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ON UNIQUE DETERMINATION OF DOMAINS
IN EUCLIDEAN SPACES

A. P. Kopylov UDC 514.772.35

Abstract. The paper is devoted to two new directions in developing the classical geometric subjects
related to studying the problem of unique determination of closed convex surfaces by their intrinsic
metrics. The first of these directions is the study of unique determination of domains (i.e., open
connected sets) in Euclidean spaces by relative metrics of the boundaries of these domains. It appeared
about 25–30 years ago and was developed owing to the efforts of Russian scientists. The first part of
the paper (Secs. 3–7) contains an overview of the results referring to this direction.

The foundations of the second direction are presented in the second part of the paper, i.e., in Sec. 8,
for the first time. This direction is closely related with the first one and consists of studying the
problem of unique determination of conformal type. The main result of the section is the theorem on
the unique determination of bounded convex domains by relative conformal moduli of their boundary
conductors.
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1. Introduction

According to the classical theorem (see, e.g., [12]), two bounded closed convex surfaces in the three-
dimensional Euclidean space isometric with respect to their intrinsic metrics are equal, i.e., they can
be matched by a motion. Note that the problem of unique determination of closed convex surfaces by
their intrinsic metrics goes back to the following result of Cauchy, obtained by him already in 1813
and consisting of the fact that any closed convex polyhedrons P1 and P2 (in the three-dimensional
Euclidean space) that are equally composed of congruent faces are equal. This problem has attracted
the attention of many mathematicians for almost 140 years (in this connection, see, e.g., the historical
overview in [12, Chap. 3]) and has obtained its complete solution in the work [13] of A. V. Pogorelov in
the form of the theorem presented in the beginning of the paragraph (for generalizations of the latter
theorem to the case of closed convex hypersurfaces in the Euclidean space of an arbitrary dimension
n ≥ 4, see [19]).

In [10], the author proposed a new approach to the problem of unique determination of surfaces,
which allows him to substantially enlarge the framework of the problem. The essence of this approach
can be sufficiently clearly demonstrated be examining the following model situation.

Translated from Sovremennaya Matematika. Fundamental’nye Napravleniya (Contemporary Mathematics.
Fundamental Directions), Vol. 22, Geometry, 2007.
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Let U1 and U2 be two domains (i.e., open closed sets) in the n-dimensional Euclidean space R
n

whose closures clUj , j = 1, 2, are Lipschitzian manifolds (such that fr(clUj) = frUj �= ∅). The latter
means that for each point x ∈ clUj , j = 1, 2, there exist a neighborhood Vj,x and a bi-Lipschitzian
mapping hj,x : Vj,x → B(0, 1) of this neighborhood onto the unit ball

B(0, 1) =
{
x = (x1, x2, . . . , xn) ∈ R

n
∣∣ |x| =

( n∑
s=1

(xs)2
)1/2

< 1
}

with the property hj,x(Uj ∩ Vj,x) = B(0, 1) or hj,x(Uj ∩ Vj,x) = {x ∈ B(0, 1)
∣∣ x1 ≤ 0} (recall that a

mapping h : X → Y of metric spaces (X, ρX) and (Y, ρY ) is said to be bi-Lipschitzian if there exists
a number C, 0 < C <∞, satisfying the condition

1
C
ρX(x1, x2) ≤ ρY (h(x1), h(x2)) ≤ CρX(x1, x2)

for any two points x1 and x2 fromX). Furthermore, assume that the boundaries frU1 and frU2 of these
domains, which coincide with the boundaries of the manifolds clU1 and clU2, are isometric with respect
to their intrinsic metrics ρfr Uj ,Uj j = 1, 2, i.e., with respect to the metrics that are the restrictions
to the boundaries frUj of the extensions (by continuity) of the intrinsic metrics of the domains Uj

to clUj . The following natural question arises. Under which additional conditions are the domains
U1 and U2 themselves isometric? In particular, the natural character of this problem is determined
by the circumstance that the problem of unique determination of closed convex surfaces mentioned
in the beginning of the paper is its most important particular case. Indeed, assume that S1 and S2

are two closed convex surfaces in R
3, i.e., they are the boundaries of two bounded convex domains

G1 ⊂ R
3 and G2 ⊂ R

3. Let Uj = R
3 \ clGj be the complement of the closure clGj of the domain Gj ,

j = 1, 2. Then the intrinsic metrics of the surfaces S1 = frU1 and S2 = frU2 coincide with the relative
metrics ρfr U1,U1 and ρfr U2,U2 of the boundaries of the domains U1 and U2, and thus, the problem of
unique determination of closed convex surfaces by their intrinsic metrics is a particular case of the
problem of unique determination of domains by relative metrics of their boundaries. In particular, the
enlargement of frameworks of the problem of unique determination of surfaces implied by the approach
to this problem proposed in [10] manifests itself in the fact that the unique determination of domains
by relative metrics of their boundaries holds not only in the case where their complements are bounded
convex sets but, for example, in the following cases: the domain U1 is bounded and convex and U2 is
arbitrary (A. P. Kopylov; see Theorems 3.1 and 6.1 below); the domain U1 is strictly convex and the
domain U2 is arbitrary (A. D. Aleksandrov; see Theorem 4.1); the domains U1 and U2 are bounded
and their boundaries are piecewise-smooth (V. A. Aleksandrov; see Theorem 3.3); the complements
of the domains U1 and U2 are nonempty and bounded, and their boundaries are connected manifolds
of class C1 and dimension n− 1 without boundary (V. A. Aleksandrov; see Theorem 4.2), and so on.

The present paper can be divided into two parts.
The first of them (see Secs. 3–7) is mainly devoted to an overview of the results referring to the

problem of unique determination of domains by relative metrics of their boundaries that have been
obtained by various authors from 1984 up to the present.

The second and very important part is the last section. In this section, we create the foundations
of one more direction of studying the unique determination of domains in Euclidean spaces (closely
related with the direction considered in the first part), i.e., the direction of studying the problem of
unique determination of the so-called conformal type. The main result of the section is Theorem 8.1
on the unique determination of bounded convex polyhedral domains by relative conformal moduli of
their boundary conductors.

2. Notation, Terminology, and Auxiliary Assertions

As in the Introduction, as well as in the course of the whole paper, we use the following symbols and
notions: N is the set of positive integers; R

n (n ∈ N) is the n-dimensional real arithmetical Euclidean
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space of all ordered tuples x = (x1, x2, . . . , xn) of n real numbers; |x| =
{

n∑
j=1

x2
j

}1/2

is the length of

a vector x =
n∑

j=1
xjej ∈ R

n (here and in what follows, e1, e2, . . . , en is the canonical basis in R
n, i.e.,

ej is the element of the space R
n such that its jth coordinate is equal to 1, and the other coordinates

are equal to 0); a domain in the space R
n is its open connected subset; clE and frE are the closure

and the boundary in R
n of a set E ⊂ R

n, respectively; a domain in R
n whose closure is a Lipschitzian

manifold; the intrinsic metric of the surface; the relative metric ρfr U,U of the boundary of a domain
U admitting an extension by continuity of its intrinsic metric ρU to the closure clU ; the notion of
unique determination of domains in R

n by relative metrics of their (Euclidean) boundaries.
Moreover, in what follows, we also use the following notation, concepts, and preliminaries. Imh =

h(X) is the image of a mapping h : X → Y , IdE is the identity mapping of a set E, and f |E is the
restriction of a mapping f to E.
Bn(x, r) = {y ∈ R

n
∣∣ |y − x| < r} is the open ball in the space R

n (n-dimensional ball) of radius r
(0 < r < ∞) centered at x ∈ R

n; Sn−1(x, r) is its boundary sphere, in particular, Bn = Bn(0, 1) and
Sn−1 = Sn−1(0, 1) are the unit ball and the unit sphere in R

n, respectively; vn is the volume of the
ball Bn (vn = nsn−1, where sn−1 is the area of the sphere Sn−1):

v2k+1 =
22k+1πkk!
(2k + 1)!

, v2(k+1) =
πk+1

(k + 1)!
, k = 0, 1, 2, . . . ;

R
n± are the half-spaces {x ∈ R

n
∣∣ ±xn > 0}; B+

n = B+
n (x0, r), where x0 ∈ {x ∈ R

n
∣∣ xn = 0}, is the

hemisphere Bn(x0, r)∩R
n
+. In this case, we omit the reference to dimensions n and n− 1 in the cases

where no confusion can arise.
R̄

n = R
n ∪ {∞} is the one-point compactification of the space R

n. Recall that R̄
n is a metrizable

topological space homeomorphic to the sphere Sn (in this connection, see, e.g., [21]).
R = R

1 is the set of all real numbers (real line).
Ṙ = R ∪ {−∞,∞} is the two-point compactification of the real line R.
If E ⊂ R

n, then the symbol intE denotes the (Euclidean) interior, diamE = sup
x,y∈E

|x− y| denotes

the diameter, and mesE = mesnE denotes the (n-dimensional) Lebesgue measure of a set E.
A manifold of class Ck, k = 0, 1, 2, . . . ,∞, a (real-) analytic manifold, and a Lipschitz manifold mean

submanifolds in R
n of the corresponding class (for the concept of Lipschitzian manifold of dimension

n, see the Introduction; a Lipschitzian manifold of an arbitrary dimension is defined analogously). The
boundary of a manifold M is denoted by the symbol ∂M , and the set of its interior points (interior)
is denoted by the symbol intM , i.e., in the same way as the interior of a set E ⊂ R

n.
If a, b ∈ R, a < b, then

[a, b] = {x ∈ R
∣∣ a ≤ x ≤ b}, ]a, b[ = {x ∈ R

∣∣ a < x < b},

]a, b] = {x ∈ R
∣∣ a < x ≤ b}, [a, b[ = {x ∈ R

∣∣ a ≤ x < b}
are the closed interval, the interval, and the half-open interval in R with endpoints a and b.

A continuous mapping γ : [a, b] → R
n, where a, b ∈ R, is called a (continuous) path in R

n. The
length l(γ) and the rectifiability of a path γ in R

n is understood in the classical sense (see, e.g., [17,
pp. 185–190]):

l(γ) = sup
a=t0≤t1≤···≤tν=b

ν∑
j=1

|γ(tj) − γ(tj−1)|

and, respectively,
l(γ) <∞.
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Let A be a Borel subset of the space R
n, and let ρ : A → Ṙ be a nonnegative Borel measurable

function. If γ : [a, b] → A is a continuous rectifiable path, then the following quantity is called the
curvilinear integral of the function ρ over the path γ (see [21]):∫

γ
ρds =

∫ l(γ)

0
ρ(γ◦(t))dt.

Here, γ◦ : [0, l(γ)] → A is the normal representation of the path γ, i.e., the path such that γ = γ◦ ◦ sγ ,
where sγ(t) = l(γ|[a,t]), t ∈ [a, b], is the length function of the path γ, and, moreover, the integral on
the right-hand side of the relation always exists, since the composition ρ ◦ γ◦ is a nonnegative Borel
measurable function. The value of this integral can be equal to +∞.

If Γ is a family of paths in R
n, then its n-modulus Mn(Γ) is defined as follows. Let R(Γ) be the set

of all admissible functions for the family Γ, i.e., nonnegative Borel measurable functions ρ : R
n → Ṙ

such that ∫
γ
ρds ≥ 1

for each rectifiable path γ ∈ Γ. Then

Mn(Γ) = inf
ρ∈R(Γ)

∫
Rn

[ρ(x)]ndx.

In a natural way, this definition can also be extended to the case where, among the paths contained in
Γ, there exist, e.g., paths whose domains are intervals ]a, b[ (see [21] for details), but for our purposes, it
suffices to consider only families of paths whose domains are closed intervals. The important property
of the n-modulus of a family of paths in R

n is its conformal invariance [21].
Let Γ1 and Γ2 be two families of paths in R

n. We say that the family Γ1 minorizes the family Γ2

(or the family Γ2 is minorized by the family Γ1) if for every path γ : [a, b] → R
n from the family Γ2,

there exists a closed interval [a1, b1], a ≤ a1 < b1 ≤ b, such that the path γ|[a1,b1] belongs to the family
Γ1.

Let E1 and E2 be two disjoint sets, and let U be a domain in the space R
n such that {E1∪E2}∩U =

∅. We say that a (continuous) path γ : [a, b] → R
n connects the sets E1 and E2 in U if γ(a) ∈ E1,

γ(b) ∈ E2, and γ(t) ∈ U for t ∈ ]a, b[. Denote by ΓE1,E2,U the set of all paths γ connecting E1 and E2

in U (this set can be empty).
The intrinsic metric ρU of a domain U in the space R

n is defined as follows:

ρU (x1, x2) = inf
γ∈Γ{x1},{x2},U\{x1,x2}

l(γ),

where the infimum is calculated on the set Γ{x1},{x2},U\{x1,x2} of all paths γ connecting x1 and x2 in
U \ {x1, x2}.

A convex polyhedron in R
n is a bounded intersection of finitely many closed half-spaces, and a

convex polyhedral domain is a bounded intersection of finitely many open n-dimensional half-spaces.
Clearly, the closure of the latter is a convex polyhedron. A face of dimension n−1 of the boundary frU
of a convex polyhedral domain U is the intersection s = τ ∩ frU of a hyperplane τ and the boundary
frU that is an (n− 1)-dimensional Lipschitzian manifold. A face s of dimension k,k = 1, 2, . . . , n− 2,
of the boundary frU of this domain is defined by induction: a face s is a k-dimensional face of the
boundary ∂s∗ of a face s∗ of dimension k + 1. Finally, a zero-dimensional face (or a vertex of the
polyhedron clU) is an endpoint of a segment that is a 1-dimensional face. A supporting plane τ(s) of
a face s of the boundary frU of a convex polyhedral domain is the affine hull of s.

A Möbius transformation is any mapping f : R̄
n → R̄

n that is a composition of finitely many
transformations of similarity and inversion with respect to spheres (see, e.g., [16]). A mapping f :
U → R

n of an open set U ⊂ R
n is said to be conformal if, for any point x ∈ U , the derivative

(differential) f ′(x) is a nondegenerate general orthogonal mapping (i.e., |f ′(x)h| = λ(x)|h| if h ∈ R
n,

and λ(x) > 0 and is independent of h). Any Möbius transformation is conformal. By the classical
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Liouville, if a mapping f : U → R
n of a domain U ⊂ R

n, where n ≥ 3, belongs to the class C3

and is conformal, then there exists a Möbius transformation F : R̄
n → R̄

n such that f = F |U .
Yu. G. Reshetnyak substantially weakened the smoothness condition in the Liouville theorem by
proving that any generalized conformal mapping is a Möbius transformation (see [16]).

A number of concepts are introduced in the following sections. We list some of them.
The concept of unique determination of a domain U by the relative metric of its boundary frU .

A domain with piecewise-smooth boundary. The classes of domains A = A(n), A1 = A1(n), and
A2 = A2(n) (Sec. 3).

The classes of domains B, C = C(n), Ã1 = Ã1(n), and E = E(n). The set Δ(U) (Sec. 4).
The definition of K-quasi-isometric mapping of domains in R

n and K-quasi-isometric mapping of
boundaries with respect to their relative metrics. The quantity d(U1, U2). The Hausdorff distance
between two sets (Sec. 5).

The Hausdorff boundary frH U of a domain U . The relative metric ρfrH U,U of the Hausdorff bound-
ary of a domain U . The isometry of Hausdorff boundaries of domains in their relative metrics. The
concept of unique determination of a domain U in a given class U of domains by the relative metric
of its Hausdorff boundary. The support of an element of the Hausdorff boundary of a domain and its
attainability from the domain U along a rectifiable path. A rectifiable path representing an element
of the Hausdorff boundary. The shortest path connecting two elements a and b of the Hausdorff
boundary in the closure clU of a domain U . A rectifiable path connecting elements of the Hausdorff
boundary frU along the domain U . The continuum. A domain with polyhedral boundary (Sec. 6).

The local isometry of Hausdorff boundaries with respect to relative metrics. The concept of unique
determination of a domain U by the local isometry condition with respect to relative metrics of
Hausdorff boundaries of domains. The (Euclidean) boundary of a domain that is a simplicial complex.
The small and large skeletons of the Hausdorff boundary of a domain with polyhedral boundary
(Sec. 7).

The boundary conductor of a domain with Lipschitzian boundary. The image of the boundary
conductor under a mapping f : frV → frU . The relative conformal modulus MU (F ) of the boundary
conductor F of a domain U . The concept of unique determination of a domain U by relative conformal
moduli of its boundary conductors. The quantities L(x0, f, r) and l(x0, f, r). The Jacobian J(x, f) of
a mapping f at a point x. The nondegenerate differentiability of a mapping at a point. The boundary
frs σ (frfr U G) of a set σ ⊂ s (G ⊂ frU) with respect to an (n− 1)-dimensional face s of the boundary
frU of a convex polyhedral domain U (with respect to frU) (Sec. 8).

3. Theorems on Unique Determination of Bounded Domains

The following theorem is the first assertion referring to the problem of unique determination of
domains by relative metrics of their boundaries (see [10]).

Theorem 3.1. Let n ≥ 2, let U1 ⊂ R
n be a bounded convex domain, let U2 ⊂ R

n be a bounded domain
whose boundary is an (n− 1)-dimensional manifold of class C0 without boundary, and, moreover, let
U2 have the following property : the intrinsic metric of this domain can be extended to its closure
clU2 by continuity. Furthermore, assume that the boundaries frU1 and frU2 of the domains U1 and
U2 are isometric with respect to their relative metrics, i.e., there exists a surjective mapping f :
frU1 → frU2 isometric with respect to the relative metrics of their boundaries (ρfr U2,U2(f(x′), f(x′′)) =
ρfr U1,U1(x

′, x′′) if x′, x′′ ∈ frU1). Then U1 and U2 are isometric (in Euclidean metrics).

Remark 3.1. Although Theorem 3.1 is a slightly general assertion in its form as compared with
Theorem 3 in [10] corresponding to it, Theorem 3.1 is, however, in essence equivalent to the latter
(and is proved by literarily repeating the arguments from the proof of Theorem 3 in [10]).

We call the reader’s attention to the fact that, by Theorem 3.1, in contrast to the classical Cauchy
approach (see Example 4.1 in the next section), the approach to the problems of unique determination
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of surfaces based on Definition 3.1 presented below also allows us to give a rich-in-context meaning
to these problems in the case n = 2. The following theorem due to A. D. Aleksandrov [2] shows that
the convexity of the domains considered and the connectedness of their boundaries also turns out to
be inessential under the new approach.

Theorem 3.2. Let U1 and U2 be bounded domains in R
n, n ≥ 2, such that the closure clUj, j = 1, 2,

of each of which is a manifold of class C1 and dimension n with boundary frUj. Then if the boundaries
frU1 and frU2 of these domains are isometric with respect to their relative metrics, then the domains
U1 and U2 are isometric.

Theorem 3.2 admits a generalization to the case of domains U with piecewise-smooth boundaries
satisfying the following conditions (all the manifolds considered below in conditions (i)–(v) have no
boundary).

(i) The boundary frU of the domain U is a topological manifold of dimension n− 1.
(ii) The set frU is a pseudo-manifold (in the sense of the concepts of [18]) of class C1 and dimension

n− 1. The latter means that there exists a subset E of the boundary frU open with respect to
frU and being a manifold of class C1 and dimension n− 1 such that its complement frU \E in
frU can be represented in the form of a no more than countable union of C1-smooth manifolds
of class and dimension k ≤ n− 2. Moreover, we additionally assume that frU \E is a union of
finite sets of connected manifolds of the above type.

Remark 3.2. It follows from condition (ii) that the boundary frU of the domain U is repre-

sented as the union
ν⋃

j=1
Ej of a finite family E1, E2, . . . , Eν of connected C1-smooth manifolds of

dimension dimEj ≤ n− 1, j = 1, 2, . . . , ν. Assuming that, in this union, the number k (defined
in (ii)) is minimally possible and using the concepts introduced in [2], we call each of the sets
Ej (j = 1, 2, . . . , ν) a face of the corresponding dimension of the boundary frU of the domain
U .

(iii) Let a certain point of the face Ej of the boundary frU be a limit point for the face Es (j, s =
1, 2, . . . , ν). Then Ej ⊂ clEs.

(iv) If x ∈ Ej and, moreover, dimEj ≤ n− 2, then the contingence of the domain U at the point x
contains an open cone K �= ∅ and a certain surface neighborhood of the point x is the union
of a finite set {G1, G2, . . . , Gl} of manifolds Gj , j = 1, 2, . . . , l, of class C1 such that there exist
C1-smooth manifolds G̃1, G̃2, . . . , G̃l with properties dim G̃j = dimGj , Gj ⊂ G̃j , and x ∈ G̃j ,
j = 1, 2, . . . , l.

(v) If a point x ∈ {frU} \E is a point of a zero-dimensional face, then x is attainable in U along a
rectifiable path (i.e., for such a point, there exists a rectifiable path γ : [0, 1] → clU such that
γ(1) = x and γ(t) ∈ U if 0 ≤ t < 1).

Theorem 3.3. Assume that U1 and U2 are bounded domains in R
n, n ≥ 2, with piecewise boundaries

(i.e., with boundaries satisfying conditions (i)–(v)). Then the isometry of the boundaries frU1 and
frU2 of these domains with respect to relative metrics implies the isometry of the domains U1 and U2

themselves.

We now represent the assertions of this section in a slightly different but equivalent form, which in
formulating analogous assertions in the subsequent presentation serves as a pattern. For this purpose,
denote by A = A(n) the class of all bounded domains U of the space R

n, n ≥ 2, that are of the
following type: the closure clU of a domain U is an n-dimensional manifold of class C0 with boundary
frU , and, moreover, the intrinsic metric of this domain can be extended to its closure by continuity.
Then we introduce the following concept, which is one of the main concepts in this work.

Definition 3.1. Let A0 ⊂ A, and let U ∈ A0. We say that a domain U is uniquely determined in
the class A0 by the relative metric of its boundary if the following holds. Assume that the domain V
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belongs to the class A0 and there exists a surjective mapping f : frV → frU preserving the relative
metric of the boundary, i.e., the following relation holds for any two points x′ and x′′ of the boundary
frV of the domain V :

ρfr U,U (f(x′), f(x′′)) = ρfr V,V (x′, x′′).
Then the domain V can be isometrically mapped onto the domain U (in other words, U can be deter-
mined in the class A0 with accuracy up to the possible use of an additional isometric transformation
of the space R

n).

Using this definition and denoting by A1 = A1(n) the class of all bounded domains U in R
n, n ≥ 2,

whose closures are manifolds of class C1 and dimension n with boundary frU , and by A2 = A2(n)
the class of all bounded domains (in R

n) with piecewise-smooth boundaries, we can reformulate
Theorems 3.1–3.3 as follows.

Every bounded convex domain in the space R
n, n ≥ 2, is uniquely determined in the class A(n) by

the relative metric of its boundary (Theorem 3.1).
If a domain U belongs to the class A1(n), n ≥ 2, then it is uniquely determined by the relative

metric of its boundary in this class (Theorem 3.2).
Every domain from the class A2(n), n ≥ 2, is uniquely defined by the relative metric of its boundary

in it (Theorem 3.3).
We complete this section by Corollary 3.1 of Theorem 3.3 (see [2]).

Corollary 3.1. A bounded polyhedral domain U (in R
n, n ≥ 2), i.e., a bounded domain with piecewise-

smooth boundary frU such that the affine hull of each of its faces is a plane whose dimension is equal
to the dimension of this face, is uniquely determined in the class A2(n) by the relative metric of its
boundary.

4. Case of Unbounded Domains

In the case of unbounded domains, the situation concerning their unique determination by relative
metrics of the boundaries is very different from the case of bounded domains. Indeed, the subspace

R
n
− = {(x1, x2, . . . , xn−1, xn) ∈ R

n
∣∣ xn < 0}, n ≥ 2

(and hence any n-dimensional open half-space of the space R
n), is not uniquely determined by the

relative metric of its boundary even in the class of all domains whose boundaries are real-analytic
manifolds of dimension n − 1 without boundary. To prove the latter fact, for example, consider the
following domain:

U =
{
(x1, x2, . . . , xn−1, xn) ∈ R

n
∣∣ xn < (xn−1)2

}
.

The boundary of this domain is isometric to the boundary of the half-space R
n− with respect to intrinsic

metrics (of the boundary): it is easy to verify that the mapping f : frU → fr R
n−,

f :
(
x1, x2, . . . , xn−2, xn−1, (xn−1)2

) → (
x1, x2, . . . , xn−2,

2−1xn−1

√
1 + 4(xn−1)2 + 4−1 ln

(
2xn−1 +

√
1 + 4(xn−1)2

)
, 0

)
,

(x1, x2, . . . , xn−1) ∈ R
n−1,

is surjective and isometric in the intrinsic metrics of the boundaries of the domain U and the subspace
R

n−. Taking into account the convexity of the complement R
n \ U of the domain U , we also verify

that the mapping f is isometric in the relative metrics of the boundaries frU and fr R
n−. At the same

time, these domains themselves are not isometric to one another.
Starting the presentation of the main results of this section, first of all, we note that, as in the

previous section, we now consider only those domains U in the space R
n which are different from the

whole R
n and whose intrinsic metrics ρfr U,U admit an extension to their closures clU by continuity.

We begin with the following result due to A. D. Aleksandrov (see [2]).
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Theorem 4.1. If U1 is a strictly convex domain (i.e., a convex domain whose boundary contains no
rectilinear segments), U2 is any domain, and, moreover, the boundaries frU1 and frU2 are isometric
in their relative metrics ρfr U1,U1 and ρfr U2,U2, then U1 and U2 themselves are isometric.

Let B = B(n) be the class of all domains U in the space R
n, n ≥ 2, that have nonempty bounded

complements and whose boundaries are smooth manifolds of class C1 and dimension n − 1 without
boundary. The following result is obtained in [3].

Theorem 4.2. Let n ≥ 3. Then every domain U ∈ B is uniquely determined in the class B by the
relative metric of its boundary.

Remark 4.1. The concept of unique determination of unbounded domains is defined analogously to
Definition 3.1.

For n = 2, Theorem 4.2 is no longer true, which follows from the following example.

Example 4.1. Let U1 and U2 be unbounded domains in R
2 with convex bounded complements R

2\U1

and R
2 \U2 for which the condition R

2 \clUj �= ∅, j = 1, 2, holds and the lengths of whose boundaries
are equal. Then the boundaries frU1 and frU2 of these domains are isometric with respect to their
intrinsic and hence relative metrics. At the same time, the domains U1 and U2 are (in general) not
isometric to one another.

The following theorem due to A. V. Kuz’minykh (see [11]) yields a complete solution for the problem
of unique determination of convex domains in the class C = C(n) of all domains U in the space R

n,
n ≥ 2, whose intrinsic metrics admits an extension to the closures clU by continuity.

Theorem 4.3. Every convex domain in the space R
n, n ≥ 2, different from an open half-space in R

n

and R
n itself is uniquely determined by the relative metric of its boundary in the class C(n).

Note that Theorems 3.1 and 4.1 are particular cases of Theorem 4.3.
Denote by Δ(U) the interior of the complement a convex domain U in R

n, n ≥ 2: Δ(U) =
int(conv(Rn \ U)). The following assertion holds (see [4]).

Theorem 4.4. Assume that the boundary frU of a domain U in the space R
n, n ≥ 2, is a connected

(n − 1)-dimensional manifold of class C1 without boundary and satisfies the condition frU ⊂ Δ(U).
Then U is uniquely determined by the relative metric of its boundary in the class Ã1 = Ã1(n) of all
domains in R

n with smooth boundaries, i.e., domains V whose closures clV are manifolds of class C1

and dimension n with boundary frV .

In the case of domains with analytic boundaries, i.e., domains V in R
n, n ≥ 2, such that their

closures clV are (real-) analytic manifolds of dimension n with boundary frV , the following theorem
holds (see [4]).

Theorem 4.5. Every domain U in the space R
n, n ≥ 2, with connected analytic boundary such that

frU ∩ Δ(U) �= ∅ is uniquely determined by the relative metric of its boundary in the class E = E(n)
of all domains in the space R

n with analytic boundaries.

For n = 2, Theorems 4.4 and 4.5 are naturally complemented by the following assertions [4].

Theorem 4.6. Assume that the boundary of a domain U in R
2 is connected and smooth and Δ(U)

is not a half-plane. If U is uniquely determined in the class Ã1(2) of domains with smooth boundaries
with respect to the relative metric of its boundary, then frU ⊂ Δ(U).

Theorem 4.7. Assume that the boundary of a domain U in R
2 is connected and analytic. Then if U

is uniquely determined by the relative metric of its boundary in the class E(2) of domains with analytic
boundaries, then frU ∩ Δ(U) �= ∅.
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Note that for n ≥ 3, the assertions of Theorems 4.6 and 4.7 are no longer true (in this case, the
condition “Δ(U) is not a half-plane” must correspond to the condition “Δ(U) is not a half-plane”).
Indeed, if U is, for example, the complement of the closed unit ball clB = clB(0, 1) in R

n, n ≥ 3,
and V is a domain with smooth boundary such that frV is isometric to the boundary sphere frU
of the domain U with respect to relative metrics, then using Lemma in [10], it is easy to prove the
unboundedness of the domain V . Since the isometry of frV and frU in the relative metrics also
obviously implies the boundedness of frV , then, using Theorem 4.2, we verify the isometry of V and
U . Furthermore, Δ(U) = B, and by this, frU \ Δ(U) = frU . Hence we arrive at the conclusion that
for n ≥ 3, there is no natural analog of Theorem 4.6.

As for Theorem 4.7, it follows that considering a domain with analytic boundary as V in the
previous example and using the same arguments as above, we prove the isometry of the domains V
and U . Taking into account the relations frU ∩ Δ(U) = frB ∩ B = ∅, we conclude that for n ≥ 3,
Theorem 4.7 is no longer true.

In particular, Theorems 4.5 and 4.6 lead to the following assertion.

Corollary 4.1. For n = 2, there exists a domain with analytic boundary that is uniquely determined
in the class E(2) of domains with analytic boundaries by the relative metric of its boundary, and there
is no such domain in the class Ã1(2) of domains with smooth boundaries.

Proof. Consider the domain

U =
{
(x1, x2) ∈ R

2
∣∣ (x1)4 + (x2)4 − (x1)2 − (x2)2 > 0

}
.

This domain has the following properties:
(i) the boundary of U is connected and analytic;
(ii) frU ∩ Δ(U) �= ∅;
(iii) Δ(U) is not a half-plane;
(iv) frU \ Δ(U) �= ∅.

Hence, by Theorem 4.5, U is uniquely determined in the class E(2). At the same time, Theorem 4.6
implies that U is not uniquely defined in the class Ã1(2) of domains with smooth boundaries by the
relative metric of its boundary.

The results of [4] allow us to strengthen Corollary 4.1: in its formulation, we can replace the class
of domains with smooth boundaries by the class of domains whose boundaries are C∞-smooth (Ck-
smooth, k = 2, 3, . . . , etc. (see [4])). The latter follows from the fact that Theorems 4.4 and 4.6
remain valid if in their formulations, instead of the domain U with smooth boundary and instead of
the class Ã1(n) (resp. the class Ã1(2)), we consider a domain U with C∞- (Ck-)smooth boundary
and the class A∞(n) (Ak(n)) (resp. the class A∞(2) (Ak(2))) of all domains with such boundaries.

In concluding the section, we note that in Theorem 4.6, the condition “Δ(U) is not a half-plane” is
essential (in this connection, see [4, Sec. 7, Example 3]).

5. On Instability in Theorems on Unique Determination

Consider a real number K ≥ 1 and a K-quasi-isometric mapping f : U → R
n, where U is a domain

in the space R
n, n ≥ 2. In this case, the K-quasi-isometry of a mapping is understood in the following

sense.

Definition 5.1. A mapping f is said to be K-quasi-isometric if it is continuous and injective, and,
moreover, the following relations hold at each point x ∈ U :

K−1 ≤ lim
y→x

|f(y) − f(x)|
|y − x| ≤ lim

y→x

|f(y) − f(x)|
|y − x| ≤ K. (5.1)

Also, we say that f is a K-quasi-isometric mapping of the domains U and U ′ = f(U).
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This definition directly implies that the inverse mapping f−1 : U ′ → U of a K-quasi-isometric
mapping f is also K-quasi-isometric. Also, it is well known that a 1-quasi-isometric mapping is an
isometric mapping of the domains U and U ′, and, moreover, it (uniquely) extends to an isometry
F : R

n → R
n of the whole space R

n.
Furthermore, assume that U1 and U2 are two domains with smooth boundaries in the space R

n, n ≥ 2
(i.e., domains whose boundaries are (n− 1)-dimensional manifolds of class C1 without boundary) and
consider a K-quasi-isometric mapping f : U1 → U2 of domains U1 and U2 (= f(U1)). It is known that
under the above assumptions f extends to a homeomorphic mapping f̃ : clU1 → clU2 of closures clU1

and clU2 of these domains. Using inequalities (5.1) in Definition 5.1 of K-quasi-isometric mapping,
it is easy to show that the boundary mapping ψ = f̃ |fr U1 of the mapping f satisfies the following
condition: the following inequalities hold for any two points x′ and x′′ of the boundary frU1 of the
domain U1:

K−1ρfr U1,U1(x
′, x′′) ≤ ρfr U2,U2(ψ(x′), ψ(x′′)) ≤ Kρfr U1,U1(x

′, x′′). (5.2)
A mapping ψ : frU1 → frU2 of the boundary frU1 of the domain U1 onto the boundary frU2 of the
domain U2 having property (5.2) is said to be K-quasi-isometric with respect to relative metrics of the
boundaries.

Now let U1 be a bounded convex domain in the space R
n, n ≥ 2, and let U2 be a bounded domain

whose closure is an n-dimensional manifold of class C0 with boundary frU2; moreover, let the intrinsic
metric of U2 admit an extension to the closure clU2 by continuity. It follows from Theorem 3.1 and
Definition (5.2) of quasi-isometric mapping of boundaries with respect to the relative metrics that
if the boundaries of the domains U1 and U2 are 1-quasi-isometric with respect to relative metrics,
then these domains are isometric. There arises the following natural question: does condition (5.2)
characterize the boundary values of quasi-isometric mappings of domains U1 and U2 in a full measure?
In other words, can we assert that a mapping ψ : frU1 → frU2 K-quasi-isometric in relative metrics
of boundaries is a boundary value of another quasi-isometric mapping f : U1 → U2 (possible, with
different value of the quasi-isometry parameter)? Although the answer to this question is not known
to the author, in [10], he proves an assertion according to which condition (5.2) with K = 1 is not
stable in the following sense.

Theorem 5.1. For each natural number n = 2, 3, . . . , there exists a real number C = C(n) > 1
satisfying the following condition. If ε is a positive real number, then there exists a bounded domain
Uε in the space R

n such that its intrinsic metric admits an extension to the closure clUε of this domain
by continuity and whose boundary frUε is (1+ ε)-quasi-isometric to the boundary sphere S(0, 1) of the
unit ball B(0, 1) ⊂ R

n with respect to relative metrics of the boundary, and finally, it is not possible
to C-quasi-isometrically map it onto the ball B(0, 1).

Remark 5.1. As follows from the proof of this theorem suggested in [10] (see the proof of Theorem 2
in [10]), we can construct the domain Uε such that its boundary is a smooth manifold of class n − 1
without boundary.

Theorem 5.1 states the absence of stability in Theorem 3.1 from the viewpoint of the theory of
quasi-isometric mappings of domains in R

n. However, the following assertion was obtained in [6].

Theorem 5.2. Assume that n ≥ 2 and real numbers R1 and R2 satisfy the inequalities 0 < R1 ≤
R2 < ∞. Then there exist positive numbers C = C(n,R1, R2) and ε0 = ε0(n,R1, R2) such that if
0 ≤ ε ≤ ε0 and if bounded domains U1 and U2 in the space R

n satisfy the conditions
(i) the boundary frU1 of the domain U1 is an (n− 1)-dimensional connected manifold of class C2

without boundary, and, moreover, at each point x ∈ frU1, the inequalities 0 < R1 ≤ R(x) ≤
R2 <∞ hold for any principal curvature radius R(x) of the surface frU1;

(ii) the domain U2 admits a relative metric of its boundary;
(iii) the boundaries of the domains U1 and U2 are (1 + ε)-quasi-isometric with respect to the relative

metrics of their boundaries,
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then the following inequality holds:
d(U1, U2) ≤ Cε1/4,

where
d(U1, U2) = inf

P :Rn→Rn
δ(clU1, P (clU2)); (5.3)

moreover, in (5.3), the infimum is calculated over the set of all isometries P : R
n → R

n of the space
R

n and

δ(clU1, P (clU2)) = max
{

max
x∈P (cl U2)

{ρ(x, clU1)}, max
x∈cl U1

{ρ(x, P (clU2))}
}
,

ρ(x,M) = inf
y∈M

|x− y|, M ⊂ R
n,

is the Hausdorff distance between the sets clU1 and P (clU2).

It is useful to compare Theorem 5.2 with Yu. A. Volkov’s theorem on the closeness of the spatial
form of the image under a (1 + ε)-quasi-isometric mapping of a closed convex surface to the form of
the surface itself (see [23]).

6. Domains with Hausdorff Boundaries

The domains U considered above satisfy the following condition: the intrinsic metric of such a
domain U extends to its closure clU by continuity. But the condition of such a type excludes from
considerations even the domains with (Euclidean) boundaries of a very simple geometric structure.
The open cube in R

3 “cut” by a half plane,

U1 =
{
x = (x1, x2, x3) ∈ R

3
∣∣ |xj | < 1, j = 1, 2, 3

} \ {
x ∈ R

3
∣∣ x1 ≥ 0, x3 = 0

}
,

can serve as such an example. One more example is the domain (in R
3)

U2 = R
3 \

{
x ∈ R

3
∣∣ 3∑

j=1

(xj)2 ≤ 1, x3 = 0
}
,

which is the complement of the two-dimensional disk (up to the whole space R
3).

The above shortcoming can be removed if we pass from the Euclidean boundaries considered in the
previous sections to the boundaries that are said to be Hausdorff and are defined as follows.

Definition 6.1. Let U be a domain in R
n, n ≥ 2, and let ρU be its intrinsic metric. Let us complete

the metric space (U, ρU ) in the Hausdorff sense, i.e., with respect to its intrinsic metric ρU . Identifying
the points of the constructed completion corresponding to points of the domain U with these points
themselves and removing them from the completion, we obtain a metric space (frH U, ρfrH U,U ); the
set frH U of its elements is called the Hausdorff boundary of the domain U , and ρfrH U,U is called the
relative metric of its Hausdorff boundary.

Remark 6.1. If the intrinsic metric ρU of a domain U admits an extension to its closure clU by con-
tinuity, then the Hausdorff boundary frH U of this domain is (naturally) identified with the Euclidean
boundary.

Definition 6.2. Let U be a certain class of domains of the space R
n, n ≥ 2. We say that a domain

U ∈ U is uniquely determined in the class U by the relative metric of its Hausdorff boundary if every
domain V ∈ U whose Hausdorff boundary is isometric to that of the domain U with respect to relative
metrics is itself isometric to U (in the Euclidean metrics).

Remark 6.2. The isometry of Hausdorff boundaries of domains U and V in their relative metrics
means the existence of a surjective isometric mapping f : (frH U, ρfrH U,U ) → (frH V, ρfrH V,V ) of these
boundaries.

879



Let us mention a number of properties of the Hausdorff boundary frH U of the domain U , which
will be needed in what follows. For this purpose, we introduce the following concept.

Definition 6.3. The support of an element a of the Hausdorff boundary frH U of a domain U ⊂ R
n,

n ≥ 2, is a point x of the Euclidean boundary frU to which a Cauchy sequence {xj}j∈N of points
xj ∈ U representing the element a converges in the intrinsic metric ρU .

Remark 6.3. The concept of support of a ∈ frH U is well defined, since it is independent of the choice
of a Cauchy sequence (in the intrinsic metric) representing the element a.

Lemma 6.1. Every element a ∈ frH U has a unique support xa.

Lemma 6.2. The set of supports xa of elements a ∈ frH U is everywhere dense (in the Euclidean
metric) on the Euclidean boundary frU of U .

Lemma 6.3. If a is an element of the Hausdorff boundary frH U of a domain U , then its support xa

is attainable from the domain U along a rectifiable path γ : [0, 1] → clU such that γ(1) = xa, γ(t) ∈ U
for 0 ≤ t < 1, and for each sequence {tj}j∈N of points tj ∈ [0, 1[ satisfying the condition lim

j→∞
tj = 1,

the sequence {γ(tj)}j∈N is a Cauchy sequence in the metric ρU , and it represents the boundary element
a. On the other hand, if a point x ∈ frU is attainable from the domain U along a rectifiable path γ,
then any sequence {γ(tj)}j∈N, where tj ∈ [0, 1[, j = 1, 2, . . . , and lim

j→∞
tj = 1, is a Cauchy sequence in

the metric ρU and defines (the same) element a ∈ frH U whose support is the point x.

In what follows, we say that every rectifiable path γ from the formulation of Lemma 6.3 represents
the element a ∈ frH U corresponding to it (admitting that γ(0) can belong to the Euclidean boundary
frU of the domain U in this case).

Lemma 6.4. For any two elements a and b of the Hausdorff boundary frH U of a domain U , there
exists the shortest rectifiable path γ such that ρfrH U,U (a, b) coincides with the length of the path γ,
γ(0) = xa, γ(1) = xb, γ(t) ∈ clU , if t ∈ ]0, 1[, and, finally, γ is the uniform limit in the Euclidean
metric of the sequence {γj}j∈N of rectifiable paths γj : [0, 1] → clU satisfying the conditions γj(0) = xa,
γj(1) = xb, and γj(t) ∈ U if 0 < t < 1, and the length of the path γj converges to the length of the
path γ as j → ∞.

Remark 6.4. In what follows, the path γ from the formulation of Lemma 6.4 is also called the shortest
path connecting the elements a and b of the Hausdorff boundary frH U in the closure clU of a domain
U . We call reader’s attention to the circumstance that the path γ need not be injective (!). Each of
the paths γj in Lemma 6.4 represents the element a ∈ frH U , as well as the element b ∈ frH U . In
what follows, we say that such paths connect the elements a and b of the Hausdorff boundary frH U
along the domain U . The proofs of Lemmas 6.1–6.4 are standard (for example, these lemmas can
be proved by using the methods for proving the results of the first and second section of the second
chapter in [1]), and, therefore, we omit them.

According to Corollary 4.1, there exist domains U such that U is uniquely determined by the
relative metric of its boundary in one class of domains but is not uniquely determined in another
wider class. In this connection, there arises the question on the existence of domains that are uniquely
determined by the relative metrics of their boundaries in the class of all domains in the space R

n. The
following assertion serves as one of the possible answers to this question; it generalizes and strengthens
Theorem 3.1 in the case n = 2.

Theorem 6.1. Every bounded convex domain U ⊂ R
2 is uniquely determined in the class of all

domains V ⊂ R
2 by the relative metric of its Hausdorff boundary (in the sense of Definition 6.2).

Proof is performed in the same line as that of Theorem 3 in [10]. But a number of changes are
needed. The most essential changes refer to Lemma 4 in [10], whose formulation looks as follows in
the case discussed.
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Lemma 6.5. Let f : frH U → frH V , where U is a bounded convex domain in R
2 and V is an arbitrary

domain in this space, be a surjective mapping isometric with respect to the relative metrics ρfrH U,U

and ρfrH V,V of the Hausdorff boundaries frH U and frH V of the domains U and V . Assume that a
line segment xy = {(1 − t)x+ ty ∈ clU

∣∣ 0 ≤ t ≤ 1} is contained in the closure clU of the domain U
so that the boundary frU of this domain contains only the endpoints x and y of the segment. Then
the line segment x′y′ whose endpoints x′ and y′ are the supports of the elements f(x) and f(y) of the
Hausdorff boundary frH V does not degenerate into a point and lies in the closure clV of the domain
V in the same way.

Proof of Lemma 6.5. Let f̃ : frU → frV be the mapping that is the composition

f̃ = pV ◦ f ◦ (pU )−1, (6.1)

where pV is the mapping pV : a → xa, a ∈ frH V , such that to each element a of the Hausdorff
boundary frH V of the domain V , it puts in correspondence its support xa and pU : frH U → frU is
an analogous mapping of the Hausdorff boundary frH U into the the Euclidean boundary frU of the
domain U , which is invertible and isometric because of the convexity of U . Taking into account that
f is isometric with respect to the relative metrics of the Hausdorff boundaries frH U and frH V by the
condition of the lemma, we easily verify that the mapping f̃ is Lipschitzian:

|f̃(x′) − f̃(x′′)| ≤ |x′ − x′′| (6.2)

if x′, x′′ ∈ frU .
We claim that the mapping f̃ is surjective. Assuming the contrary, we arrive at the following

situation: E = frV \ f̃(frU) �= ∅, and, moreover, the set E is open relative to frV . The latter
contradicts Lemma 6.2. Hence

Im f̃ = frV. (6.3)

In particular, it follows from relations (6.2) and (6.3) that the Euclidean boundary frV of the
domain V is a bounded continuum (i.e., a nonempty, bounded, closed, connected set). At the same
time, it follows from the isometry of the Hausdorff boundaries of the domains U and V with respect
to relative metrics that frV contains at least two points.

Assume that at least one of the following conditions holds for the segment x′y′ whose endpoints x′
and y′ are supports of the elements f(x) and f(y) of the Hausdorff boundary frH V of the domain V
that is the images of the points x and y from the formulation of the lemma proved:

(1) the segment x′y′ degenerates into a point and
(2) at least one of the interior points of this segment does not belong to V

and consider the shortest path γ : [0, 1] → clV connecting the elements f(x) and f(y) in the closure
clV of the domain V . The following two cases are possible:

(i) V ∩ Im γ �= ∅ and
(ii) Im γ ⊂ frV .

In case (i), there exist points P,Q ∈ Im γ such that (1 − α)P + αQ ∈ V ∩ Im γ if 0 < α < 1. Clearly,
at least one of these points is different from x′, as well as from y′. For definiteness, assume that this is
the point P and consider the triple f(x), f(y), and z of elements of the Hausdorff boundary frH V of
the domain V , where the element z is represented by the path γ∗ : [0, 1] → clV defined by the relation
γ∗(t) = (1 − t)P + tQ, t ∈ [0, 1[. Now we show that the following relation holds for this triple:

ρfrH V,V (f(x), f(y)) = ρfrH V,V (f(x), z) + ρfrH V,V (z, f(y)), (6.4)

which (because ρfrH V,V is a metric) is equivalent to the inequality

ρfrH V,V (f(x), f(y)) ≥ ρfrH V,V (f(x), z) + ρfrH V,V (z, f(y)). (6.5)
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To prove inequality (6.5), we fix a sequence {γj}j∈N of rectifiable paths γj : [0, 1] → clV defined by
Lemma 6.4 for the elements f(x) and f(y) of the Hausdorff boundary frH V and set

G =
⋃

x=(1−α)P+αQ
0<α<1

B2(x, rx), (6.6)

where B2(x, rx) is an open disk of radius r centered at x in R
2, and, moreover, the number rx is the

supremum of all numbers r > 0 such that B2(x, r) ⊂ V . It is easy to show that the following relation
holds for the closure clG of the set G defined by relation (6.6):

clG =
{ ⋃

x=(1−α)P+αQ
0<α<1

clB2(x, rx)
} ⋃

{P,Q}. (6.7)

Furthermore, let t0 ∈ γ−1(P ) , and for each j ∈ N, let γj(tj) be a point of the set {Im γj} ∩ {clG}
closest to P . Since the sequence {γj}j∈N uniformly converges (in the Euclidean norm) to the path γ,
by the definition of the set G and the fact that the image of a continuous path is a continuum, we
have

lim
j→∞

γj(tj) = γ(t0).

Taking into account relation (6.7), we can continue each of the paths γj |[0,tj ] and γj |[tj ,1] by the
two-link broken line consisting of the segment {γj(tj)}w, where w ∈ PQ, which is perpendicular to
the segment PQ, and the segment wP . As a result, for large values of the parameter j, we obtain
rectifiable paths γs

j : [0, 1] → clV , s = 1, 2, connecting the elements f(x) and z and z and f(y) of
the Hausdorff boundary frH V of V along this domain, i.e., rectifiable paths such that γ1

j (0) = x′,
γ1

j (1) = P , γ2
j (0) = P , γ2

j (1) = y′, and γs
j (t) ∈ V if 0 < t < 1 (s = 1, 2). It follows from the method

for constructing the paths γs
j that

ρfrH V,V (f(x), z) + ρfrH V,V (z, f(y)) ≤ l(γ1
j ) + l(γ2

j ) ≤
l(γj) + 4|γj(tj) − P | → l(γ) = ρfrH V,V (f(x), f(y))

as j → ∞. As a result, we obtain the desired inequality (6.5).
Now let condition (ii) hold (i.e., let Im γ ⊂ frV ). Since

l(γ) = ρfrH V,V (f(x), f(y)) = ρfrH U,U (x, y) > 0,

it follows that diam(Im γ) > 0. Taking into account that Im γ is a continuum, we choose a direction
λ such that the projection of Im γ on the line orthogonal to λ is a nondegenerate segment. Without
loss of generality, we can assume that the direction λ is the direction of the vector e2 of the canonical
basis e1, e2 in R

2. Then the projection of Im γ on the coordinate axis {x1, x2) ∈ R
2

∣∣ x2 = 0} is a
nondegenerate segment I. Assume that a sequence {γj}j∈N of rectifiable paths has the same meaning
as in the previous case (i). By the fact that every line perpendicular to the segment I and passing
through its interior point x has a nonempty intersection with Im γ and by the uniform convergence
of the sequence {γj}j∈N to the path γ, we can assert that Im γj also has this property for sufficiently
large j (here, we take into account that Im γj is a continuum). Also, taking into account that relations
(6.2) imply the finiteness of the length Λ1(frV ) (in the sense of the concept from [17, p. 84]) of the
set frV and applying the Gross theorem (see [17, p. 403]), we can assert the following: for almost
all points x ∈ I, the line ζx passing through the point x and perpendicular to the segment I has
nonempty finite sets of points common with frV and Im γ, respectively. Let x0 be an interior point
of the segment I of such a type such that ζx0 contains no supports x′ and y′ of the elements f(x) and
f(y) of the Hausdorff boundary frH V of the domain V . Since what was said above implies that for
all sufficiently large values of j, the line ζx0 has common points with the set Im γj , by the uniform
convergence of γj to γ as j → ∞, there exists a sequence of points belonging to the set ζx0 ∩ U that

882



converges to a certain point y ∈ Im γ, and, moreover, all points of this sequence lie lower than the
point y, or all them lie above the point y. But then there exists a segment (not degenerating into a
point) J ⊂ ζx0 ∩ clU such that one of its endpoints is the point y, (J \ {y}) ⊂ U , and the following
relation holds for the point Qk = γj(k)(tj(k)) of the set J nearest to y, which is defined for each value
of a certain sequence j : N → N satisfying the condition j(k) → ∞ as k → ∞:

lim
k→∞

Qk = lim
k→∞

γj(k)(tj(k)) = y.

Continuing the paths γj(k)|[0,tj(k)] and γj(k)|[tj(k),1] by the segment Qky and almost literally repeating
the arguments used in case (i), we again arrive at relation (6.4), in which now z is an element of the
Hausdorff boundary frH V defined by Lemma 6.3 via the segment J and different from the elements
f(x) and f(y).

To complete the proof of Lemma 6.5, it remains to note that in case (i), as well as in case (ii), the
relations x �= y, x �= f−1(z), and y �= f−1(z) and hence the inequality

ρfrH U,U (x, y) < ρfrH U,U (x, f−1(z)) + ρfrH U,U (f−1(z), y),

follow from what was said above; by relation (6.4), this inequality contradicts the isometry of the
mapping f with respect to the relative metrics of the Hausdorff boundaries.

Returning to Theorem 6.1, we note that the further course of its proof is performed by using
Lemma 6.5 if, moreover, we apply the arguments used in the proof of Theorem 3 in [10] not to the
mapping f considered in the formulation of Lemma 6.5 but to the mapping f̃ defined by relation (6.1)
according to the mapping f . The details of necessary arguments are obvious, and, therefore, we omit
them.

Remark 6.5. In 1987, D. A. Trotsenko published in [20] an assertion without proof, which can be
formulated in the following way in terms of this section.

Any bounded domain in R
2 is uniquely determined by the relative metric of its Hausdorff boundary

in the class of all domains V ⊂ R
2.

In the course of writing this paper, the author asked Trotsenko for the proof of this assertion. But at
present, Trotsenko cannot give its proof, as well as the proofs of the other assertions from [20], which,
unfortunately, allows us to consider all these assertions as only a declaration about the intentions of
Trotsenko to obtain them.

The following theorem proved in [5] yields an example of domains in the space R
n of any dimension

n ≥ 2 such that for discussing and solving the problem of unique determination of which, it is necessary
to consider the Hausdorff boundaries of the domains.

Theorem 6.2. Every bounded domain U in the space R
n (n ≥ 2) with polyhedral boundary is uniquely

determined by the relative metric of its Hausdorff boundary in the class of all such domains.

In the formulation of Theorem 6.2, a domain with polyhedral boundary is a domain whose boundary
is a polytope, i.e., a set that is a union of finitely many cells (possibly of different dimensions), where
a cell is a bounded set that is an intersection of finitely many closed subspaces. Also, note that the
boundary of a domain of the class discussed need not connected.

In concluding the section, using the concept of Hausdorff boundary of a domain, we represent
the A. V. Pogorelov theorem on the unique determination of closed convex surfaces in its complete
formulation (in the Introduction, we assume that the closure of the domain considered is a Lipschitzian
manifold) as follows.

Every domain U in the space R
3 whose complement R

3 \ U is a bounded convex set is uniquely
determined by the relative metric of its Hausdorff boundary in the class of all such domains.

Remark 6.6. The case where the complement R
3 \ U of a domain U is a one-dimensional segment

was not considered in the classical formulation of this theorem. Although it is trivial, the formulation
just presented allows us to represent the Pogorelov theorem in its full generality.
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7. Unique Determination of Domains (Local Variant)

In the previous sections, we considered the problem of unique determination of domains by relative
metrics of their boundaries. In this section, we present a number of results that allow us to give an
answer to the following natural question. Is it sufficient for the isometry of domains in Euclidean spaces
to assume that their (Euclidean or Hausdorff) boundaries are isomorphic in their relative metrics on
the so-called local level?

Definition 7.1. Let M be a certain class of domains in the space R
n, n ≥ 2. We say that a

domain U ∈ M is uniquely determined in the class M by the condition of local isometry of Hausdorff
boundaries with respect to relative metrics if the fact that a domain V belongs to the class M and its
Hausdorff boundary is locally isometric to the Hausdorff metric of the boundary of a domain U with
respect to relative metrics implies the isometry of the domains U and V (in the Euclidean metrics).
In this case, the local isometry with of the Hausdorff boundaries frH U and frH V of the domains U
and V with respect to relative metrics means the existence of a bijective mapping f : frH U → frH V
of these boundaries that is locally isometric in their relative metrics, i.e., a mapping such that for
each element y ∈ frH U , there exists a number ε > 0 satisfying the following condition: for any two
elements a and b from the ε-neighborhood Z(y) = {z ∈ frH U

∣∣ ρfrH U,U (z, y) < ε} of the element y,
the relation 0ρfrH U,U (a, b) = ρfrH V,V (f(a), f(b)) holds.

The concept of unique determination of domains by the condition of local isometry of Euclidean
boundaries with respect to relative metrics is introduced analogously. In this case, it is assumed that
the intrinsic metrics of the domains considered admit an extension into their closure.

The first results referring to the direction of studies of unique determination of domains by the
condition of local isometry of their boundaries with respect to relative metrics considered in this
section were obtained by A. V. Kus’minykh in [11]. We begin their discussion from the following his
result.

Theorem 7.1. Assume that U is a convex domain in the space R
n, n ≥ 2, whose Euclidean boundary

frU contains no band, i.e., the convex hull of two parallel (n − 2)-dimensional planes, V is a domain
(in R

n) such that its intrinsic metric ρV admits an extension to the closure clV of this domain by
continuity, ε is a positive number, and f : frU → frV is a bijective mapping such that for each number
α ∈ ]0, ε[ and any two points x′, x′′ ∈ frU ,

ρfr U,U (x′, x′′) = α (7.1)

iff
ρfr V,V (f(x′), f(x′′)) = α. (7.2)

Then f can be extended to an isometry F : U → V with respect to Euclidean metrics.

Furthermore, assume that a convex domain U ⊂ R
n (n ≥ 2) is different from an open half-space,

and, moreover, its (Euclidean) boundary contains a band. Clearly, clU = Φ × P , where Φ is a two-
dimensional convex set and P is a plane of dimension n− 2 orthogonal to the affine hull A(Φ) of the
set Φ.

If U is such that Φ is a bounded set, then the following assertion holds (see [11]).

Theorem 7.2. Let a domain V in R
n, n ≥ 2, contain no half-space, let its intrinsic metric ρV admit

an extension to the closure clV by continuity, let ε be a positive number, and let f : frU → frV be
a bijective mapping (where U satisfies the conditions from the previous two paragraphs) such that for
each α ∈ ]0, ε[ and any two points x′, x′′ ∈ frU , relation (7.1) holds iff these points satisfy condition
(7.2). Then f can be extended to an isometry of the domains U and V .

In Theorem 7.2, the condition “V contains no half-space,” as well as the condition “Φ is a bounded
set” are essential (see [11]).
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It follows from Theorems 7.1 and 7.2 that if we restrict ourselves to consideration of only domains
containing no half-spaces, then the following assertion holds.

Corollary 7.1. Assume that a convex domain U in R
n, n ≥ 2, contains no half-space. Then the

condition that its boundary frU contains no band or is homeomorphic to the Cartesian product of a
circle by an (n − 2)-dimensional plane is a necessary and sufficient condition for the domain U to
have the following property : if a domain V ⊂ R

n contains no half-space and its intrinsic metric ρV

admits an extension to the closure clV by continuity, ε is a positive number, and f : frU → frV is a
bijection such that for each α ∈ ]0, ε[ and any two points x′, x′′ ∈ frU , conditions (7.1) and (7.2) are
equivalent, then f extends up to an isometry of the domains U and V .

The following two results were obtained by M. K. Borovikova in [8]. The first of them contains a
complete description of the case where a bounded polygonal domain in R

2 is uniquely determined by
the condition of local isometry of the Hausdorff boundaries of domains with respect to relative metrics
in the class of all such domains.

Theorem 7.3. A bounded polygonal domain U in R
2 is uniquely determined by the condition of local

isometry of the Hausdorff boundaries of domains by relative metrics in this class of all such domains
iff U is convex.

Note that in the formulation of Theorem 7.3, it is not possible to omit the condition “U is a bounded
domain” (see [8]).

The second result of Borovikova yields the following solution of an analogous problem in the case
of domains in the space R

n, n ≥ 2, with analytic boundaries.

Theorem 7.4. Assume that the Euclidean boundary of a domain U in the space R
n, n ≥ 2, is a

connected (n − 1)-dimensional (real-)analytic manifold without boundary. Then a domain V of such
a type whose boundary frV is locally isometric to the boundary frU of the domain U with respect to
the relative metric is isometric to the domain U itself iff one of the following conditions holds:

(i) R
n \ U is not a convex set ;

(ii) if the set R
n \ U is convex, then the convex surface frU is uniquely determined by its intrinsic

metric in the class of convex analytic surfaces.

We complete the section with the result of V. A. Aleksandrov from [7], which allows us to conclude
that in the case of domains in R

3, the situation is principally different from the situation which, by
Theorem 7.3 of Borovikova, holds in the case of two-dimensional polygonal domains. For this purpose,
we recall a number of concepts from [7].

Dealing with a domain U with polyhedral boundary, we assume that frU is a simplicial complex.
This does not restrict the generality, since any polytope admits a simplicial subdivision (see [24]).

A face of dimension k (k = 1, 2, . . . , n − 1) of the Hausdorff boundary frH U of a domain U (with
polyhedral boundary) is an arcwise connected subset Q of the metric space (frH U, ρfrH U,U ) such
that the set of all elements of Q is the interior of a certain k-dimensional simplex frU ⊂ R

3. A
zero-dimensional face is an element of the Hausdorff boundary whose support is a zero-dimensional
simplex of the complex frU .

The small skeleton of the Hausdorff boundary of a domain U (with polyhedral boundary) is the
union of all (n− 1)-dimensional faces and those (n− 2)-faces of the Hausdorff boundary frH U of the
domain U each of which lies in the closure of at least one (n− 1)-dimensional face. The large skeleton
of the Hausdorff boundary of a domain U is the closure of the union of all (n − 1)-dimensional faces
of the Hausdorff boundary of the domain U in the metric ρfrH U,U .

Theorem 7.5. Assume that a domain U in the space R
3 has a polyhedral (compact) boundary, and,

moreover,
(i) the boundary frU of U is an arcwise connected set in R

3;
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(ii) the large skeleton of the Hausdorff boundary of U is an arcwise connected subset of the metric
space (frH U, ρfrH U,U );

(iii) every arcwise connected component of the large skeleton of the Hausdorff boundary of U in the
set frH U is the union of a one-dimensional face of the Hausdorff boundary of this domain and
a zero-dimensional face lying in it ;

(iv) every arcwise connected component of the small skeleton of the Hausdorff boundary of U is
homeomorphic to a two-dimensional sphere from which a finite set of points is removed.

Then the domain U is uniquely determined by the condition of local isometry of Hausdorff boundaries
of domains with respect to relative metrics in the class of all domains in R

3.

Note that although the boundary of the domain U in the formulation of Theorem 7.5 is compact,
the domain U itself can be unbounded.

In particular, Theorem 7.5 implies that if U and V are bounded polyhedrons in R
3 whose boundaries

are locally isometric with respect to relative metrics, then these polyhedrons are isometric (in the
Euclidean metrics).

Remark 7.1. It is not possible to omit any of the conditions (i)–(iii) in Theorem 7.5.

8. On Unique Determination of Conformal Type

In the previous sections, we considered the problem of unique determination of domains in Euclidean
spaces, which is of the so-called isometric type. In other words, we discussed the problem of revealing
whether or not two domains U and V in R

n are isometric if their boundaries are isometric in one sense
or another.

The present section is devoted to the further development of the field related to the problem
mentioned above by considering here the problem of unique determination (of domains in R

n) of
conformal type.

Now let us pass to a detailed presentation of the content of the section.

Definition 8.1. Let U ⊂ R
n be a domain with Lipschitzian boundary (i.e., a domain whose boundary

frU is a Lipschitzian manifold of dimension n − 1 without boundaries). A boundary conductor F =
{F1, F2} of the domain U is a pair of closed subsets F1 and F2 of the boundary frU of this domain (at
least one of which is bounded) having no common points, and, in this case, F1 and F2 are called the
endfaces (components) of the conductor F . If V is one more such domain in R

n, f : frV → frU is a
homeomorphic mapping of the boundaries frV and frU of the domains V and U , and F = {F1, F2}
is a boundary conductor of the domain V , then the image f(F ) = {f(F1), f(F2)} of the boundary
conductor F under the mapping f is a boundary conductor of the domain U whose endfaces are f(F1)
and f(F2).

Definition 8.2. The relative conformal modulus MU (F ) of a boundary conductor F of a domain
U is the n-modulus Mn(ΓF1,F2,U )0 of the family ΓF1,F2,U of all (continuous) paths γ : [0, 1] → clU
connecting the endfaces F1 and F2 of the conductor F in the domain U (i.e., γ(0) ∈ F1, γ(1) ∈ F2,
and γ(t) ∈ U if 0 < t < 1; see Sec. 2).

Let L0 = L0(n) be a certain subclass of the class L = L(n) of all domains U in the space R
n, n ≥ 3,

the closure of each of which is an n-dimensional Lipschitzian manifold (with boundary frU �= ∅).

Definition 8.3. We say that a domain U ∈ L0 is uniquely determined by the relative conformal
moduli of its boundary conductors in the class L0 if the following holds. Assume that a domain V
belongs to the class L0 and there exists a homeomorphic mapping f : frV → frU of the boundary
frV of the domain V onto the boundary frU of the domain U preserving its relative conformal moduli
of the boundary conductors: MV (F ) = MU (f(F )) for each boundary conductor F of the domain V .
Then the domain V can be mapped onto the domain U by a conformal mapping (in other words,
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U can be determined in the class L0 with accuracy up to the possible use of an additional Möbius
transformation).

Theorem 8.1. Assume that n ≥ 4. Then every bounded convex polyhedral domain U1 ⊂ R
n (i.e., a

nonempty bounded intersection of a finite set of open n-dimensional half-spaces) is uniquely determined
by relative conformal moduli of its boundary conductor in the class P of all bounded convex polyhedral
domains V ⊂ R

n. Moreover, U1 can be determined in the class P with accuracy up to the possible use
of an additional similarity transformation, i.e., an affine conformal transformation.

Theorem 8.1 is the central assertion of the section and one of the main assertions of the paper.
Taking into account that it is being brought to the attention of the reader for the first time, we equip
it with a complete proof.

Let U1 be the domain from the condition of the theorem, U2 be a domain from the class P, and
f : frU1 → frU2 be a homeomorphic mapping of the boundary frU1 of the domain U1 onto the
boundary frU2 of the domain U2 preserving its relative conformal moduli of the boundary conductors.
Let us show that there exists an affine conformal mapping F : R

n → R
n such that U2 = F (U1) and

f = F |fr U1 .
For this purpose, assume that T 1

n−2 and T 2
n−2 are the unions of all faces of dimension n − 2 of

the boundaries frU1 and frU2 of the convex polyhedrons clU1 and clU2, respectively. Then let us
consider the sets Σ1 = frU1\{T 1

n−2∪f−1(T 2
n−2)} and Σ2 = frU2\{f(T 1

n−2)∪T 2
n−2} = f(Σ1), which are

everywhere dense subsets of the boundaries frU1 and frU2 open in the topologies of these boundaries
induced by the Euclidean metric of the space R

n. We claim that the restriction f |Σ1 of the mapping
f to Σ1 is an (n− 1)-dimensional conformal mapping.

Indeed, let σ be a connected component of the set Σ1. By the definition of the latter, σ is a subset
of a certain (n − 1)-dimensional face s of the polyhedron clU1. For an analogous reason, the set
σ̃ = f(σ) is a subset of a certain (n − 1)-dimensional face s̃ of the polyhedron clU2. Taking into
account that the relative conformal modulus MU (F ) of the boundary conductor F of the domain
U is a conformal invariant, we can (using additional conformal mappings if necessary) arrive at the
following situation: s, s̃ ⊂ {x = (x1, x2, . . . , xn) ∈ R

n
∣∣ xn = 0} and U1, U2 ⊂ R

n
+ = {x ∈ R

n
∣∣ xn > 0}.

Furthermore, assume that x0 ∈ σ, and in the hyperplane {x ∈ R
n

∣∣ xn = 0}, let us consider the
(n− 1)-dimensional ball Bn−1(x0, r) = {x ∈ R

n
∣∣ |x− x0| < r, xn = 0} such that clBn−1(x0, 2r) ⊂ σ,

clBn−1(f(x0), L(x0, f, r)) ⊂ σ̃ (L = L(x0, f, r) = max
|x−x0|=r

|f(x)−f(x0)|), and B+
n (f(x0), L(x0, f, r)) =

{y ∈ R
n
+

∣∣ |y − f(x0)| < L(x0, f, r)} ⊂ U2. Then the following estimate holds for the relative
conformal modulus MU2({E1, E2}) of the boundary conductor {E1, E2} of the domain U2, where
E1 = {x ∈ R

n
∣∣ |x−f(x0)| = L(x0, f, r), xn = 0} and E2 = {x ∈ R

n
∣∣ |x−f(x0)| = l(x0, f, r), xn = 0}

(l = l(x0, f, r) = min
|x−x0|=r

|f(x) − f(x0)|):

nvn

(
ln
L(x0, f, r)
l(x0, f, r)

)1−n

≥MU2({E1, E2}) (8.1)

(vn is the volume of the n-dimensional ball). The latter follows from the fact that the family ΓSL,Sl,A =
ΓSn−1(f(x0),L),Sn−1(f(x0),l),BL\cl Bl

of all paths connecting the sphere SL = Sn−1(f(x0), L) (= {y ∈ R
n

∣∣
|y − f(x0)| = L}) and Sl = Sn−1(f(x0), l) in the spherical annulus A = BL \ clBl = Bn(f(x0), L) \
cl{Bn(f(x0), l)} = {y ∈ R

n
∣∣ l < |y−f(x0)| < L} minorizes the family ΓE1,E2,U2 and from Theorem 6.4

and the assertion from Sec. 7.5 of [21].
We now turn to the quantityMU1({f−1(E1), f−1(E2)}), which is equal to the quantityMU2({E1, E2})

by the conditions of the theorem. Assuming that r is so small that along with the conditions mentioned
above, one more condition,

B+
n (x0, 2r) (= {x ∈ R

n
∣∣ |x− x0| < 2r, xn > 0}) ⊂ U1,
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holds, we now obtain the estimate

MU1({f−1(E1), f−1(E2)}) ≥ λn =
(n− 1)vn−1 ln

√
3

8

([
Γ
(

1
2(n−1)

)]2

Γ
(

1
n−1

)
)1−n

(8.2)

(here, Γ is the Euler gamma-function). In this case, we use the results of [22] and the methods for
proving them suggested in this paper, slightly modifying them. As a base of the deduction of inequality
(8.2), the following modified form of Theorem 3.10 from [22], which is needed for our purposes and is
valid in the case of any n ≥ 3, holds.

Lemma 8.1. Let p1 and p2 be two points of the hyperplane {x ∈ R
n

∣∣ xn = 0} such that |pj | = 1,
j = 1, 2, and let F1 and F2 be disjoint continuums on this hyperplane such that F1 is bounded and
contains the points 0 and p1, whereas F2 is unbounded and contains the point p2. Then

MR
n
+({F1, F2}) ≥ λn.

Proof of Lemma 8.1 almost literally repeats the proof of Theorem 3.10 in [22]. The unique distinction
is that instead of spherical annuli, we now consider the part of them contained in the half-space, say,
a “half”), that is contained in the half-space R

n
+. In this case, we extend the arguments of [22] to

the case where n ≥ 4, instead of injective paths, we consider arbitrary continuous paths, and we use
Theorem 10.2 from [21]. We omit details of arguments, since it is easy to reproduce them.

Remark 8.1. The value of the constant λn is determined by the course of the proof of Lemma 8.1 of
our work indicated above and by Theorem 10.2 from [21]:

λn = bn ln
√

3,

where

bn = 2−n−1(n− 1)vn−1

(∫ ∞

0
t−

n−2
n−1 (1 + t2)−

1
n−1dt

)1−n

, n = 3, 4, . . . , (b2 =
1
2π

) (8.3)

is the constant from the formulation of Theorem 10.2 in [21]. Since

bn =
(n− 1)vn−1

4

([
Γ
(

1
2(n−1)

)]2

Γ
(

1
n−1

)
)1−n

, n ≥ 3

(where, as in (8.2), Γ is the Euler gamma-function), as a result, we arrive at the value of the quantity
λn indicated in (8.2).

Remark 8.2. It seems very probable that the proof of Lemma 8.1 can be performed strictly following
the line accepted in [21] for proving Theorem 11.9. A detailed discussion of this problem is outside
the framework of the present paper, and, therefore, we omit it.

Returning to the proof of our theorem, first of all, we note that (8.1), (8.2), and the relation

MU1({f−1(E1), f−1(E2)}) = MU2({E1, E2})
imply the following inequality:

L

l
≤ exp

{(
8nvn

(n− 1)vn−1 ln 3

) 1
n−1

[
Γ
(

1
2(n−1)

)]2

Γ
(

1
n−1

)
}

= Λn. (8.4)

In turn, inequality (8.4) and the arbitrariness in the choice of the point x0 imply the relations

H(x, f) = lim
r→0

L(x, f, r)
l(x, f, r)

≤ Λn

for each point x ∈ σ (in Sec. 22.2 of [21], H(x, f) is called the linear dilation of the mapping f
at the point x). Thus, by Theorem 34.1 from [21], the mapping f |σ is an (n − 1)-dimensional
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quasi-conformal mapping. Note that, for the same reasons, the inverse mapping (f |σ)−1 is also quasi-
conformal. Further, we prove that the mapping f |σ is, in fact, conformal.

For this purpose, we use the fact that by the properties of quasi-conformal mappings (see, e.g., [15,
21]), the mapping f is mesn−1-almost everywhere differentiable, the Jacobian J(x, f) �= 0 at mesn−1-
almost all points x ∈ σ, and, moreover, if at mesn−1-almost all points x ∈ σ of nondegenerate
differentiability of the mapping f (i.e., at mesn−1-almost all points x of differentiability such that
J(x, f) �= 0), the derivative (differential) f ′(x) is a linear conformal mapping, then the mapping f |σ
is also conformal.

Therefore, let x0 ∈ σ be a nondegenerate differentiability point of the mapping f , and, moreover,
let f ′(x0) be not a conformal mapping. Consider the points e1, e2 ∈ {x ∈ R

n
∣∣ xn = 0} such that

|ej | = 1, j = 1, 2, and |f ′(x0)e1| = max
e

|f ′(x0)e| > |f ′(x0)e2| = min
e

|f ′(x0)e|, where the maximum

and minimum are calculated on the set of all vectors e with |e| = 1. By the conformal invariance of
relative conformal moduli of boundary conductors, we can assume that e1, e2, . . . , en is the canonical
basis in R

n and, as above, that s, s̃ ⊂ {x ∈ R
n

∣∣ xn = 0} and U1, U2 ⊂ R
n
+. In what follows, we need

the following assertion.

Lemma 8.2. Assume that At is a boundary conductor of the half-space R
n
+ whose endfaces are the

segments F1 = F1(t) = {x ∈ R
n

∣∣ |x1| ≤ t
2 , x2 = −1

2 , xj = 0, j = 3, 4, . . . , n} and F2 = F2(t) =
{x ∈ R

n
∣∣ |x1| ≤ t

2 , x2 = 1
2 , xj = 0, j = 3, 4, . . . , n}, where 0 < t < ∞. Then the relative conformal

modulus M(At) = MR
n
+(At) of the conductor At has the following properties:

(i) 0 < M(At) <∞;
(ii) M(At) → 0 as t→ 0 and M(At) → ∞ as t→ ∞;
(iii) M(At) is an increasing (in a wide sense) function of the parameter t: M(At1) ≤ M(At2) if

t1 < t2;
(iv) if 0 < t1 < t2 <∞, then

Mt2

Mt1

≤ t2
t1
. (8.5)

Proof. Consider the set R
n \ {F1 ∪ F2} and the family ΓF1,F2,Rn\{F1∪F2} of all paths in R

n connecting
F1 and F2 in R

n \{F1∪F2}. Taking into account that ΓF1,F2,Rn
+
⊂ ΓF1,F2,Rn\{F1∪F2}, by Theorems 6.2,

11.3, and 11.5 from [21], we arrive at the right inequality in (i).
To prove the left inequality, we use the following analog of Theorem 10.12 from [21].

Lemma 8.3. Assume that 0 < a < b and that F1 and F2 are disjoint sets such that Fj ⊂ {x ∈ R
n

∣∣
xn = 0}, j = 1, 2, and each sphere S(t) = {x ∈ R

n
∣∣ |x| = t}, a < t < b, has common points with F1,

as well as with F2. If a domain U ⊂ R
n is such that

{x ∈ R
n
+

∣∣ a < |x| < b} ⊂ U,

then

Mn(ΓF1,F2,U\{F1∪F2}) ≥ bn ln
b

a
,

where ΓF1,F2,U\{F1∪F2} is the family of all paths connecting the sets F1 and F2 in U \ {F1 ∪ F2} and
the quantity bn is defined by relation (8.3).

Note that the proof of Lemma 8.3 is performed by almost literally repeating the proof of Theo-
rem 10.12 in [21]. In this case, it is necessary to replace the integration over the spherical annulus
{x ∈ R

n
∣∣ a < |x| < b} by the integration over the spherical semi-annulus {x ∈ R

n
+

∣∣ a < |x| < b}. The
latter leads to the fact that the constant cn in Theorem 10.12 (in [21]) is replaced by the constant bn
in this case.

Taking into account the conformal invariance of n-moduli of families of paths and applying Lemma 8.3
to the case where F1 and F2 are endfaces of the boundary conductor At, the point x0 = ( t

2 , 0, . . . , 0)

889



corresponds to the origin, a = 1
2 , b =

√
t2 + 1

4 (moreover, each of the spheres Sx0(t) = {x ∈ R
n

∣∣
|x− x0| = t}, a < t < b, intersects F1 and F2), and U = R

n
+, we arrive at the inequalities

M(At) ≥ bn ln
(

2

√
t2 +

1
4

)
. (8.6)

Note that inequality (8.6) implies not only the left of the inequalities (i) in the formulation of
Lemma 8.2 but also the second of the assertions (ii). The first of the assertions (ii) follows from
Theorems 6.4 and 7.5 in [21] and the fact that for 0 < t < 2(

√
2 + 1), the family ΓS1,S2,Rt of all paths

connecting the boundary spheres S1 = Sn−1

(
t+1
2 e2,

t√
2

)
and S2 = Sn−1

(
t+1
2 e2,

t+2
2

)
, in the spherical

annulus Rt =
{
x ∈ R

n
∣∣ t√

2
< |x− t+1

2 e2| < t+2
2

}
minorizes the family ΓF1,F2,Rn

+
:

M(At) = Mn(ΓF1,F2,Rn
+
) ≤Mn(ΓS1,S2,Rt) = nvn

(
ln
t+ 2√

2t

)1−n

→ 0

as t→ 0.
Furthermore, assertion (iii) is obtained if we take into account the fact that for t2 > t1, the family

ΓF1(t2),F2(t2),Rn
+

minorizes the family ΓF1(t1),F2(t1),Rn
+
.

Finally, to prove assertion (iv), let us consider an arbitrary positive number ε and a function ρ
admissible for the family ΓF1(t1),F2(t1),Rn

+
(for the concept of function admissible for a family of paths,

see Sec. 2) and satisfying the condition∫
Rn

ρn(x)dx < M(At) + ε;

using this function, we construct a function ρ∗ : R
n → R such that

ρ∗(x) = ρ

(
t1
t2
x1, x2, . . . , xn

)
, x ∈ R

n.

Taking into account the inequality t1 < t2, we easily verify that ρ∗ is an admissible function for
ΓF1(t2),F2(t2),Rn

+
. In turn, the latter fact implies

M(At2) ≤
∫

Rn

[ρ∗(x)]ndx ≤
∫

Rn

[ρ(y)]n
t2
t1
dy <

t2
t1
{M(At1) + ε}. (8.7)

Passing to the limit in (8.7) as ε → 0, as a result, we obtain the desired inequality (8.5). Lemma 8.2
is proved.

Corollary 8.1. There exists a number tn ∈ ]0,∞[ such that for each t > tn,

M(At) > M(Atn). (8.8)

The proof of Corollary 8.1 is based on the fact that by Lemma 8.2, the function t → M(At),
0 < t < ∞, is continuous, nonconstant, and increases (in a wide sense). We omit the details of the
arguments.

Remark 8.3. The number tn defined by Corollary 8.1 is called the growth point of the function
t → M(At), and, for definiteness, we assume that tn is the minimum of the numbers t ≥ 1 satisfying
(8.8) (clearly, a number of such type is also a growth point of the function considered).

Remark 8.4. It seems very probable that the function t → M(At) strictly increases (by the way,
this fact could allow us to take any number from the interval ]0,∞[ as the number tn, for example,
the number 1). The study of this problem is outside the framework of this work, since Corollary 8.1
is sufficient for what follows.
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Lemma 8.4. Assume that 0 < t <∞,

At = {F1, F2} = {F1(t), F2(t)}
is the boundary conductor of the half-space R

n
+ considered in the formulation of Lemma 8.2, and

F τ
j = {x ∈ R

n
∣∣ dist(x, Fj) ≤ τ, xn ≥ 0}, 0 < τ <

1
2
, j = 1, 2. (8.9)

Then
M(At) = lim

τ↘0
Mn(Γ(τ)),

where Γ(τ) = ΓF τ
1 ,F τ

2 ,Rn
+\{F τ

1 ∪F τ
2 } is the family of paths connecting F τ

1 and F τ
2 in R

n
+ \ {F τ

1 ∪ F τ
2 }.

The proof of Lemma 8.4 is performed by the same method as that of Lemma 3.4 in [9] and is
based on the following n-dimensional analogs analogs of Lemmas 3.1 and 3.2 of [9] (Lemma 8.6 is an
n-dimensional analog of Lemma 3.2 in [9] in the particular case where the conductor considered is the
conductor At from the formulation of Lemma 8.2).

Lemma 8.5. Let S = {x ∈ R
n

∣∣ |x| = τ}, let Σ = S∩R
n
+, and let ρ be a nonnegative Borel measurable

function defined on S. Then any two points P ∈ cl Σ and Q ∈ cl Σ can be connected by an arc α of a
certain circle; moreover, α ⊂ Σ and (∫

α
ρdl

)n

≤ Anτ

∫
Σ
ρndσ, (8.10)

where

An =
4

(n− 1)vn−1

{[
Γ
(

1
2(n−1)

)]2

Γ
(

1
n−1

)
}n−1

(8.11)

(in (8.11), Γ is the Euler gamma-function).

Lemma 8.6. If ρ is an admissible function for the family ΓF1,F2,Rn
+
, where F1 and F2 are the endfaces

of the conductor At from the formulation of Lemma 8.2, and, moreover,∫
Rn

[ρn(x)]ndx <∞,

then for each number a > 1, there exists a number τ > 0 such that the function aρ is admissible for
the family Γ(τ).

The proofs of Lemmas 8.5 and 8.6 almost literally repeat the proofs of Lemmas 3.1 and 3.2 in [9]
(in this case, the injective paths must be replaced by arbitrary (continuous) paths); therefore, we omit
them. Let us only briefly dwell on certain steps related to the calculation of the constant An in (8.10).

For this purpose, following the line of proof Lemma 3.1 in [9], we first arrive at the inequality∫
α
ρ(x)ds ≤ 4

(n− 1)vn−1

∫
Ω

ρ1(z)
|z − a|n−2

dσ

1 + |z|2 , (8.12)

which is an n-dimensional analog (n > 3) of inequality (3.3) in [9]. Note that in (8.12), Ω is the half-
space of the space R

n−1 defined in a way similar to that in proving Lemma 3.1 in [9] for constructing
the corresponding half-plane Ω (the plane Z corresponds to the space R

n−1 in the proof of Lemma. 3.1
in [9]). Furthermore, as in proving Lemma 3.1 in [9], applying the Hölder inequality, we arrive at the
following estimate:(∫

α
ρ(x)ds

)n

≤
[

4
(n− 1)vn−1

]n{∫
Ω

dσ

|z − a|n(n−2)
n−1 (1 + |z|2) 1

n−1

}n−1 ∫
Ω

[ρ1(z)]ndσ
(1 + |z|2)n−1

. (8.13)

It remains to estimate the first of the integrals in the right-hand side of inequality (8.13). As in
the case of the corresponding integral from the proof of Lemma 3.1 in [9], this can be done by using
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Theorem 7.2 from [14]. Indeed. setting f(z) = |z−a|−n(n−2)
n−1 , g(z) = (1+ |z|2)− 1

n−1 , f+(z) = |z|−n(n−2)
n−1

and g+(z) = g(z) in the conditions of the latter theorem, exhausting the space R
n−1 by an expanding

sequence of domains, and using the passage to the limit, by the right of the inequalities of Theorem 7.2
from [14], we obtain∫

Ω

dσ

|z − a|n(n−2)
n−1 (1 + |z|2) 1

n−1

≤
∫

Rn−1

dσ

|z − a|n(n−2)
n−1 (1 + |z|2) 1

n−1

≤

∫
Rn−1

dσ

|z|n(n−2)
n−1 (1 + |z|2) 1

n−1

=
(n− 1)vn−1

2

[
Γ
(

1
2(n−1)

)]2

Γ
(

1
n−1

) . (8.14)

Finally, estimates (8.13) and (8.14) and the arguments from the proof of Lemma 3.1 in [9] lead us
to inequality (8.10) being proved.

Remark 8.5. The constant A in inequality (3.1) in [9] coincides with the constant An defined by
relation (8.11) of the present work in the case where n = 3.

Once again, we turn to the proof of Theorem 8.1. We have stopped above at the proof of the
conformal property of the mapping f |σ. Assuming that this mapping is not conformal, we have
arrived at the following situation: s, s̃ ⊂ {x ∈ R

n
∣∣ xn = 0} (s and s̃ are the (n − 1)-dimensional

faces of the boundaries frU1 and frU2 of the polyhedra clU1 and clU2 containing σ and σ̃ = f(σ),
respectively); U1, U2 ⊂ R

n
+; finally, there exists a point x0 ∈ σ such that

|f ′(x0)e1| = max
|e|=1

|f ′(x0)e| > |f ′(x0)e2| = min
|e|=1

|f ′(x0)e|.

By the conformal invariance of relative conformal moduli of boundary conductors, we can also assume
that x0 = f(x0) = 0, B+

n (0,
√

1 + t2n) (= Bn(0,
√

1 + t2n) ∩ R
n
+) ⊂ U1, and B+

n (0,
√

1 + Λ2
nt

2
n) ⊂ U2,

where Λn is the constant from (8.4), f ′(0)e2 = e2, and f ′(0)e1 = ue1, u > 1 (u ≤ Λn). Starting from
this situation, we consider the parameter μ = 2, 3, 4, . . . and the boundary conductor μ−1Atn whose
endfaces are the sets Fμ

j = μ−1Fj = {x ∈ R
n : μx ∈ Fj}, j = 1, 2, where Fj are the endfaces of

the boundary conductor Atn from the formulation of Lemma 8.2 and tn is the parameter defined by
Corollary 8.1 and Remark 8.3, and then, we construct the mapping

fμ : μU1 → μU2, (8.15)

setting fμ(x) = μf(μ−1x), x ∈ μU1. By the nondegenerate differentiability of the mapping f |σ (and
hence that of the inverse mapping (f |σ)−1) at the point 0,

fμ(x) = Lx+ |x|α(μ−1x), x ∈ μU1, (8.16)

and
f−1

μ (x) (= μf−1(μ−1x)) = L−1x+ |x|β(μ−1x), x ∈ μU2. (8.17)
Note that in (8.16) and (8.17), L = f ′(0) is the derivative (differential) of the mapping f at the point
0,

L

(
τe1 ± e2

2

)
=
uτe1 ± e2

2
, τ ∈ R, (8.18)

and
lim
x→0

α(x) = 0, lim
x→0

β(x) = 0; (8.19)

moreover, the mappings α and β are independent of the parameter μ.
Now let us consider the boundary conductor f−1

μ (Autn) of the half-space R
n
+ whose endfaces are

the sets f−1
μ (Fj(utn)), j = 1, 2 (the sets f−1

μ (Fj(utn)) are well defined, since B+
n (0,

√
1 + Λ2

nt
2
n) ⊂ U2).

The fact that
Γf−1

μ (F1(utn)),f−1
μ (F2(utn)),μU1

⊂ Γf−1
μ (F1(utn)),f−1

μ (F2(utn),Rn
+
,
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and Theorem 6.2 of [21] imply the relations

MμU1(f−1(Autn)) = Mn(Γf−1
μ (F1(utn)),f−1

μ (F2(utn)),μU1
) ≤MR

n
+(f−1

μ (Autn)). (8.20)

On the other hand, by the same Theorem 6.2 from [21], the relation

ΓF1(utn),F2(utn),Rn
+
⊂ ΓF1(utn),F2(utn),μU2

∪ Γ∗(F1(utn), F2(utn), μU2),

where Γ∗(F1(utn), F2(utn), μU2) = Γ∗
μ consists of those paths γ of the family ΓF1(utn),F2(utn),Rn

+
whose

images Im γ have common points with the set R
n
+ \ μU2, allows us to conclude that

MR
n
+(Autn) ≤MμU2(Autn) +Mn(Γ∗

μ) = Mn(ΓF1(utn),F2(utn),μU2
) +Mn(Γ∗

μ). (8.21)

In turn, the relation B+
n (0,

√
1 + Λ2

nt
2
n) ⊂ U2 implies that the family Γ∗

μ is minorized by the family Γ∗∗
μ

of paths that connects the boundary spheres in the spherical annulus {x ∈ R
n

∣∣ √
1 + Λ2

nt
2
n < |x| <

μ
√

1 + Λ2
nt

2
n}, and, moreover, the n-modulus of the family Γ∗∗

μ is equal to the number nvn/(lnμ)n−1

(see Theorem 7.5 in [21]). Hence, this circumstance and Theorem 6.4 of [21] lead to the estimate

Mn(Γ∗
μ) ≤ nvn

(lnμ)n−1
.

Taking into account (8.20), (8.21), and the fact that fμ (together with f) preserves the relative
conformal moduli of boundary conductors, we arrive at the inequalities

MR
n
+(Autn) − nvn

(lnμ)n−1
≤MμU2(Autn) = MμU1(f−1(Autn)) ≤MR

n
+(f−1

μ (Autn)). (8.22)

Now let us estimate the quantity MR
n
+(f−1

μ (Autn)) from above in an appropriate way. For this
purpose, first of all, we note that relations (8.17)–(8.19) imply the inequalities

∣∣∣∣f−1
μ

(
τe1 ± e2

2

)
− u−1τe1 ± e2

2

∣∣∣∣ ≤√
1 + Λ2

nt
2
n

2

{
sup

|y|≤
√

1+Λ2
nt2n

2μ

|β(y)|
}

= β∗μ → 0, μ→ ∞, |τ | ≤ utn (8.23)

(in what follows, we assume that μ is so large that β∗μ <
1
2). In turn, inequalities (8.23) imply

f−1
μ (Fj(utn)) ⊂ F

β∗
μ

j (tn), j = 1, 2, (8.24)

where the set F
β∗

μ

j coincides with F τ
j in relations (8.9) if τ = β∗μ. Taking into account (8.24), we easily

conclude that
MR

n
+(f−1

μ (Autn)) ≤Mn

(
Γ
(
β∗μ

))
, (8.25)

where Γ(τ) is the set of paths from the formulation of Lemma 8.4 (in proving inequality (8.25),
we use Theorem 6.4 from [21] and the fact that by (8.24), the family Γ

(
β∗μ

)
minorizes the family

Γf−1
μ (F1(utn)),f−1

μ (F2(utn)),Rn
+
).

Finally, combining inequalities (8.22) and (8.25), we first arrive at the inequality

MR
n
+(Autn) − nvn

(lnμ)n−1
≤Mn

(
Γ
(
β∗μ

))
, (8.26)

and then, letting μ tend to ∞ and applying Lemma 8.4 to the right-hand side in (8.26), we conclude
that

MR
n
+(Autn) ≤MR

n
+(Atn).

But the latter inequality contradicts the fact that u > 1 and tn is a growth point of the function
t →M(Atn), 0 < t <∞. Hence we complete the proof of the fact that the mapping f |σ is conformal.

893



Note that since f−1 also preserves the relative conformal moduli of boundary conductors, the
mapping f−1|σ̃ is also conformal.

The next stage of proving the theorem is the proof of the relation T 2
n−2 = f

(
T 1

n−2

)
. For this purpose,

it suffices to prove that every connected component σ of the set Σ1 (for the definitions of the sets T j
n−2

and Σj , j = 1, 2, see the beginning of the proof of the theorem) coincides with the (n−1)-dimensional
face s of the polyhedron clU1 containing σ, since the use of the mapping f−1 allows us to prove the
relation σ̃ (= f(σ)) = s̃.

Assuming that s \ clσ �= ∅, we consider a point x0 ∈ {frs σ ∩ int s}. The image y0 = f(x0) of this
point belongs to the set ∂s̃, and, moreover, by the continuity of the mapping f−1, there exists an
n-dimensional ball B(y0, r) such that f−1(B(y0, r) ∩ ∂s̃) ⊂ {frs σ ∩ int s}. In the set B(y0, r) ∩ ∂s̃,
there exists a point y∗0 belonging to the interior int v of a certain (n − 1)-dimensional face v of the
polyhedron clU2. Let x∗0 = f−1(y∗0). In what follows, we assume that x∗0 is just the point x0 chosen
initially and, moreover, x0 = f(x0) = 0; s, s̃ ⊂ {x ∈ R

n
∣∣ xn = 0}; Uj ⊂ R

n
+, j = 1, 2, and

v ⊂ {x ∈ R
n

∣∣ xn−1 = xn = 0}. Moreover, since the condition n ≥ 4 and the well-known properties of
spatial conformal mappings imply that the mapping f |σ (f−1|σ̃) is a restriction to σ (σ̃) of a certain
Möbius mapping h : R̄

n → R̄
n (f−1|σ̃ = h−1|σ̃), we can also assume that σ̃ = σ and f |σ = Idσ.

Consider the domains

Vα = {(x1, x2, . . . , xn−2, xn−1, xn) ∈ R
n

∣∣ xj ∈ R, j = 1, 2, . . . , n− 2,

xn−1 = r cos θ, xn = r sin θ, 0 < r <∞, 0 < θ < α},
0 < α ≤ 2π. The following n-dimensional analog (n ≥ 4) of Lemma 7.1 in [9] holds for these domains.

Lemma 8.7. Let 0 < α ≤ 2π, let

F1 = {x ∈ R
n

∣∣ −1 ≤ x1 ≤ 0, xj = 0, j = 2, 3, . . . , n},
and let

F2 = {x ∈ R
n

∣∣ 1 ≤ x1 ≤ ∞, xj = 0, j = 2, 3, . . . , n}
(n ≥ 4). If Γα is the family of all paths connecting F1 and F2 in Vα, then

MVα(A) = Mn(Γα) =
α

π
Mn(Γπ) =

α

π
MVπ(A),

where A = {F1, F2} is the boundary conductor of the domain Vα with endfaces F1 and F2.

Note that 0 < MVα(A) < ∞, α ∈ ]0, 2π]. Indeed, since ΓF1,F2,Vα ⊂ ΓF1,F2,Rn\{F1∪F2}, Theo-
rem 6.2 from [21] implies MVα(A) ≤Mn(ΓF1,F2,Rn\{F1∪F2}) <∞. On the other hand, by Lemma 8.1,
MVπ(A) = MR

n
+(A) ≥ λn, where λn is the constant from (8.2).

The proof of Lemma 8.7 is an almost literal repetition of the arguments from the proof of Lemma 7.1
in [9] in the n-dimensional case (n ≥ 4) considered in Lemma 8.7 (where the injective paths are replaced
by arbitrary (continuous) paths). For this reason, we omit it.

In what follows, we need the following two easy observations, whose proofs are left to the reader.
10. If three (n− 1)-dimensional faces of the boundary frUj of the polyhedron clUj , j = 1, 2, have

a common point, then their intersection is a face of dimension ≥ n− 3.
20. If two faces s1 and s2 of the boundary frUj of the polyhedron frUj are connected by the relation

s1 ⊂ s2, and, moreover, the dimension of the face s1 is of lesser dimension than that of s2, then
s1 ⊂ ∂s2.

Continuing the proof of the relation σ = s, we consider a number r0 > 0 satisfying the conditions
{B(0, r0) ∩ {x ∈ R

n
∣∣ xn−1 = xn = 0}} ⊂ v, {B(0, r0) ∩ Vπ} ⊂ U1, and {B(0, r0) ∩ Vα} ⊂ U2, where α

is the angle between the face s̃ and the neighboring (n− 1)-face s̃ of the boundary of the polyhedron
clU2 having an (n − 2)-dimensional face v common with it. In this connection, it should be noted
that first, the angle α, 0 < α < π, between the (n − 1)-faces s1 and s2, s1 �= s2, of the boundary
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frUj of the polyhedron clUj such that s1 ∩ s2 is its (n− 2)-dimensional face is defined as follows. Let
x0 ∈ int(s1∩s2). Then α is the minimal angle between the vectors ζ1 and ζ2, |ζ1| = |ζ2| = 1, belonging
to the tangent (with respect to R

n) spaces of the faces s1 and s2 at the point x0, respectively, and
orthogonal to the tangent space of the face s1 ∩ s2 at the same point. Note that our definition of the
angle between s1 and s2 is correct, since it is independent of the choice of the point x0 ∈ int(s1 ∩ s2).
Second, in particular Assertions 10 and 20 imply that if s is an (n−1)-dimensional face of the boundary
frUj of the polyhedron clUj and w is an (n− 2)-dimensional face of the face s, then there exists one
more (n−1)-dimensional face s0 of the boundary frUj such that s0∩s = w, and, moreover, such a face
is unique. Furthermore, setting r0 = 2 (which is possible because of the conformal invariance of the
relative conformal moduli of boundary conductors) and proceeding analogously to the arguments in
the course of proving the conformal property of the mapping f |σ, we construct a sequence {fμ}μ=2,3,...

of mappings fμ : μU1 → μU2 using relation (8.15). Obviously, the mapping fμ has the following
properties:

{B(0, 2μ) ∩ {x ∈ R
n

∣∣ xn−1 = xn = 0}} ⊂ μv, (8.27)

{B(0, 2μ) ∩ Vπ} ⊂ μU1, (8.28)

{B(0, 2μ) ∩ Vα} ⊂ μU2, (8.29)

fμ|μσ = Id(μσ). (8.30)

Starting from the mapping μ and taking into account relations (8.27)–(8.30), we consider the boundary
conductor Aμ of the domain Uj , j = 1, 2, whose endfaces are the sets

Fμ
1 = {x ∈ R

n
∣∣ −1 ≤ x1 ≤ 0, xj = 0, j = 2, 3, . . . , n}

and
Fμ

2 = {x ∈ R
n

∣∣ 1 ≤ x1 ≤ μ, xj = 0, j = 2, 3, . . . , n}.
Since fμ (together with f) preserves the relative conformal moduli of boundary conductors, the fol-
lowing relation holds:

MμU1(Aμ) = MμU2(Aμ). (8.31)

Moreover, (8.27)–(8.30) also imply

ΓF1,F2,Vπ ⊂ ΓF μ
1 ,F μ

2 ,Vπ
∪ ΓF μ

1 ,F μ∗
2 ,Rn\{F μ

1 ∪F μ∗
2 }

and
ΓF μ

1 ,F μ
2 ,Vπ

⊂ ΓF μ
1 ,F μ

2 ,μU1
∪ Γμ,

where F1 and F2 are the sets from the formulation of Lemma 8.7,

Fμ∗
2 = {x ∈ R

n
∣∣ μ ≤ x1 ≤ ∞, xj = 0, j = 2, 3, . . . , n},

ΓF μ
1 ,F μ∗

2 ,Rn\{F μ
1 ∪F μ∗

2 } is the family of paths in R
n connecting Fμ

1 and Fμ∗
2 in R

n \{Fμ
1 ∪Fμ∗

2 }, and Γμ is
the family of paths γ connecting F1 and F2 in R

n \{F1∪F2} and such that Im γ∩{Rn \B(0, 2μ)} �= ∅.
Thus, by Theorem 6.2 from [21],

MVπ(A) ≤MVπ(Aμ) +Mn(A∗
μ,R

n) ≤MμU1(Aμ) +Mn(Γμ) +Mn(A∗
μ,R

n), (8.32)

where A is the boundary conductor of the domain Vα defined in the formulation of Lemma 8.7, A∗
μ is

the conductor in the space R
n whose endfaces are the sets Fμ

1 and Fμ∗
2 , and

Mn(A∗
μ,R

n) = Mn(ΓF μ
1 ,F μ∗

2 ,Rn\{F μ
1 ∪F μ∗

2 }).

Taking into account that the families ΓF μ
1 ,F μ∗

2 ,Rn\{F μ
1 ∪F μ∗

2 } and Γμ are minorized by the families
ΓS1,S′

2,A′
μ

and ΓS1,S′′
2 ,A′′

μ
of paths connecting the boundary spheres S1 = Sn−1

(− e1
2 ,

1
2

)
and S′

2 =
Sn−1

(− e1
2 , μ+ 1

2

)
in the spherical annulus A′

μ =
{
x ∈ R

n
∣∣ 1

2 <
∣∣x+ e1

2

∣∣ < μ+ 1
2

}
and the boundary
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spheres S1 and S′′
2 = Sn−1

(− e1
2 , 2μ+ 1

2

)
in the spherical annulus A′′

μ =
{
x ∈ R

n
∣∣ 1

2 < |x+ e1
2 | < 2μ+ 1

2

}
,

respectively, by Theorems 6.2, 6.4, and 7.5 from [21], we arrive at the relations

Mn(A∗
μ,R

n) ≤ nvn{ln(2μ+ 1)}1−n (8.33)

and
Mn(Γμ) ≤ nvn{ln(4μ+ 1)}1−n < nvn{ln(2μ+ 1)}1−n. (8.34)

In turn, inequalities (8.32)–(8.34) lead to the inequality

MVπ(A) − 2nvn{ln(2μ+ 1)}1−n ≤MμU1(Aμ). (8.35)

On the other hand, since ΓF μ
1 ,F μ

2 ,μU1
⊂ ΓF μ

1 ,F μ
2 ,Vπ

and the family ΓF1,F2,Vπ minorizes the family
ΓF μ

1 ,F μ
2 ,Vπ

, applying Theorems 6.2 and 6.4 from [21] once again, we obtain the relations

MμU1(Aμ) ≤MVπ(Aμ) ≤MVπ(A). (8.36)

Combining relations (8.35) and (8.36), we finally prove that

MVπ(A) − 2nvn{ln(2μ+ 1)}1−n ≤MμU1(Aμ) ≤MVπ(A),

which, in turn, implies the relation

lim
μ→∞MμU1(Aμ) = MVπ(A). (8.37)

Also, analogous arguments allow us to obtain the inequalities

MVα(A) − 2nvn{ln(2μ+ 1)}1−n ≤MμU2(Aμ) ≤MVα(A);

by these inequalities,
lim

μ→∞MμU2(Aμ) = MVα(A). (8.38)

Taking into account relations (8.31) and (8.37), by (8.38) we conclude that

MVα(A) = MVπ(A).

At the same time, Lemma 8.7 and the inequality α < π imply the inequality

(0 <) MVα(A) < MVπ(A).

The contradiction obtained shows that we have prove the desired relation σ = s.
Turning to the concluding stage of proving the theorem, first of all, we note that by the convexity

of the sets Uj , j = 1, 2, every face of any dimension of their boundaries is also a convex set, and,
moreover, the conformal property of the mapping f |σ, the inequality n ≥ 4, and the relation σ = s,
where σ and s are the same as above, directly imply the following: if u is a face of the boundary
frU1 of the polyhedron clU1, then f(u) is a face of the same dimension of the boundary frU2 of
the polyhedron clU2. Now let s1 and s2 be (n − 1)-dimensional faces of the boundary frU1 of the
polyhedron clU1 such that the set s1 ∩ s2 = v is an (n− 2)-dimensional face of this boundary. Almost
literally repeating the arguments used above for proving the relation σ = s and applying Lemma 8.7
one again in this process, we easily prove that the angle between the (n− 1)-dimensional faces f(s1)
and f(s2) of the boundary frU2 of the polyhedron clU2 is equal to the angle between the faces s1
and s2.

Furthermore, choose any (n− 1)-dimensional face s1 of the boundary frU1 of the polyhedron clU1.
As above, we can assume that s1 ⊂ {x ∈ R

n
∣∣ xn = 0}, f |s1 = Id s1, and Uj ⊂ R

n
+, j = 1, 2. Let s2 be

an (n−1)-dimensional face of the boundary frU1 of the polyhedron clU1 such that the set s1∩s2 = w
is its (n−2)-dimensional face. We claim that f(s2) = s2. Indeed, since f |int s1 is a conformal mapping
of the (n− 1)-dimensional domain int s2 onto the (n− 1)-dimensional domain f(int s2), the condition
n ≥ 4 and the properties of spatial conformal mappings imply that f |s2 = h|s2 , where h : R̄

n → R̄
n

is a Möbius mapping, which, by the condition f |w = Idw, is an isometric mapping of the space R̄
n.

Now the relation f(s2) = s2 follows from the fact that the angle between the faces f(s1) and f(s2)
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of the boundary frU2 of the polyhedron clU2 is equal to the angle between the faces s1 and s2 of the
boundary frU1 of the polyhedron clU1.

At the next step, we consider one more (n − 1)-dimensional face s3 of the boundary frU1 of the
polyhedron clU1 that intersects one of the faces s1 and s2 along its (n − 2)-dimensional face w2. If
w2 = s1 ∩ s3, then f(s3) = s3 by what was just proved. And if w2 = s2 ∩ s3, then, first, the previous
arguments lead to the conclusion on the isometry property of the mapping f |s3 . Second, since, in
addition, s2 ∩ f(s3) = w2 and the angle α between the faces s2 and s3 of the boundary frU1 of
the polyhedron clU1 (0 < α < π) is equal to the angle between the faces f(s2) = s2 and f(s3) of
the boundary frU2 of the polyhedron clU2, it follows that there are the following two possibilities of
location of the face f(s3) in the space R

n: either f(s3) = s3 or int f(s3) and int s1 lie to different
sides of the supporting hyperplane of the face s2. The second possibility is excluded because of the
convexity of Uj , j = 1, 2. Hence f(s3) = s3.

Continuing our arguments by induction, at the νth step, we come to the following situation. There
exist (n− 1)-dimensional faces s1, s2, . . . , sν of the boundary frU1 of the polyhedron clU1 such that
s1 ⊂ {x ∈ R

n
∣∣ xn = 0}; for each face sj , j = 2, 3, . . . , ν, there exists a face sk, k < j, satisfying

the following condition: sj ∩ sk is an (n− 2)-dimensional face of this boundary; finally, f |Gν = IdGν ,

where Gν =
ν⋃

j=1
sj . If, moreover, G = frU1, then U1 = U2, and the proof of the theorem is completed.

If frU1 \G �= ∅, then we continue our arguments in the following way.
Since the completion of the union of any set of faces of dimension less than n− 2 of the boundary

frU1 of the polyhedron clU1 up to frU1 is connected, there exists its (n− 2)-dimensional face w such
that w ∈ frfr U1 G. Consider a point x0 ∈ intw, two (n−1)-dimensional faces s̃1 and s̃2 of the boundary
frU1 for which the relation w = s̃1∩ s̃2 holds, and a ball B(x0, r) having no common points with other
(n−1)-dimensional faces of the boundary frU1. By the method for constructing the set G and the fact
that x0 ∈ frfr U1 G, one of the sets B(x0, r)∩ int s̃1 and B(x0, r)∩ int s̃2 (and hence one of the sets int s̃1
and int s̃2), say, the first of them, is a subset of the set G and the other is a subset of the set frU1 \G.
If s̃1 is the initial face s1, then taking the face s̃2 as s2, we have the relation f(s̃2) = s̃2 by what was
proved above. And if s̃1 �= s1, then taking the face among the (n − 1)-faces of the boundary frU1 of
the polyhedron clU1 used in constructing the set G that intersects s̃1 along an (n − 2)-dimensional
face as s1, the face s̃1 as s2, and, finally, the face s̃2 as s3, we come to the situation described above.
Hence we again conclude that f(s̃2) = s̃2. Thus, we have made the (ν + 1)th step in our arguments.
Continuing them, we eventually obtain the relation frU1 = frU2, which implies that the domain U1 is
uniquely determined by the relative conformal moduli of its boundary conductors in the class P.

To completely prove the theorem, it remains to note that if F : U1 → R
n (n ≥ 3) is a conformal

mapping of a domain U1 ∈ P into the space R
n that is not the restriction to U1 of a similarity

transformation, then the image F̃ (s) of at least one of the (n−1)-dimensional faces s of the boundary
frU1 under a conformal mapping F̃ : R̄

n → R̄
n such that F = F̃ |U1 is a subset of a certain sphere

Sn−1(x, r), x ∈ R
n, r ∈ R+. The latter is impossible if F (U1) ∈ P.
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