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ON NONPLANARITY OF CUBIC GRAPHS 

L. P. Plachta  UDC 519.173 

A cubic graph is nonplanar if and only if it contains a subgraph homeomorphic to  K3,3 .  For a given 2-

connected cubic graph  G ,  let  ed(G)   denote the minimum number of edges such that, after their re-
moval from  G ,  the resulting graph becomes planar and let  g(G)   denote the genus of  G .  Moreover, 
for a given simple graph  G ,  let  cr(G)   denote the minimum number of crossings of edges needed to 

draw  G   on the plane (the minimum is taken over all submersions of  G   in the plane).  We study rela-
tions between the characteristics  ed(G) ,  g(G) ,  and  cr(G)   for some special classes of graphs and 

discuss problems related to their evaluation. 

Introduction 

There are several known important measures for the nonplanarity of a graph  G .  We mention here the most 
important of them.  They are the minimum number of crossings in an imbedding of  G   in the plane, the mini-
mum number of edges needed to be removed from  G   to obtain a planar subgraph, the minimum number of 
decompositions of the edge set of the graph into subsets of edges that produce planar subgraphs, and the genus.  
All they play an important role in the topological graph theory.  The corresponding decision and optimization 
problems for these invariants turn out to be NP-complete [2, 3, 9, 11].  We review some relevant results on the 
complexity of the problems mentioned above in more detail. 

In this paper, we use standard definitions and notation for a graph and its edge and vertex sets.  The nonpla-
nar edge deletion problem (ED) consists of answering the following question:  For a given graph  G = (V , E)   

and a nonnegative integer  k ,  does there exist a subset  ′E ⊂ E   such that the graph  G = (V , E \ ′E )    is planar 

and  ′E ≤ k ?  If k  is the smallest nonnegative integer for which there exists  ′E ⊂ E   such that  

H = (V , E \ ′E )   is planar and  ′E = k ,  then we say that  H   is a maximum planar subgraph of  G . According 

to [5], the corresponding problem of finding the minimum number of edges such that their removal from  
G = (V , E)   defines a planar graph is denoted by MINED.  The maximization problem of finding the number of 
edges of a maximum planar subgraph of a given graph  G = (V , E)   is denoted by MAXPS.  In [9], it was 

proved that ED is NP-complete.  Faria et al. [2] proved that ED is NP-complete for cubic graphs.  Calinescu et 

al. [1] proved that MINED and MAXPS are Max SNP-hard and gave a polynomial-time 4
9

-approximation algo-

rithm for MAXPS for general graphs.  Finally, Faria et al. [2] proved that MINED is Max SNP-hard for cubic 
graphs.  These results were extended by the same authors in [4, 5] to the nonplanar vertex deletion problem 
(VD) for graphs of maximum degree 3 .  On the other hand, Thomassen [10] proved that the following problem 
is NP-complete:  Given a cubic graph  G   and a natural number  g ,  is it possible to imbed  G   into an orien-

table closed surface of genus  ≤ g ? 
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For a given graph  G ,  let  ed(G)  denote the minimum number of edges such that, after their removal from  
G ,  the resulting graph becomes planar and let  g(G)   denote the genus of  G .  Moreover, for a given simple 

graph  G ,  let  cr(G)  denote the minimum number of crossings of edges needed to draw  G   on the plane.  Let  
ed(k)   and  g(k)   denote the maxima of the numbers  ed(G)   and  g(G) ,  respectively, where both maxima 

are taken over all 2-connected cubic graphs of (even) order  k .  In this paper, we study relations between the 
characteristics  ed (G) ,  g(G) ,  and  cr (G)   of a cubic graph  G   and discuss the estimation of the functions  

ed (k)   and  g(k) .  Here we only formulate some relevant results and outline their proofs. 

Comparison 

Note that 3-connected cubic planar graphs are duals of triangulations of the sphere. 
For any graph  G ,  we obviously have  g(G) ≤ ed (G) ≤ cr (G) .  Under the restriction to cubic graphs, we 

can naturally ask whether the difference between  ed (G)   and  g(G)   can grow arbitrarily.  An answer to this 

question is positive. 

Proposition 1.  For an arbitrary natural number  n > 0 ,  there is a 3 -edge connected cubic graph  G   of 
genus 1  with  ed(G) > n .   

Proof.  Fix a number n .  Consider a triangulation  H   on the sphere  S2   such that its dual graph  G   is 
simple and 3 -connected and diam (G)   is sufficiently large (e.g.,  diam (G) ≥ 6n ).  In  G ,  consider two  

(n +1) -faces, say   s = e1,…,en+1   and   t = f1,…, fn+1 ,  such that  d(s, t ) ≥ 6n − 2 .  On each edge  ei   ( fi ),  

pick a new vertex  xi   ( yi ,  respectively), where   i = 1,…,n +1 ,  and join each pair  (xi , yi )   by an edge.  De-

note the resulting graph by  ′G .  It is clear that  g(G) = 1 .  It is also not difficult to show that if the edges  e   

and  f   are properly chosen (so that they are sufficiently far from each other) and  n +1   “parallel” edges are 

added as before, then we obtain a cubic graph  G   with  ed (G) = n +1 .  We also use here the fact that the 

imbedding of a 3 -connected graph in a sphere  S2   or the plane is unique [6].   

Given a cubic graph of (even) order n , we have the following obvious upper bound for the number  
ed (G) : 

 ed (G) ≤ 1
2

n . 

By the girth of a simple graph, we mean the length of its minimal circle.  The proposition below is an im-
mediate consequence of the definitions of the girth and genus of a graph and the Euler formula for the cell 
imbedding of a graph in a closed surface.   

Proposition 2.  Let  G   be a 2 -connected simple cubic graph of order  n   with girth  k .  Then 

 g(G) ≥ − 3n
2k

+ 1
4

n +1 . 

To obtain the simplest examples of 2 -connected cubic graphs of genus  m > 0   with minimum possible 
number  n   of vertices, one can use the construction illustrated in Fig. 1. 
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Fig. 1 

 

Fig. 2 

For a given number  r ,  let  ⎡r⎤   the denote largest integer that is less than or equal to  r .   
Let  Gm   be the graph obtained from m  copies of the graph  G = K3,3   by joining them together as de-

picted in Fig. 1. 

Proposition 3.  For each  m ,  the graph  Gm   is 2 -connected and  g(Gm ) = m . 

Proof.  Since  Gm   contains  m   disjoint copies of the graph  G   homeomorphic to  K3,3 ,  we have 

g(Gm ) ≥ m .  On the other hand, deleting one edge in each copy  G   of the graph  Gm ,  we can verify that the 

resulting graph  ′G   does not contain any copy of  K3,3   and so is planar.  This implies that  

ed(Gm ) = g(Gm ) = m .   

The last example gives a lower bound for the number  ed (k) :  

 ed(k) ≥ g(k) ≥ ⎡ k + 4
10

⎤ . 

However, this estimate is very rough. 
Now consider the graph  H m   consisting of  m   “blocks”  H   that is depicted in Fig. 2.  These blocks are 

glued successively one to another so that the last block is joined with the first one, and all they form a cycle.  
Each block  H   contains exactly 27 edges.  The total number of edges in the cubic graph  H m   is thus 27 m . 

Proposition 4.  For each  m ≥ 3 ,  the cubic graph  H m   is 3 -connected.  Moreover,  ed(H m ) ≥ m .   

Proof.  Given any two different vertices  v   and  w ,  we can directly check that there exist exactly three 
paths in  H m   that join these vertices and have only their ends in common.  On the other hand, it is not difficult 
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to verify that one has to delete at least two edges in each block  H   of  H m   to obtain a graph that does not con-

tain a subgraph homeomorphic to  K3,3 .  

This gives the following lower bound for the number  ed(k) : 

 ed (k) ≥ ⎡ k
9
⎤ . 

However, we do not know whether the relation  ed (H m ) = g(H m )   is true. 

By a snark, we mean a cyclically 4 -edge-connected cubic graph  G   with girth  g(G) ≥ 5   and without 3-
edge-coloring.  An example of such a graph is the well-known Petersen graph  P .  It is known that  g(P) = 1 ,  

and the Petersen graph does not allow a polyhedral imbedding in any orientable surface but has a polyhedral 

imbedding in the projective plane [7].  In [8], the authors studied the Petersen powers  Pk   of the graph  P   and 

their genus.  The Petersen power  Pk   is defined inductively as  Pk = P ⋅Pk−1   via the dot product of two 
graphs.  This operation is denoted by “ ⋅ ” and shown in Fig. 3 (passing from a cubic graph in the left picture to 
the one in the right picture). 

The dot product  G1 ⋅G2   of the graphs  G1   and  G2   is not defined uniquely, and so there are actually 

many copies of different graphs  G1 ⋅G2 .  It follows that there are many Petersen powers  Pn   for each natural  

n ≥ 2 .  However, it is known that if  G1   and  G2   are both snarks, then  G1 ⋅G2   is also a snark.  In [12], 

Vodopivec constructed a Petersen power  Pn   of orientable genus 1 for each  n ≥ 1 .  Denote it by  Vn .  In 

Fig. 4, we present a version of power  P3   introduced by Vodopivec.  This graph is imbedded in a torus repre-
sented by a rectangle with opposite sides glued together. 

It is natural to ask what is the number  ed(Pn )  in the case of the Vodopivec version of Petersen powers Pn . 

Proposition 5.  For each  n ≥ 1 ,  the following equalities hold:  ed (Vn ) = 2   and  cr (Vn ) = 4n − 2 . 

Proof.  The graph obtained by the deletion of any edge in  Vn   contains a subgraph homeomorphic to  K3,3 .  

On the other hand, one can easily find two edges (e.g., the edges u  and w  in the graph indicated in Fig. 4) such 
that the removal of them produces a graph  H   that is actually imbedded in a cylinder.  It follows that  H   is 
planar, which yields the first assertion.  The second equality can be directly verified by using the fact that a 3-
connected planar graph contains a unique imbedding in a plane and some information about the crossing number 
of torus knots.  The details are left to the reader. 

 

Fig. 3 
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Fig. 4 

It follows that the graphs  Vn   cannot serve as good examples for the estimation of the number  ed (n) .  On 

the other hand, in [8], the authors constructed the Petersen power  Pn   with  g(Pn ) = k  for each pair of natural 

numbers  k   and  n ,  where  k ≤ n   and  k,n ≥ 1.  Since the order of  Pn   is  8n + 2 ,  we have the following 
lower bound for  g(m) : 

 g(m) ≥ ⎡m − 2
8

⎤ , 

which is better than the one given before.  In this connection, it would be interesting to evaluate the number  

ed(Pn )   for this version of Petersen powers  Pn . 

The further improvement of the results formulated above will be given by using some topological argu-
ments in the forthcoming paper. 
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