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1. Introduction

The first formal generalizations of dynamics of rigid bodies, hydrodynamics, and elasticity theory to

the n-dimensional case appeared in the works of Euler and Saint-Venant. They obtained no physical

meaning, and for a long time, they were considered as exercises in tensor algebra and analysis. From

this point of view, for example, in [30], the dynamical Euler equations for an n-dimensional body were

obtained. It was noted that the generalization from the three-dimensional case to the n-dimensional

case has no practical significance. However, it was stressed in [30] that “only removing the constraint

of a definite dimension and the possibility of such a formulation of the nature laws in which the

dimension manifests itself as something random ensure that we have achieved their whole mathematical

understanding.”

Indeed, the tensor nature of many physical relations in R
3 whose practical significance is beyond

doubt and those important features such as their number, symmetry forms, and the rank of quantities

entering them become clear and obvious when going to a larger dimension. This refers, for example,

to the number of compatibility equations of deformations or strengths in R
3 and R

2.

Note that in generalizing to the n-dimensional case, as well as in presenting the whole classical

mechanics, there are two approaches, which are conditionally called the tensor and matrix approaches

(thus, in the names, one stresses the difference in the concepts of “tensor” and “matrix” or “vector”

and “column of numbers”). The first of them is convenient for understanding the invariance of

the mechanical quantities and laws in which they participate. The second is more often used at

the computational stage of problem solution, where it is important to find an appropriate way of

discretization. The advantages of both approaches will be discussed below.
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From the viewpoint of tensor approach, all invariant physical quantities can be partitioned into

two groups. The first group contains tensor objects whose rank is independent of the dimension n

of the space considered, but only the range of indices in a certain chosen coordinate system depends

on n. This includes all scalars, position vectors, velocity and acceleration vectors, the second-rank

deformation tensor, the fourth-rank tensor of elasticity moduli, and many other objects. If a formula

includes only such quantities, then its form is the same for any n. For example, the Cauchy relations

connecting the deformations and displacements:

ε{2} =
1

2

(
Gradu+ (Gradu)T

)
, εij =

1

2
(uj,i + ui,j), (1.1)

have the same form in the index and index-free notation in the space of any dimension. In (1.1), we

assume that i, j = 1, . . . , n. The generalization of relations of such a type to R
n involves no difficulties,

and, therefore, in this work, we do not pay special attention to it.

The other group of physical quantities includes the tensor objects whose rank depends on n, for ex-

ample, angular velocities, momenta, vector potentials, and other quantities whose expressions contain

vector products, in particular, the differential operator rot. The index notation of relations containing

such quantities contains the n-dimensional Levi-Civita symbol εi1...in , which is antisymmetric in any

pair of its n indices.

Let us immediately mention several important properties of the symbol εi1...in , including its repre-

sentation as contractions with itself in a different number of indices through the Kronecker symbols

δij :

εi1...inεj1...jn =

∣
∣
∣
∣
∣
∣
∣

δi1j1 . . . δi1jn
...

. . .
...

δinj1 . . . δinjn

∣
∣
∣
∣
∣
∣
∣
= δi1...inj1...jn

, (1.2)

εi1...in−1lεlj1...jn−1 =

∣
∣
∣
∣
∣
∣
∣

δi1j1 . . . δi1jn−1

...
. . .

...

δin−1j1 . . . δin−1jn−1

∣
∣
∣
∣
∣
∣
∣
= δ

i1...in−1l
lj1...jn−1

, (1.3)

εjki1...in−2εi1...in−2lm = (n− 2)! (δjlδkm − δjmδkl), (1.4)

εji1...in−1εi1...in−1l = (−1)n−1(n− 1)! δjl, (1.5)

εi1...inεi1...in = n!. (1.6)

According to the Einstein convention, when a Latin index variable appears twice in a single term, it

implies summation of that term over all the values of the index (from 1 up to n), as in the left-hand

sides of (1.3)–(1.6). If the Latin indices are uppercase, then the summation is performed from 1 up to

2 (i.e., we speak of R2). For Greek indices, there is no summation at all, although they are repeated

in the monomial.

2. Definition of Generalized Vector Product and Its Features

In R
n, let us choose an orthogonal Cartesian coordinate system Ox1 . . . xn with basis vectors ei, so

that

ei · ej = δij .

Any tensor A{k} of rank k in the multi-adic basis ei1 ⊗· · ·⊗eik can be represented by its components:

A{k} = Ai1...ikei1 ⊗ · · · ⊗ eik , 1 ≤ k ≤ n. (2.1)
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In any pair of indices il and im, 1 ≤ l < m ≤ k, the tensor A{k} is naturally decomposed into the sum

of its symmetric part A{k}s and antisymmetric part A{k}a:

As
i1...il...im...ik

=
1

2
(Ai1...il...im...ik +Ai1...im...il...ik), (2.2)

Aa
i1...il...im...ik

=
1

2
(Ai1...il...im...ik −Ai1...im...il...ik). (2.3)

The generalized vector product of two tensors A{k} and B{j} of ranks k and j, where k+ j ≤ n, in

R
n is the tensor

C{n−k−j} = A{k} ×B{j}

of rank n− k − j with components

Cik+j+1...in = εi1...in Ai1...ik Bik+1...ik+j
(2.4)

(see [10]). Since the contraction in k + j indices in the right-hand side of (2.4) is performed with the

antisymmetric object, the left-hand side depends only on the antisymmetric parts (2.3) of the tensors

A{k} and B{j}. Therefore, without loss of generality, in all formulas of the form (2.4), we assume that

the tensors A{k} and B{j} are antisymmetric in any pair of their indices k and j. In what follows, such

tensors are merely said to be antisymmetric. Hence, among all nk and nj components, there are only

Ck
n and Cj

n independent components, respectively. The tensor C{n−k−j} in (2.4) is also antisymmetric

and has Cn−k−j
n = Ck+j

n independent components.

To a tensor A{k}, we put in correspondence the antisymmetric dual tensor a{n−k} = dualA{k} by

the formulas

aik+1...in = εi1...in Ai1...ik , a{n−k} = A{k} × 1 = 1×A{k}. (2.5)

The number of independent components of A{k} and a{n−k} is the same and is equal to Ck
n.

Multiplying both sides of (2.5) by εik+1...inl1...lk and summing by the indices ik+1, . . . , in, we easily

obtain the inversion formula

εik+1...inl1...lk aik+1...in = (−1)k(n−k) k! (n− k)!Al1...lk . (2.6)

Therefore, if a tensor a{n−k} is dual to A{k}, then A{k} is dual to (−1)k(n−k)a{n−k}/(k!(n− k)!):

a{n−k} = dualA{k} =⇒ A{k} = dual
(−1)k(n−k)

k!(n− k)!
a{n−k}.

But for any n ≥ 2 and k, the expression (−1)k(n−k)k!(n − k)! is not equal to 1, and therefore, we

cannot achieve the mutual duality of the tensors A{k} and a{n−k} in a space of any dimension.

In R
3, for k = j = 1, all three tensors in (2.4) are vectors, and formula (2.4) itself is obviously the

definition of the vector product C = A×B. We can present mechanical examples of dual tensors in

R
3. So, to the vortex vector Ω = rotv/2, where v is the velocity vector, the antisymmetric vortex

tensor (spin-tensor) Ω{2} =
(
Gradv − (Gradv)T

)
/2 is dual because of the relations

Ωij = εijkΩk, Ωk =
1

2
εijkΩij . (2.7)

According to the known formulas (2.7), to any antisymmetric tensor field of the second rank in R
3,

we can put in correspondence a definite vector field, and vice versa.

If in (2.4), we set k = 1, and as A, we choose the nabla differential operator ∇ = ei(∂/∂xi) ≡ ei∂i,

then we obtain the definition of a generalized rotor-tensor of rank j in R
n:

(RotB{j}){n−j−1} ≡ (∇×B{j}){n−j−1} = εi1...inBi2...ij+1,i1eij+2 ⊗ · · · ⊗ ein (2.8)
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and the rotor-vector B in R
n:

(rotB){n−2} ≡ (∇×B){n−2} = εi1...inBi2,i1ei3 ⊗ · · · ⊗ ein . (2.9)

Note that in tensor analysis in R
3, the rotor-tensor of the second rank is traditionally not the scalar

εilk Blk,i obtained from (2.8) for n = 3 and j = 2, but the second-rank tensor

(RotB{2}){2} = εilmBlk,i em ⊗ ek

whose trace is equal to the scalar mentioned above. In this case, the rotor-operator as a vector, as

well as a second-rank tensor, preserves the rank of the object. We will specify the difference in the

terminology “rotor” and “generalized rotor” in cases where this has meaning.

The other first-order differential operators, the divergence Div and the gradient Grad, are indepen-

dent of n, and they respectively decrease or increase by 1 the rank of the object on which they act.

The combinations of these operators DivGrad ≡ Δ (the Laplace operator) and GradDiv leave the

rank of the object without changes. In this case, the following identities are obviously preserved:

Div
[
(RotB{j}){n−j−1}

]
≡ 0{n−j−2}, Rot

[
(GradB{j}){j+1}

]
≡ 0{n−j−1}.

In particular, definition (2.4) implies that the generalized vector product of the vectors A = AIeI
and B = BJeJ in R

2 is the scalar C = εIJAIBJ . Precisely, the scalar, but not the vector, is

perpendicular to the plane (A,B), since “planar people” know nothing about the direction orthogonal

to their world. The generalized rotor of a vector field on the plane is also a scalar:

rotB = εIJBJ,I = B2,1 −B1,2.

3. Double Vector Product in R
n

If A, B, and C are three vectors in R
n, then the rank of the double vector product A × (B ×C)

is equal to n− (1 + (n− 1− 1)) = 1. Using rule (1.4) of the Levi-Civita symbol contraction in n− 2

indices, let us write

A× (B×C) = εmi1...in−2l (Amεjki1...in−2BjCk) el

= (−1)n−1εlmi1...in−2εi1...in−2jk AmBjCk el

= (−1)n−1(n− 2)! (δljδmk − δlkδmj)AmBjCk el

= (−1)n−1(n− 2)! [B(A ·C)−C(A ·B)], (3.1)

which is a generalization of the well-known formula. In even-dimensional spaces, in particular, for

n = 2, on the right-hand side of (3.1), the minus sign appears. If we embed R
2 in R

3 and represent

the double vector product of the vectors A = AIeI , B = BJeJ , and C = CKeK lying in the plane

(e1, e2) as

εMil (AM εJKiBJCK) el = −εML3 εJK3AMBJCK eL

= −(δMJδLK − δMKδLJ)AMBJCK eL = B(A ·C)−C(A ·B),

then, as is seen, there is no minus sign. This imaginary disrepancy stresses the dependence of the

result of product (3.1), and hence of (2.4), on the dimension of the space.

Setting A = B = ∇ and then A = C and B = ∇ in (3.1), we arrive at the expressions for the

repeated rotor of a vector and the vector product of a vector by its rotor in R
n:

rot rotC = (−1)n−1(n− 2)! (grad divC−ΔC) (3.2)
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and

C× rotC = (−1)n−1(n− 2)! (Cm∂kCm − Cm∂mCk)ek

= (−1)n−1(n− 2)!C · ((GradC)T −GradC
)
, (3.3)

which are often used in the mechanics of continuum media.

3.1. Gromeka–Lamb formula in R
n. The convective derivative vi,jvjei of the velocity v in time

can be written as
1

2
grad |v|2 + (vi,jvj − vj,ivj)ei;

according to formula (3.3), this is equal to

1

2
grad |v|2 + (−1)n

(n− 2)!
v × rotv.

Therefore, the total derivative of the velocity in time, or the acceleration, can be represented by the

generalized Gromeka–Lamb formula:

dv

dt
=
∂v

∂t
+

1

2
grad |v|2 + (−1)n

(n− 2)!
v × rotv. (3.4)

3.2. Lamé equations and elasticity wave velocities in R
n. The equations of motion of an

n-dimensional elastic isotropic body (the Lamé equations) are deduced similarly to that in the three-

dimensional case. They have the form

(λ+ μ) grad divu+ μΔu+ ρF = ρ
∂2u

∂t2
, (3.5)

where λ and μ are the Lamé constants and F are mass forces. Substituting

Δu = grad divu+
(−1)n

(n− 2)!
rot rotu (3.6)

from (3.2) in (3.5), we arrive at another form of the equations of motion:

(λ+ 2μ) grad divu+
(−1)nμ

(n− 2)!
rot rotu+ ρF = ρ

∂2u

∂t2
. (3.7)

Let us apply the operator div to both sides of (3.7) and obtain that the dilation θ = divu satisfies

the scalar inhomogeneous wave equation:

(
c21Δ− ∂2

∂t2

)
θ = − divF, c1 =

√
λ+ 2μ

ρ
. (3.8)

Now let us apply the operator rot to both sides of (3.5), thus transforming them into tensors of

rank n− 2: (
c22Δ− ∂2

∂t2

)
(rotu){n−2} = −(rotF){n−2}, c2 =

√
μ

ρ
. (3.9)

In (3.9), let us pass to dual objects, i.e., to second-rank symmetric tensors with n(n−1)/2 independent

components. Each of them satisfies the inhomogeneous wave equation with the same wave propagation

speed c2 and with its own right-hand side.

Therefore, in an unbounded n-dimensional isotropic elastic medium, there exists only two types of

waves, longitudinal and transversal, with speeds c1 and c2, which do not differ in the three-dimensional

case.
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3.3. Decomposition of a vector field in R
n into potential and solenoidal parts. Let us

represent an n-dimensional vector field u ∈ C2 as the sum

u = gradϕ+Rotψ{n−2}, (3.10)

where ϕ and ψ{n−2} are called the scalar and vector potentials, respectively. In coordinates, we can

write relation (3.10) in the form

ul = ϕ,l + εji1...in−2l ψi1...in−2,j . (3.11)

Setting

ψ{n−2} = dualΨ{2},
i.e.,

ψi1...in−2 = εkmi1...in−2Ψkm,

and substituting this in (3.11), after contracting the Levi-Civita symbols (1.4) in n− 2 indices, we

obtain
ul = ϕ,l + (−1)n · 2(n− 2)!Ψjl,j ,

u = gradϕ+ (−1)n · 2(n− 2)! DivΨ{2} (3.12)

Decompositions (3.10) and (3.12) are equivalent; they generalize the Helmholtz theorem on the de-

composition of a vector field into the potential and solenoidal parts.1 The first of them is reconstructed

from the known field u by the equation

Δϕ = divu.

Let us investigate the system for finding n(n− 1)/2 components of the tensor Ψ{2}. For this purpose,
let us apply the operator rot to both sides of the vector equation (3.12):

εkli1...in−2ul,k = (−1)n · 2(n− 2)! εkli1...in−2Ψjl,jk (3.13)

and contract (3.13) with εi1...in−2mp. Taking into account (1.4), we arrive at the desired n(n − 1)/2

equations:

Ψjp,jm −Ψjm,jp =
(−1)n

2(n− 2)!
(up,m − um,p). (3.14)

4. Motion of a Multidimensional Rigid Body with a Fixed Point

Rotation of an n-dimensional absolutely rigid body around a fixed point is one of the most important

applications of n-dimensional mechanics. The equations of motion of such bodies, the generalized Euler

equations, were deduced and analyzed from one or another positions in the classical works [1, 7, 30]

(see also the surveys [4, 6, 18, 27]). In the case of absence of exterior force moments, in [5], two

first integrals, the energy and moment integrals, were obtained, and in [11], n− 1 first integrals were

explicitly written. The number of possible first integrals is discussed in [16, 17], where it was shown

that the system has n2/4 or (n2− 1)/4 single-valued integrals for even or odd n. The general solution

is expressed through the θ-functions of Riemann surfaces.

In [27], the authors considered problems of the Poisson bracket geometry of integrable Hamiltonian

systems on the group so(n) and obtained the dynamical equations of motion of an n-dimensional

rigid body in an invariant form. For a four-dimensional rigid body, an overview of integrable cases

of Bogoyavlenskii, Veselov, Manakov, and other authors was given. The distinctive feature is the

absence of exterior force moments on the right-hand side of the dynamical equations. Similarly to

the three-dimensional case, the generalized gyroscope in R
n is a rigid body with a fixed point all of

1Indeed, for any antisymmetric second-rank tensor Ψ{2}, the scalar divDivΨ{2} identically vanishes.
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whose moments of inertia with respect to n hyperplanes are partitioned into two groups such that the

moments are equal to each other in each of these groups [12]. In this case, the system of n(n − 1)/2

generalized dynamical Euler equations has a definite number of first integrals, which depends on the

inertial structure of the gyroscope, and reduces to a linear inhomogeneous nonautonomous system.

The case n = 4 is studied in detail.

4.1. Generalized Euler and Rivals formulas. Let us place the fixed point under the motion

of an n-dimensional absolutely rigid body at the origin O of the coordinate system considered. The

position vector r = xiei (|r| = r =
√
xixi) of any point of the body and the velocity ṙ = v = viei are

related by the generalized Euler formula [10]:

v = Ω{n−2}(t)× r, vk = εi1...in−2lk Ωi1...in−2(t)xl (4.1)

where Ω{n−2} is the tensor of angular velocity of rank n − 2 or merely the angular velocity, which

depends only on time. In a more compact form, we can write the relations (4.1) in terms of the dual

angular velocity (see (2.5), (2.6)):

ω{2} = dualΩ{n−2}, Ω{n−2} = dual
ω{2}

2(n− 2)!
, (4.2)

which is an antisymmetric second-rank tensor for any n with N = n(n−1)/2 independent components:

v = −ω{2}(t) · r, vk = ωlk(t)xl. (4.3)

Note that

(Gradv){2} = vk,l el ⊗ ek = ωlkel ⊗ ek = ω{2} (4.4)

and

(rotv){n−2} = εlki1...in−2 vk,l ei1 ⊗ · · · ⊗ ein−2

= εlki1...in−2 ωlk ei1 ⊗ · · · ⊗ ein−2 = 2(n− 2)!Ω{n−2}. (4.5)

To the tensorsΩ{n−2} and ω{2}, we can formally put in correspondence the vector of angular velocity

Ω ∈ R
N . For n = 3 and N = 3, the objects Ω{1} and Ω coincide; for n = 2, N = 1, the angular

velocity is a scalar quantity to which a one-dimensional vector field corresponds.

Consider the acceleration

r̈ = v̇ = w = wiei,

the angular acceleration tensor

Ξ{n−2} = Ξi1...in−2 ei1 ⊗ · · · ⊗ ein−2

(the body angular acceleration), and the tensor

ξ{2} = ξij ei ⊗ ej

(the dual angular acceleration); we have

Ξi1...in−2 = Ω̇i1...in−2 , ξij = ω̇ij . (4.6)

Differentiating both sides of the generalized Euler formula (4.1) by time, we obtain the generalized

Rivals formula in two forms2:

wk = εi1...in−2lk Ξi1...in−2xl − δ
i1...in−2kl
j1...jn−2mlΩi1...in−2Ωj1...jn−2xm,

w = Ξ{n−2} × r+Ω{n−2} ×
(
Ω{n−2} × r

)
,

(4.7)

2In the operator (matrix) form, the generalized Euler and Rivals formulas will be presented below.
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and

wk = ξlk xl − ωlk ωmk xm, w = −ξ{2} · r+ ω{2} · ω{2} · r. (4.8)

4.2. Hyperplane motion in R
n. Consider the hyperplane motion of an n-dimensional rigid body

with a fixed point in more detail; this is the motion under which the component vn of the velocity of

all points is equal to zero. We prove that such a motion, being the rotation around the axis xn in R
n,

is described by the angular velocity tensor Ω{n−2} with components

Ωi1...in−2 =
1

n− 2

n−2∑

j=1

(−1)n−j Ω̃i1...̄ij ...in−2
δijn, (4.9)

where Ω̃i1...̄ij ...in−2
≡ Ω̃i1...ij−1ij+1...in−2 are the components of a certain tensor Ω̃{n−3} of rank n− 3.

Substituting (4.9) in (4.1), we obtain

vk =
1

n− 2

n−2∑

j=1

(−1)n−j εi1...in−2lk Ω̃i1...̄ij ...in−2
δijn xl

=
1

n− 2

n−2∑

j=1

(−1)n−j εi1...ij−1nij+1...in−2lk Ω̃i1...̄ij ...in−2
xl

=
1

n− 2

n−2∑

j=1

(−1)2(n−j) εi1...̄ij ...in−2lkn Ω̃i1...̄ij ...in−2
xl = εi1...in−3lknΩ̃i1...in−3 xl. (4.10)

From (4.10) we see that vn = 0 for any point of the body. Since the left- and right-hand sides of (4.10)

compose the generalized Euler formula, it follows that Ω̃{n−3} is the tensor of angular velocity of a

rigid body in the hyperplane xn = 0 (around the axis xn in R
n).

In terms of the dual angular velocity, the hyperplane motion in R
n is given considerably simpler as

compared with (4.9):

ωnl = 0, l = 1, . . . , n− 1. (4.11)

4.3. Inertial and dynamical characteristics of a rigid body in R
n. In a natural way, let us

generalize to R
n the momentum vector

Q = Qkek,

the momentum tensor

K{n−2} = Ki1...in−2ei1 ⊗ · · · ⊗ ein−2 ,

the dual momentum tensor

k{2} = kijei ⊗ ej ,

and the kinetic energy T of a rigid body that occupies a volume V at an instant of time t:

Qk =

∫

V

ρvk dV = εi1...in−2lkΩi1...in−2

∫

V

ρxl dV

= ωlk

∫

V

ρxl dV =Mεi1...in−2lkΩi1...in−2x
(c)
l =Mωlkx

(c)
l , (4.12)
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Ki1...in−2 = δ
j1...jn−2ml
i1...in−2kl

Ωj1...jn−2

∫

V

ρxkxm dV ≡ I
j1...jn−2

i1...in−2
Ωj1...jn−2 , (4.13)

kij = (n− 2)!

∫

V

ρ(ωmjxi − ωmixj)xm dV, (4.14)

T =
1

2

∫

V

ρ|v|2 dV =
1

2
δ
j1...jn−2ml
i1...in−2kl

Ωj1...jn−2Ωi1...in−2

∫

V

ρxkxm dV =
1

2
ωmlωkl

∫

V

ρxkxm dV

= −1

2

∫

V

ρr · ω{2} · ω{2} · r dV ≡ 1

2
I
j1...jn−2

i1...in−2
Ωj1...jn−2Ωi1...in−2 . (4.15)

In (4.12)–(4.15), ρ(r) is the density of the body having the physical dimension ML−n, M is the mass

of the body, x
(c)
l are coordinates of the center of masses, and

I{2n−4} = I
j1...jn−2

i1...in−2
ei1 ⊗ · · · ⊗ ein−2 ⊗ ej1 ⊗ · · · ⊗ ejn−2

is the tensor of inertia having the rank 2n− 4 and the components

I
j1...jn−2

i1...in−2
= δ

j1...jn−2ml
i1...in−2kl

∫

V

ρxkxm dV. (4.16)

The definitions of K{n−2} and T have the following form, which is useful in classical mechanics:

K{n−2} = I{2n−4} �Ω{n−2}, T =
1

2
Ω{n−2} � I{2n−4} �Ω{n−2}, (4.17)

where � is the contraction in n− 2 indices.

5. Compatibility Equations of Deformations in R
n

We can consider the Cauchy linear relations (1.1) connecting the displacement vector u with the

symmetric part of its gradient, the small deformation tensor ε{2}, as a system of n(n+1)/2 equations

uj,i + ui,j = 2εij , i, j = 1, . . . , n, (5.1)

with respect to n unknowns ui with given right-hand sides. If at some point M ′ with position vector

r′ = x′iei of a many-dimensional continuous medium, the displacement vector u′ = u′iei and the

antisymmetric part of its gradient, the tensor of turns

χ{2} = χ′
ijei ⊗ ej = [(u′j,i − u′i,j)/2]ei ⊗ ej ,

are given, while the deformations are known everywhere, then the components u′′i at any other point

M ′′ with position vector r′′ = x′′i ei are defined by the Cesaro formulas

u′′i = u′i + χ′
ji(x

′′
j − x′j) +

∫

C

[εik + (εjk,i − εik,j)(xj − x′′j )] dxk, (5.2)

where C is an arbitrary curve connecting the points M ′ and M ′′. The deduction of formulas (5.2) in

the n-dimensional case is the same as in the three-dimensional case (see, e.g., [20, p. 66]).

If there are no deformations, i.e., εij ≡ 0, then (5.2) in fact implies the Euler formula (4.3) (ωij = χ̇′
ij)

u′′i = u′i + χ′
ji(x

′′
j − x′j), (5.3)

and, moreover, the point M ′ plays the role of the pole, whereas the tensor of turns is independent

of coordinates. To write the equations of deformation compatibility (i.e., conditions under which
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system (??) is compatible with respect to displacements) in a compact form, one usually introduces

the Kröner incompatibility tensor [14]. In R
n, this is the object

η{2n−4} = Ink ε{2}

of rank 2n− 4 with the Cartesian components

ηi1...in−2j1...jn−2 = εi1...in−2kl εj1...jn−2mp εlm,kp (5.4)

(see [9, 21]). The vanishing of all its components ηi1...in−2j1...jn−2 is a necessary and, in the case of

a simply connected domain, sufficient condition for the integrability of system (??). Therefore, the

number Nn of independent components (5.4) is equal to the number of equations of deformation

compatibility.

It is seen from definition (5.4) that the tensor η{2n−4} is antisymmetric in all pairs of its first

n − 2 indices and also of last n − 2 indices. Multiplying both sides of (5.4) by εi1...in−2qs εj1...jn−2tr

and summing over repeated 2n− 4 indices according to the rule (1.4), we see that the conditions for

deformation compatibility are written in the form

2Rsqtr ≡ εst,qr + εqr,st − εsr,qt − εqt,sr = 0, (5.5)

i.e., in terms of the Riemann–Christoffel tensor R{4} having the rank 4 for any n. Its components

satisfy the classical (in differential geometry) symmetry conditions

Rsqtr = −Rqstr = −Rsqrt = Rtrsq (5.6)

and the Ricci identities

Rsqtr +Rstrq +Rsrqt = 0. (5.7)

The geometric meaning of the compatibility conditions (5.5) is that an n-dimensional continuous

medium belongs to the n-dimensional Euclidean space for which Rsqtr ≡ 0 at any moment of defor-

mation.

In R
n, relations (5.5) can be partitioned into three groups:

(1) all free indices s, q, t, and r are different (this case is realized starting from the four-dimensional

space). Let us calculate the number Nn1 of the obtained relations. Taking into account (5.6)

and (5.7), we have

Nn1 = 3C4
n − C4

n =
1

12
n(n− 1)(n− 2)(n− 3);

(2) exactly one from the pair of free indices s and q coincides with one from the pair t and r. Then

Nn2 = 3C3
n =

1

2
n(n− 1)(n− 2).

This case is realized starting from n = 3;

(3) the pairs of indices s, q and t, r coincide and

Nn3 =
1

2
n(n− 1).

As a result, we obtain

Nn = Nn1 +Nn2 +Nn3 =
1

12
n2(n− 1)2. (5.8)

In the two-dimensional case, the equation of deformation compatibility is single; in the three-

dimensional case, there are six such equations and, moreover, none of them is a consequence of the

others. In [8], by examining the Kelvin problem on the action of a concentrated force in an unbounded
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three-dimensional elastic space, Georgievskii presented a scheme for constructing all “extra” (except

for true) solutions when at least one of the compatibility conditions is ignored.

Note that the existence of the known Bianchi identities

Rsqtr,p +Rsqrp,t +Rsqpt,r ≡ 0 (5.9)

does not mean that the deformation compatibility equations are dependent. Identities (5.9) are only

third-order differential constraints imposed on the deformation components εij .

Various aspects and justification of the usefulness of considering the n-dimensional space in dislo-

cation theory are presented in [15], and in [13] in theory of strength concentration in an elastic space

with spherical inclusion.

6. New Cases of Complete Integrability in Dynamics of a Rigid Body

in a Nonconservative Field

In this section, we present some applications of the operator(matrix) approach.

Many works are devoted to the study of the equations of motion of a four-dimensional rigid body.

The authors do not pretend to take the lead in this problem. However, in studying the “low-

dimensional” equations of motion of quite concrete [two- and three-dimensional rigid bodies in a

nonconservative force field (precisely, in the resistance force field)], the idea of generalizing the equa-

tions to the case of motion of a four-dimensional rigid body in a similar nonconservative force field

arises. As a result of this generalization, we obtain two integrability cases in the problem of body

motion in a resisting medium filling a four-dimensional space under the existence of a certain tracing

force that allows us to reduce the order of the general system of dynamical equations of motion. More-

over, in the authors’ opinion, the obtained results are interesting from the viewpoint that a (strongly)

nonconservative force exists in the system.

In [22, 25], the authors proved the complete integrability of the equations of plane-parallel motion of

a body in a resisting medium under conditions of streamline flow when the system has a first integral

that is a transcendental function (in the sense of the theory of functions of a complex variable, having

essential singularities) of quasi-velocities. It was assumed there that the whole interaction of the

medium with the body is concentrated on the part of the body surface having the form of a (one-

dimensional) plate.

In [23, 24], the planar problem was generalized to the spatial (three-dimensional) case, where the

system of dynamical equations has a complete tuple of transcendental first integrals. Here, it was

assumed that the whole interaction of the medium and the body is concentrated on the part of the

body surface having the form of a planar (two-dimensional) disk.

Therefore, in this section, we study the equations of motion of a dynamically-symmetric rigid body

in two logically possible cases of position of principal moments of inertia. In some sense, the structure

of such equations of motion is preserved on passage to cases of larger dimension.

6.1. Two cases of dynamical symmetry of a four-dimensional body. Let a four-dimensional

rigid body Θ of massm with smooth three-dimensional boundary ∂Θmove in a resisting medium filling

a four-dimensional domain of the Euclidean space. Assume that the body is dynamically-symmetric;

in this case there are two ways of representing its tensor of inertia: in a certain coordinate system

Dx1x2x3x4 related to the body, the tensor of inertia has either the form

diag{I1, I2, I2, I2}, (6.1)
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or the form

diag{I1, I1, I3, I3}. (6.2)

In the second case, the two-dimensional planes Dx1x2 and Dx3x4 are planes of dynamical symmetry

of the body.

6.2. Physical assumptions and equations on so(4). Assume that the distance from the point

N of application of a nonconservative force S to a point D is a function of only one parameter, the

angle α: DN = R(α) (in the case of motion in the three-dimensional space, this is the angle of attack

[13, 22, 25]). In the case (6.1), this angle is measured between the velocity vD of the point D and the

axis Dx1. In the case (6.2), the meaning of the angle will be clear from the equations.

The nonconservative (resistance) force S is

S = s(α) sgn cosα · v2, |vD| = v,

where s is a certain function characterizing the scattering of energy, as well as its pumping (see [22,

25]).

To obtain an explicit form of the dynamical part of the equations of motion, let us define the

functions R and S using information on the properties of motion of three-dimensional bodies as

follows [25] (also, the known analytical result of Chaplygin is used here):

R = R(α) = A sinα, S = Sv(α) = Bv2 cosα; A,B > 0.

If Ω is the matrix of angular velocity of the four-dimensional rigid body, Ω ∈ so(4), then the part

of the equations of motion corresponding to the algebra so(4) has the following form [19, 26]:

Ω̇Λ + ΛΩ̇ + [Ω, ΩΛ + ΛΩ] =M, (6.3)

where

Λ = diag{λ1, λ2, λ3, λ4},
λ1 = (−I1 + I2 + I3 + I4)/2, . . . , λ4 = (I1 + I2 + I3 − I4)/2,

[·, ·] is the commutator in so(4), and M is the moment of exterior forces acting on the body in R
4

projected on the natural coordinates in the algebra so(4). The antisymmetric matrix Ω ∈ so(4) is

represented in the form
⎛

⎜
⎜
⎝

0 −ω6 ω5 −ω3

ω6 0 −ω4 ω2

−ω5 ω4 0 −ω1

ω3 −ω2 ω1 0

⎞

⎟
⎟
⎠ ,

where ω1, ω2, ω3, ω4, ω5, and ω6 are the components of the angular velocity tensor in projections on

coordinates in the algebra so(4).

In this case, the following relations obviously hold:

λi − λj = Ij − Ii, i, j = 1, . . . , 4.

In calculating the exterior force moment M , we need to construct the mapping

R
4 × R

4 −→ so(4),

which transforms a pair of vectors from R
4 into a certain element from the algebra so(4).
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6.3. Dynamics in R
4. As for the equation of motion of the center of masses C of the four-

dimensional body, it is represented in the form

mwC = F, (6.4)

where

wC = wD +Ω2DC+ EDC, wD = vD +ΩvD, E = Ω̇

by the multidimensional Rivals formula. Here, F is the exterior force acting on the body (in our case,

F = S) and E is the matrix of angular acceleration.

6.4. Generalized problem of body motion under the action of a tracing force. Let us

extend the problem slightly. Assume that along the line Dx1 (in case (6.1) or in the plane Dx1x2 (in

case (6.2)), a certain tracing force acts whose action line passes through the center of masses C. The

introduction of such a force is used for considering the classes of motion of interest to us; as a result

of this, the order of the dynamical system van be reduced.

6.5. Case (6.1). Assuming that the tracing force acts on the body, let us consider the class of body

motions under which the condition

v = const (6.5)

holds during all the time of motion. By a definite choice of the tracing force, we can fulfill condition

(6.5) (see [25]).

If (0, x2N , x3N , x4N ) are the coordinates of the point N in the system Dx1x2x3x4, and {−S, 0, 0, 0}
are the coordinates of the resistance force vector, then in searching for the force moment, we construct

the auxiliary matrix (
0 x2N x3N x4N
−S 0 0 0

)
,

which allows us to obtain the resistance force moment in projections on coordinates in the algebra so(4):

{0, 0, x4NS, 0,−x3NS, x2NS} ∈ R
6 ∼=M ∈ so(4).

Here, it is necessary to take into account that if (v, α, β1, β2) are spherical coordinates in R
4, then

x2N = R(α) cosβ1, x3N = R(α) sinβ1 cosβ2, x4N = R(α) sinβ1 sinβ2.

Taking this into account, we can write Eq. (6.3) in the form

(λ4 + λ3)ω̇1 + (λ3 − λ4)(ω3ω5 + ω2ω4) = 0,

(λ2 + λ4)ω̇2 + (λ2 − λ4)(ω3ω6 − ω1ω4) = 0,

(λ4 + λ1)ω̇3 + (λ4 − λ1)(ω2ω6 + ω1ω5) = x4NS,

(λ3 + λ2)ω̇4 + (λ2 − λ3)(ω5ω6 + ω1ω2) = 0,

(λ1 + λ3)ω̇5 + (λ3 − λ1)(ω4ω6 − ω1ω3) = −x3NS,
(λ1 + λ2)ω̇6 + (λ1 − λ2)(ω4ω5 + ω2ω3) = x2NS.

(6.6)

Obviously, in case (6.1), there exist three cyclic first integrals for Eqs. (6.6):

ω1 = ω0
1, ω2 = ω0

2, ω4 = ω0
4. (6.7)

For simplicity, let us consider the motions on zero levels

ω0
1 = ω0

2 = ω0
4 = 0.
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As a result, the remaining equations on the algebra so(4) take the following form (n20 = AB/(2I2)):

ω̇3 = n20v
2 sinα cosα sinβ1 sinβ2,

ω̇5 = −n20v2 sinα cosα sinβ1 cosβ2,

ω̇6 = n20v
2 sinα cosα cosβ1.

If we introduce the change of angular velocities by the formulas

z1 = ω3 cosβ2 + ω5 sinβ2,

z2 = −ω3 sinβ2 cosβ1 + ω5 cosβ2 cosβ1 + ω6 sinβ1,

z3 = ω3 sinβ2 sinβ1 − ω5 cosβ2 sinβ1 + ω6 cosβ1,

then the “compatible” equations of motion on the tangent bundle TS3 of the three-dimensional sphere

(after taking into account four conditions (6.5) and (6.7), which help us to reduce the order of the

general system of dynamical equations of motion of the tenth order to the sixth order) take the

following symmetric form (σ = DC):

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

α̇ = −z3 + σn20v sinα,

ż3 = n20v
2 sinα cosα− (z21 + z22) cotα,

ż2 = z2z3 cotα+ z21 cotα cotβ1,

ż1 = z1z3 cotα− z1z2 cotα cotβ1,

β̇1 = z2 cotα,

(6.8)

β̇2 = −z1 cotα cscβ1. (6.9)

System (6.8), (6.9) of the sixth order has the independent system (6.8) of the fifth order. For

complete integration of this system, in general, we need five independent first integrals. However,

after the change of variables

z1, z2 → z =
√
z21 + z22 , z∗ = z2/z1,

system (6.8), (6.9) takes the form
⎧
⎪⎪⎨

⎪⎪⎩

α̇ = −z3 + σn20v sinα,

ż3 = n20v
2 sinα cosα− z2 cotα,

ż = zz3 cotα,

(6.10)

⎧
⎪⎨

⎪⎩

ż∗ =
√
1 + z2∗z cotα cotβ1,

β̇1 =
zz∗√
1 + z2∗

cosα cscβ1,
(6.11)

β̇2 = −z1(z, z∗) cotα cscβ1. (6.12)

System (6.8) splits into independent systems of lower order: system (6.10) is of the third order, and

system (6.11) (of course, after the change of the independent variable) is of the second order. Therefore,

for the complete integrability of system (6.10)–(6.12), it suffices to find two independent integrals of

system (6.10), one integral of system (6.11), and an additional integral “connecting” Eq. (6.12).

Moreover, note that system (6.10) can be considered on the tangent bundle TS2 of the two-

dimensional sphere.
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System (6.10) arises in the three-dimensional rigid body dynamics [23, 25]. It has two transcendental

integrals
z2 + z23 − σn20vz3 sinα+ n20v

2 sin2 α

z sinα
= C1 = const

and

G
( z

sinα
,
z3

sinα
, sinα

)
= C2 = const .

System (6.11) has a first integral of the form
√
1 + z2∗
sinβ1

= C3 = const

and, in turn, the additional first integral has the form

± cosβ1√
C2
3 − 1

= sin{C3(β2 + C4)}, C4 = const .

Note that in the presented systems, the denominators contain the functions sinα and sinβ1 sup-

porting only the fact that the coordinates (v, α, β1, β2) are spherical, and for sinα = 0 and sinβ1 = 0,

they (kinematically) degenerate.

6.6. Case (6.2). The nonconservative (resistance) force S = {S1, S2, 0, 0} and the coordinates of its

application point N = (0, 0, x3N , x4N ) in the system Dx1x2x3x4 are defined as follows:

S1 = S sin γ, S2 = −S cos γ, γ = const,

x3N = R cosβ1, x4N = R sinβ1,

where γ is the angle measured in the plane Dx1x2 and β1 is the angle measured in the plane Dx3x4.

Therefore, for finding the force moment, we construct the auxiliary matrix
(

0 0 x3N x4N
S1 S2 0 0

)
.

If the line CD lies in the plane Dx1x2 and the vector DC defines the position of the center of

masses:

DC = {σ sin γ,−σ cos γ, 0, 0},
then the velocity vector vD of the point D can be represented in the form

vD = {v cosα sinβ2, v cosα cosβ2, v sinα cosβ1, v sinα sinβ1}, |vD| = v,

where β2 is the angle measured in the plane Dx1x2.

Taking all this into account, we obtain the equation of motion in the considered exterior force field

by rewriting Eq. (6.3) in the corresponding way:

(λ4 + λ3)ω̇1 + (λ3 − λ4)(ω3ω5 + ω2ω4) = 0,

(λ2 + λ4)ω̇2 + (λ2 − λ4)(ω3ω6 − ω1ω4) = x4NS2,

(λ4 + λ1)ω̇3 + (λ4 − λ1)(ω2ω6 + ω1ω5) = −x4NS1,
(λ3 + λ2)ω̇4 + (λ2 − λ3)(ω5ω6 + ω1ω2) = −x3NS2,
(λ1 + λ3)ω̇5 + (λ3 − λ1)(ω4ω6 − ω1ω3) = x3NS1,

(λ1 + λ2)ω̇6 + (λ1 − λ2)(ω4ω5 + ω2ω3) = 0,

(6.13)

where

{0, x4NS2,−x4NS1,−x3NS2, x3NS1, 0} ∈ R
6 ∼=M ∈ so(4)

is the resistance force moment.

294



Obviously, system (6.13) admits the existence of two cyclic integrals

ω1 = ω0
1 = const, ω6 = ω0

6 = const . (6.14)

Consider the dynamics of the system on zero level of integrals (6.14):

ω0
1 = ω0

6 = 0.

Then the remaining equations on the algebra so(4) are rewritten as follows:

ω̇2 = −n20v2 sinα cosα sinβ1 cos γ,

ω̇3 = −n20v2 sinα cosα sinβ1 sin γ,

ω̇4 = n20v
2 sinα cosα cosβ1 cos γ,

ω̇5 = n20v
2 sinα cosα cosβ1 sin γ,

where n20 = AB/(I1 + I3).

As before, we assume that the tracing force acts on the body and consider the class of body motions

under which the conditions (nonintegrable constraints)

v = const, β2 = const (6.15)

hold during all the motion time. For this, it suffices to choose the tracing force such that the first two

equations of the vector equation (6.4) hold identically.

This corresponds to the fact that the resulting exterior force S+T acting on the body ensures the

fulfillment of relations (6.15), which become invariant relations. Thus, the order of the eighth-order

independent system reduces to the sixth order once again.

Therefore, choosing the tracing force in the corresponding way, we can identically satisfy the first

two equations of the vector equation (6.4), and in this case the invariant relations (6.15) can hold in

principle.

Since the following relations hold:

ΩvD = v

⎛

⎜
⎜
⎝

ω5 sinα cosβ1 − ω3 sinα sinβ1
−ω4 sinα cosβ1 + ω2 sinα sinβ1
−ω5 cosα sinβ2 + ω4 cosα cosβ2
ω3 cosα sinβ2 − ω2 cosα cosβ2

⎞

⎟
⎟
⎠ ,

EDC =

⎛

⎜
⎜
⎝

0

0

−σω̇5 sin γ − σω̇4 cos γ

σω̇3 sin γ + σω̇2 cos γ

⎞

⎟
⎟
⎠ ,

Ω2DC =

⎛

⎜
⎜
⎝

−σω2
5 sin γ − σω4ω5 cos γ − σω2

3 sin γ − σω2ω3 cos γ

σω4ω5 sin γ + σω2
4 cos γ + σω2ω3 sin γ + σω2

2 cos γ

0

0

⎞

⎟
⎟
⎠ ,

it follows that the last two scalar equations of the vector equation (6.4) take the form

vα̇ cosα cosβ1 − vβ̇1 sinα sinβ1 − ω5v cosα sinβ2

+ ω4v cosα cosβ2 − σω̇5 sin γ − σω̇4 cos γ = 0, (6.16)
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vα̇ cosα sinβ1 + vβ̇1 sinα cosβ1 + ω3v cosα sinβ2

− ω2v cosα cosβ2 + σω̇3 sin γ + σω̇2 cos γ = 0. (6.17)

Equations (6.16) and (6.17) complement the remaining four equations on the algebra so(4) up to a

closed sixth-order dynamical system.

As a result of changing the angular velocities by the formulas

z1 = ω3 cosβ1 + ω5 sinβ1,

z2 = ω3 sinβ1 − ω5 cosβ1,

z3 = ω2 cosβ1 + ω4 sinβ1,

z4 = ω2 sinβ1 − ω4 cosβ1,

w1 = −z1 sinβ2 + z3 cosβ2,

w2 = z3 sinβ2 + z1 cosβ2,

w3 = z2 sinβ2 − z4 cosβ2,

w4 = z4 sinβ2 + z2 cosβ2,

the sixth-order system studied reduces to the form

α̇ = −w3 + σn20v sinα,

β̇1 = w1 cotα,

ẇ1 = w3w1 cotα,

ẇ2 = −w4w1 cotα,

ẇ3 = −n20v2 sinα cosα cos(γ + β2)− w2
1 cotα,

ẇ4 = −n20v2 sinα cosα sin(γ + β2) + w1w2 cotα.

(6.18)

In other words, in the sixth-order system (6.16), there arises the independent third-order system

α̇ = −w3 + σn20v sinα,

ẇ3 = n20v
2 sinα cosα cos(γ + β2)− w2

1 cotα,

ẇ1 = w3w1 cotα

(6.19)

and also the second-order system

ẇ4 = −n20v2 sinα cosα sin(γ + β2) + w1w2 cotα,

ẇ2 = −w4w1 cotα
(6.20)

and the equation

β̇1 = w1 cotα (6.21)

can be isolated. As was obtained above, system (6.19), (6.21) has three integrals of the following form,

which are in general independent:

Φ1(w1, w3, sinα) =
w2
1 + w2

3 − σn20vw3 sinα+ n20v
2 cos(γ + β2) sin

2 α

w1 sinα
= C1 = const, (6.22)

Φ2(w1, w3, sinα) = C2 = const, (6.23)

Φ3(w1, w3, sinα, β1) = C3 = const . (6.24)
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All three above integrals are transcendental functions of their phase variable (from the viewpoint of

complex analysis, having essential singularity after their formal continuation to the complex domain)

expressed through elementary functions.

By the above reductions, in the sixth-order system, for its complete integration, it suffices to find

one more integral independent of integrals (6.22)–(6.24).

After the change of variables

w∗ = w3 sin(γ + β2) + w4 cos(γ + β2), w∗∗ = w1 sin(γ + β2)− w2 cos(γ + β2)

system (6.20) can be reduced to the form

dw∗
dβ1

= −w∗∗,

dw∗∗
dβ1

= w∗,

which ensures the existence of the analytic first integral

w2
∗ + w2

∗∗ = C4 = const .

Therefore, the dynamical system studied is completely integrable in the class of, generally speaking,

transcendental functions.

7. Conclusion

Previously, the authors considered only those motions of a four-dimensional body under which

M ≡ 0 or there exists a nonzero conservative force moment (see also the works [2, 3] of Bogoyavlenskii,

[28, 29] of Veselov, and [16] of Manakov). The present work opens up a direction in studying the

equations of motion of a rigid body on so(4) × R
4 under the existence of a nonconservative force

moment.

The method for integrating the dynamical system considered can often be extended to the space

so(n) × R
n of an arbitrary dynamically-symmetric n-dimensional rigid body (under these model as-

sumptions).
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