.9005 2.3 0.2 

3.5 0.9172 0.933 0.9344 1.7 0.2 

4.0 0.9441 0.956 0.9570 1.2 0.1 

Average deviation, %  

1.2 0.3 

4. Numerical Results for the Problem of Heating of a Long Cylinder with a Thin Near-Surface Layer, 
Having Variable Boundary Thermophysical Parameters by the Environment 

Calculations were performed for the case of equality of the initial cylinder temperature  T 0   to zero and the 
following dimensionless quantities: 

 
 
�T (ρ, �τ) = TC

−1T ∗ (r,τ), �σ(ρ, �τ) = σ(r,τ) 2GαT
1+ ν
1− ν

⎛
⎝

⎞
⎠ TC

⎛
⎝

⎞
⎠

−1

, 

  
�B(τ) = r1B(τ), �H (τ) = (α2r1 )−1 H (τ), ρ = rr1

−1, �τ = τ(α2r1
2 )−1 . 
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For spline approximation of the cylinder surface temperature in the solution of integro-differential equation 
(13), we divide the time interval into equal parts.  This partition and the number of terms of the series in Eq. (13) 
are chosen so that the next approximation of solution should differ from the previous one no more than by a be-
forehand given quantity, with the help of which we assign the required accuracy of solution of the problem.  In a 
similar way, we choose the minimal number of terms of the series in expressions for the temperature and 
stresses inside the cylinder. 

The obtained results of investigations are presented in the plots of time variation of the temperature and 
stresses at the cylinder surface and its center for different laws of the time dependence of the normalized heat 
transfer coefficients of the near-surface layer  B(τ)   and its heat capacity  H (τ) . 

In Figs. 2–4, we show the change in the temperature of the cylinder surface and circumferential stresses on 
it as well as the radial stresses at the cylinder center for different linear laws of change in  B(τ)   and the con-
stant parameter  H .  We considered the cases of increase and decrease in  B(τ)   with time.  We also compared 

the thermostressed state of the cylinder at a variable coefficient  B(τ)   and its constant values.  We have estab-
lished that, if the constant value of the parameter  B(τ)   coincides with its initial value, the corresponding 

curves of temperatures and stresses for these cases differ insignificantly.  At the same time, as the initial value of 
the normalized heat transfer coefficient increases, the maximal stresses grow. 

We also analyzed the influence of different linear laws of the time variation of the normalized heat capacity 
of the near-surface layer  H (τ)   at a constant value of  B ,  which is demonstrated in Figs. 5–7.  The initial 
value of  H (τ)   affects substantially the heating and stressed state of the cylinder.  However, unlike the case 

where the normalized heat transfer coefficient  B(τ)   was variable, with increase in the normalized heat capacity 
of the near-surface layer  H (τ) ,  the temperature and stresses decrease.  As to the comparison of variable and 

constant values of the parameter  H (τ) ,  the law established for  B(τ)   is confirmed in this case as well: if the 
constant parameter  H   coincides with the initial value of change in  H (τ)   according to the linear law, the dif-

ference in time variations of the thermostressed state of the cylinder is insignificant. 
Numerous researchers chose the exponential law of time dependence of the heat transfer coefficient [8–10, 

20, 29, 35, 40, 55, 56].  In Figs. 8–10, we show the influence of  B(τ)   on the heating of the cylinder and its 

stressed state for different exponential laws of change in this parameter at a constant value of  H. 
We see that, for the exponential law of change in the parameter  B(τ) ,  its approximation by a constant pa-

rameter equal to its initial value is worse than approximation by a constant parameter equal to the value of  B(τ)   

at the end of the time interval under consideration  (τ = 1.0) .  The same law is observed in the case of approxi-

mation of the normalized heat capacity of the layer, which depends on time exponentially, by a constant value. 
The time variation of the temperature and stresses for different versions of the exponential dependence of  

H (τ)   on time at a constant value of  B   is presented in Figs. 11–13.  As for the linear dependence of the nor-

malized heat capacity on time, its increase leads to a decrease in the cylinder temperature and stresses. 
In Figs. 14–16, we present plots characterizing the thermostressed behavior of the cylinder for the case 

where both normalized thermophysical parameters  B(τ)   and  H (τ)   change with time.  For a given exponen-

tial law of change in  B(τ) ,  we consider the cases of linear and exponential dependences of the parameter  
H (τ)   as well as its approximation by constant quantities, which are equal to the initial value of this parameter, 

its value at the end of the time interval under consideration  ( τ = 1,0 ),  and the arithmetic mean of these constant 

quantities.  We see that the main rules of approximation of the curves of temperature and stresses with variable 
normalized heat capacity of the layer by using a constant coefficient are the same as those described above for 
the case of normalized heat transfer coefficient.  At the same time, approximation by the arithmetic mean of the 
initial and final values of  H (τ)   is better at the initial stage of heating for the exponential law of change in  
H (τ)   and at the final stage for the linear law. 
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As a separate task, we studied the possibility of the best approximation of a variable normalized heat trans-
fer coefficient  B(τ)   by a constant quantity.  We went over the values of this coefficient from the range of its 

change and, for each of them, solved the thermoelasticity problem.  The obtained temperatures and stresses in 

the cylinder were compared with those calculated at a variable coefficient.  For example, if  B(τ) = 2 − e−10τ   
and  H = 1 ,  the cylinder surface temperature and stresses on the time interval  [0, 1]  will be the least different in 

the mean from those calculated at a constant value  B = 1.925 . 

5.  Conclusions 

We have developed a method for the solution of nonclassical thermoelasticity problems with nonstationary 
boundary conditions that describe the thermal interaction between environment and bodies having thin near-
surface layers whose thermophysical properties depend on time.  This method is based on 

 – the decomposition of complicated nonclassical conditions into classical and nonclassical parts; 

 – the expansion of the required solutions into Fourier series in terms of the eigenfunctions of the classi-
cal problem; 

 – the derivation of integro-differential equations with Volterra-type integral operators for the determina-
tion of the surface temperature of the body; 

 – the solution of the obtained integro-differential equations using spline approximations. 

The efficiency of this method has been partially verified using the well-known problem of heating of a thin 
homogeneous plate with variable heat transfer coefficient by the environment.  The developed method can be 
used for the solution of a broad class of problems with general time-dependent boundary thermophysical pa-
rameters without imposing constraints on their values.  Using this method, we have found the temperature field 
and stresses in a long isotropic cylinder, heated by the environment, for the case where its thin near-surface layer 
has time-dependent thermophysical properties different from those of the base material.  We have investigated 
the thermostressed state of the cylinder for the cases of linear and exponential laws of the change in the normal-
ized heat transfer coefficient and heat capacity.  We have also analyzed the error of approximation of the time-
dependent parameters by constants for several laws of their variation and different stages of cylinder heating. 

The proposed method can be extended to coupled problems of mechanothermodiffusion for bodies with thin 
near-surface inhomogeneities, having variable thermophysical properties [45, 47, 53].  Information on the prop-
erties of obtained analytical-numerical solutions can be used for the solution of inverse problems of the identifi-
cation of time-dependent boundary thermophysical parameters for bodies with thin near-surface layers [49]. 
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