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FROM THE NEWTON VERSION

OF THE KOLMOGOROV–ARNOL’D–MOSER THEORY

TO A WEAKLY DISSIPATIVE VERSION

R. I. Bogdanov and M. R. Bogdanov UDC 517.91/.93

Abstract. In this paper, we present results of the numerical study of statistical macroscopic parame-

ters in dynamics of a test particle (or ensembles of particles) in the potential field of an anti-harmonic

oscillator with weakly dissipative perturbation starting from the Bogdanov–Tackens bifurcation. This

is the most well-studied example of perturbation of Hamiltonian dynamics in the class of all (smooth)

dynamical systems. It is possible to characterize stochastic and regular regimes of the test particle

dynamics and also interaction of particles by using methods of statistical mechanics and statistical

physics.
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1. Introduction

At present, along with statistical physics, statistical mechanics is considered as the most mathemat-

ically justified theory for studying large particle ensembles (see [6, 17, 26, 28, 34]). Traditionally, one

speaks of Hamiltonian systems with phase space of large dimension. Even modern computer power do

not allow us to perform a sufficiently large volume of data computations for analyzing the dynamics

and, therefore, one widely uses a combination of phenomenological methods and thermodynamic argu-

ments for ensuring the needs of applied studies, where less strict methods of statistical physics allows

one to obtain new results. In other words, starting from the macroscopic properties of dynamics, we

try to describe large ensembles using the traditional macroscopic quantities, for example, the volume,

the energy, the run length, the thermal capacity coefficient, the heat conduction coefficient, etc.

In the first half of the 20th Century, the most useful was the approach using the ergodic conjecture

consisting in the replacement of time means with spatial mean quantities with respect to the phase

space (see [6, 31]). In this way, the power technique of integral calculations appeared; they were

developed in various fields of mathematics: statistical methods in the probability theory, integral

transforms in functional analysis and their applications in mathematical physics, the techniques of

theory of functions of one complex variable, spectral theory of linear operators, etc.
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Along with grandiose successes of the corresponding studies, at the end of the 20th Century, new

problems appeared; first of all, they are related to nonstationary or transition processes in gas dy-

namics and hydrodynamics problems; in quantum-mechanical considerations, where one speaks of the

transport of an electronic or photonic gas, and also exciting waves of electronic, photonic, etc. types.

The matter is in developing computer technologies for studies in experimental physics that allow one

to increase the temporal, as well as spatial resolution of experimental methodologies. The urgency of

these direction was revealed in connection with the development of nanotechnologies in the current

century. The situation is like the transition at the end of the 19th Century to the beginning of the

20th Century, when the progress in experimental spectroscopic studies led M. Planck to the results

of quantum mechanics, which were paradoxical for that time. It is appropriate to stress that in many

respects, this impetus determined the development of theoretical, experimental, and applied studies

in the first half of the 20th Century (see [29, 30]).

Along with what was said above, it should be noted that the theory of nonstationary or transition

processes has not been systematically developed up to the present. This is partly related to the

negative results of quantum mechanics, which uses indirect measurements together with far-reaching

consequences on the existence of latent parameters, the uncertainty principle of quantum mechanics,

etc. (see [29]). The restrictions imposed by relativity theory, together with relativistic considerations,

only make the situation worse and lead to some stereotypes that prevent focusing attention on a number

of new ideas of scientific study development. From the viewpoint of transition process theory, we can

mention only the works devoted to shock waves in fluid and gas mechanics, which find applications in

avionics, nuclear physics,and other special applications (see [18–20]).

Possibly, this stipulated the skeptical attitude of specialists to the first results of the second half

of the 20th Century, which are devoted to studying stochastic dynamics by using possibilities of the

computational technology that appeared.

The first attempts at studying the problems, which are now classical but were new at that time,

are associated with the name of E. Fermi, who tried to solve the problem of exciting high-frequency

vibrations of atomic formation (see [22]). Now, a sufficiently large number of works is devoted to

this problem, which is called the Fermi–Pasta–Ulam problem. The results of Fermi’s group were

surprising; they arrived at the Poincaré recurrence theorem in Hamiltonian dynamics.The conclusion

was surprising for that time: the system considered returns to the initial state with accuracy up to a

computational error (of order 1 ∼ 10%) after some time.

The next example is the Lorenz system: three first-order differential equations quadratic in phase

variables in the three-dimensional phase space, one of which is linear (see [4]). Lorenz obtained this

system starting from atmosphere gas dynamics as amplitude equations by taking the Fourier series

expansion of solutions to the gas-dynamic partial differential equations and considering first terms

of the expansion. In modern language, in numerical investigations, Lorenz discovered the stochastic

properties of alternating dynamics. More precisely, during some time, the solutions oscillate near

two equilibrium states, including the transition drift process from one equilibrium state to another.

The length of the oscillation period and the switching instants have a stochastic behavior. Therefore,

discrete invariants of continuous dynamics manifest stochastic properties. It should be stressed that

the work received no attention for about 20 years.

The latter fact is surprising, since Lorenz’s work appeared ten years after A. N. Kolmogorov’s

report at the Amsterdam Mathematical Congress about the results, which were developed later on

and were called the Kolmogorov–Arnol’d –Moser theory. In other words, the concept of strange
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attractor in hyperbolic dynamics was already understood by specialists, and the understanding of

stochastic properties of dynamics became realistic.

The situation changed radically in connection with the results of D. V. Anosov (see [3]), which

confirm that generically, in the global hyperbolic dynamic, there exists a strange hyperbolic attractor.

It is also appropriate to mention the development of symbolic dynamics, where the corresponding

results are obtained in local considerations.

Starting from 1960, the studies in the local situation were stimulated by V. I. Arnol’d and his

disciples in connection with the development of the singularity theory for smooth mappings and

bifurcation theory (see [5]).

The numerical studies of properties of stochastic dynamics of solutions to ordinary differential

equations deterministic in time, which is known as Laplace’s determinism (see [27]), became positively

recognized after the 1980s. Specialists paid attention to lower-dimensional (of dimension 1, on the

line) nonlinear mappings. We speak of the studies of Feigenbaum for the logistic mapping

x
g(x)→ rx (1− x) ,

where r is a real parameter. Feigenbaum succeeded in discovering the existence of properties of

dynamics that inherit characteristic of a strange attractor in this simplest situation. The best known

result is the result of Feigenbaum on the simplest bifurcations of the mapping g under variations of

the parameter r. The words “simplest bifurcations” mean the period doubling of periodic orbits of

the mapping under variations of the parameter r. The surprising fact is that under variations of

the parameter in finite limits on the real line, the doubling cascade continues unlimitedly, i.e., up to

+∞. In parallel, Sharkovskii obtained the results on the existence of periodic orbits with sufficiently

arbitrary periods for one-dimensional mapping that are Sharkovskii ordered (see [33]).

Along with the directions of nonlinear dynamics of continuous- and discrete-time dynamical systems

discussed above, we mention the topological studies of fractal sets. In a number of cases, these stud-

ies use the self-similarity concept, which initially appeared as renormalization groups in Lagrangian

mechanics of mathematical physics (see [8]).

2. Anti-Harmonic Oscillator with Small Friction

Below we present results of a study of the dynamics of motion of a test particle on a line, i.e.,

in the one-dimensional case. We start from the Newton equation: the acceleration of a particle is

proportional to the applied force. In other words, we speak of the study of dynamics on the phase

plane with coordinates (x, ẋ). In physical applications related to the theory of mechanical oscillations,

it is interesting to study the dynamics in a neighborhood of a stationary point at which ẋ = 0 and the

force vanishes at a certain point, say, at x0 = 0.

In the works of Andronov and his school (see [1, 2]), it was explained that by an appropriate change

of the phase variable x and the corresponding change of the phase velocity ẋ, the equations of dynamics

are represented in the form

mẍ = g(x) + f(x)ẋ.

The term g(x) is represented in the form −∂U/∂x, which, in the case where f(x) ≡ 0, leads to the

energy conservation law in the form

m
ẋ2

2
+ U(x) = const .

This fact allows us to use the methods of the calculus of variations, the Lagrangian or Newtonian

formalism, for the study of the dynamics.
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The study in the case where f(x) �= 0, i.e., in developing the Hamiltonian approach under friction,

is an open problem up to the present time. In fact, except for the methods of perturbation theory or

the averaging methods of Bogolyubov and Mitropol’skii (see [16]), there are no other systematically

applied methods in the literature. However, in local situations where the dynamics is studied in a

neighborhood of the stationary state x = x0, ẋ = 0, we can use the methods of bifurcation theory,

which goes back to the works of Andronov and Pontryagin and their disciples and also to the subsequent

results of Arnol’d’s school.

We are interested in the results for the case

g(x) = ckx
k + o

(
xk

)
,

where ck �= 0, k ≥ 2, k ∈ N, is an integer, in which the initial equation can be simplified by a suitable

change of the coordinates (x, ẋ) and a change of time (usually, the change of time is represented in

the differential form dτ = λ(x, ẋ)dt):

mẍ = ckx
k + f(x)ẋ.

A further simplification of the equation considered is related to the fact that by an appropriate

change of variables x and ẋ, we can choose the friction coefficient f(x) in the polynomial form. Here, it

is necessary to stress that this consideration is substantial in the case k ≥ 2 and f(x0) �= 0. Otherwise,

we are dealing with the study of oscillations with returning force in the form of the Hooke’s law and,

possibly, with kinematic viscosity different from zero. This is the classical example of a damped

harmonic oscillator, possibly in a new appropriate coordinate system on the phase plane (see [4, 29]).

The first nontrivial example of the Newton equation on the line in the local approach corresponds

to the case k = 2 and f(x)
∣∣∣
x=x0

= 0. This case corresponds to small oscillations of a point near the

equilibrium state where the Hooke’s coefficient is equal to zero and the kinematic viscosity is equal to

zero.

For practical applications, of great interest is the dynamics in the case of small perturbations of

the Hooke’s coefficient and the kinematic viscosity. The answer was obtained in the school of Arnol’d,

and it reduces the problem to studying the following two-parametric family of Newton equations on

the line:

mẍ = ε+ x2 + (μ± x)ẋ.

This example appeared in the fifties, but was strictly justified only in the seventieth. Therefore,

starting from the 1670s, when Newton published the foundations of differential and integral calculus,

300 years of development of scientific studies were needed for obtaining the corresponding models of

nontrivial dynamics and understanding the artefacts arising in this way.

3. Test Particle: Passage from Continuous Time to Discrete Time

Starting from the model of continuous-time dynamics described by the Newton equation (see the

previous section) in [7], the authors proposed to consider the discrete particle dynamics in the case

of a weakly anti-dissipative perturbation of the force field of an anti-harmonic oscillator. Here, the

discretization arises in the mathematical sense from the viewpoint of constructing difference schemes

of approximation of differential equations for the numerical study of their solutions. The physical

motivation is that during a certain step constant in time, a test particle moves freely, i.e., the motion

is rectilinear with zero acceleration. After the step constant in time, the particle changes the velocity

of free motion by a jump, i.e., it is momentarily “rescattered” with forced exterior forces. Therefore,
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we obtain the following discrete scheme (see [7]):
⎧
⎨
⎩

xn+1 = xn + hyn+1,

yn+1 = yn + hẍ
∣∣∣
x=xn,y=yn

,

where ẍ is chosen in accordance with the Newton equation of the previous section.

For the latter system, there exists a renorming (see [5, 7]), which reduces it to the form
{
xn+1 = xn + yn+1,

yn+1 = yn + kxn(xn − 1) + (ε+ μxn)yn,
(1)

where k = h2, and ε and μ correspond to the small Hooke’s coefficient and the kinematic viscosity in

the Newton equation. In this way, we obtain a three-parameter family of mappings of the phase plane

onto itself.

Here, we note that, in phenomenological physical models, the step is often not constant in time,

but is constant in the space. The results presented below, in the approach of constant-in-time free

particle motion, lead to estimates for the free path length.

The second remark is that in the discretization presented above, we use the first-order semi-implicit

Euler scheme. There exist many other different difference schemes for discretization of ordinary

differential equations (see [32]).

The main qualitative properties of the test particle discrete dynamics presented below are obviously

preserved under complicating difference schemes not changing the principal character of the dynamics

described.

Historically, the corpuscular theory of moving particles goes back to Titus Lucretius Carus (see

[24]), i.e., it appeared much earlier than the works of Newton. Only now, using computers, we are

starting to recognize the possibilities of the corresponding models.

In (1), the parameters ε and μ are small quantities. We present the results of numerical studies

family (1) for the values ε, μ ∼ 10−5 and k ∼ 1.

The above choice of parameters is subjected to the following single condition: Eq. (1) has a large

number of asymptotically (un)stable periodic orbits. A periodic orbit of mapping (1) denoted by g(x)

in what follows is a solution of the equation

gn(x0) = x0, (2)

where the unknowns are integer n ≥ 0 and x0 ∈ R
2.

Periodic orbits define adiabatic invariants of dynamics. More precisely, for each point x0 ∈ R
2, the

following time means are defined:

F̄ (N, x0) =
1

N

N∑
j=1

F (gj(x0)). (3)

If x0 is a point of a periodic orbit with period n, then the time means converge to the mean value of

the function F along the periodic orbit:

F̄ (n, x0) =
1

n

n∑
j=1

F (gj(x0)). (4)

Therefore, the ergodic theory (see [6, 31]) obtains its natural modification by taking into account

the genericity arguments in a weakly dissipative version of the Kolmogorov–Arnol’d–Moser theory.
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In the Hamiltonian conservative case of the dynamics equation, the particle motion in continuous

time is executed on isoenergetic surfaces in the phase space. If an isoenergetic surface is compact

(which holds in the generic case, in particular, for completely integrable Hamiltonian systems), then the

computation of time means is simplified by using the ergodicity conjecture. The ergodicity conjecture

is that a point orbit is dense on the corresponding isoenergetic surface (or on the transitivity set of the

phase flow), which allows us to express the time mean in the form of the integral over the isoenergetic

surface or the transitivity set. Further arguments lead to statistical distributions of Bolzmann–Gibbs

type, which allows us to express the statistical weight of motions with definite energy, and which is

essentially used in models of the classical quantum mechanics (see [10, 17]).

As functions on the phase space, we use the total energy corresponding to the continuous model for

ε = μ = 0, the kinetic energy, the free run length, and other such physical quantities.

When the period of periodic orbits increases, the adiabatic invariants manifest at least the following

two possibilities: they are “saturated,” i.e., become constant or they linearly depend on the period. In

this case, all periodic orbits are partitioned into subsets that differ from each other when the period

increases. The distances between the saturation constants differ by orders in the decimal scale. The

partition in different saturating quantities manifests a strong correlation, which is explained by the

periodic orbit topology in the phase space (see [10, 12, 13]).

Generically, a periodic orbit (2) has a definite topological type: an asymptotically (un)stable focus or

a hyperbolic orbit. With asymptically (un)stable periodic orbits, one associates a (repelling) attracting

domain in the phase plane: the set of points whose iterations converge to a periodic orbit as (n → −∞)

n → +∞. In the literature, these sets are called the basins of attraction (respectively, as t → −∞ or

t → +∞). The basin of attraction of a periodic orbit with period n is partitioned into n subsets of

approximately the same area, since the Jacobian of the mapping g is close to 1. If S(n) denotes the n

components of the basin of attraction, then we can calculate the absolute temperature corresponding to

particles in a neighborhood of the periodic orbit in accordance with the Boltzmann–Gibbs distribution:

S(n) = const ·e−hĒ/kT , (5)

where k is the Boltzmann constant, n is the period of the orbit, T is the absolute temperature, and

Ē is the mean energy along the orbit.

4. Conclusion

In the literature, low-dimensional models of dynamics are widely presented (see [8, 9, 18, 23, 25, 31]

and the bibliography therein). In later decades, interest was focused on Hamiltonian systems. The

use of an antiharmonic potential in thermodynamics is, in particular, due to Landau (see [25]). The

conclusion is that in one-dimensional models, phase transitions are impossible.

We consider a non-Hamiltonian system, i.e., an open system that is a small perturbation of a

Hamiltonian system. Dissipative additions in the form of friction (with excitement for a negative

friction coefficient) are chosen by accounting for the following two circumstances: the first is the

genericity of the friction coefficient guaranteed by the Bogdanov–Tackens bifurcation; the second is

related to the numerical choice of friction coefficient parameters for calculations.

It is appropriate to stress that the perturbation is smaller than the second order of smallness as

compared with the core of the antiharmonic potential. As a result, we obtain a possibility of phase

transition in the period region of periodic orbits. Also, note that the decrease of head conduction and

capacity coefficients when the period grows makes the higher-periodic states energy profitable (see

[13–15]).
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In conclusion, we mention the obvious restrictions of the above consideration of test particle dy-

namics. We speak of the particle flight time in a neighborhood of a stable (unstable) orbit. When the

orbit grows, this flight time increases. Therefore, we need special conditions for practical realization of

high-periodic states. Therefore, in a number of cases, the experimental detection of a phase transition

is related to experimental complication and experimental methodology. With account of the exper-

imental decrease of the statistical weight of high-periodic asymptotically (un)stable periodic orbits,

the additional conditions mentioned above are not trivial. Possibly, this is the course of a sufficiently

long period between the appearance of the classical Kolmogorov–Arnol’d–Moser theory and that of

its weakly dissipative version.

In the period region of periodic orbits, the graph of temperatures manifests a break, which indicates

as phase transition of the first kind under a nonzero temperature in the model.

The behavior of isochores detects phase transition points of triple type, i.e., phase transition points

of the second kind.
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