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SPECTRAL STABILITY OF NONNEGATIVE SELF-ADJOINT OPERATORS
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UDC 517.55+517.95

Abstract. The survey is devoted to spectral stability problems for uniformly elliptic differential operators
under the variation of the domain and to the accompanying estimates for the difference of the eigenvalues.
Two approaches to the problem are discussed in detail. In the first one it is assumed that the domain is
transformed by means of a transformation of a certain class, and the spectral stability with respect to this
transformation is investigated. The second approach is based on the notion of a transition operator and
allows direct comparison of the eigenvalues on domains which are close in that or another sense.

1. Introduction

This survey paper is devoted to several spectral stability problems for nonnegative self-adjoint op-
erators in Hilbert space, with particular reference to uniformly elliptic differential operators subject to
homogeneous boundary conditions, and is based mainly on the recent papers [9–14, 22, 25, 33–41].

The main problem under consideration is the following: to study the variation of the eigenvalues λn[Ω]
of a nonnegative self-adjoint uniformly elliptic operator on an open set Ω in R

N upon variation of Ω. (For
example, one may keep in mind the case of the Laplace operator subject to Dirichlet, Neumann or Robin
boundary conditions.) In other words, one wants to compare the eigenvalues λn[Ω1] and λn[Ω2] when two
open sets Ω1 and Ω2 are in some sense close.

There are two main approaches to this problem.
In the first, more classical approach it is assumed that Ω2 = φ(Ω1), where φ is a transformation

satisfying certain conditions. In fact, the dependence of λn[φ(Ω1)] on the transformation φ is studied
in this case. The advantage of this approach is that one can obtain not only continuity results but
also stronger regularity results, including differentiability and analyticity. Another advantage is that this
approach works under minimal assumptions on the open set Ω1. This approach is in the frame of the
general perturbation theory pioneered by [54], a comprehensive treatment of which can be found in [32].
It has been followed by many authors, amongst whom we cite [29, 30, 33–35, 37, 38, 41, 53, 58]. Here
this approach is discussed in Sec. 4.

However, given two open sets Ω1 and Ω2, in general, it may be difficult to find a transformation φ
such that Ω2 = φ(Ω1) which satisfies the required properties. The second, more general and more
straightforward approach is aimed at direct comparison of the eigenvalues λn[Ω1] and λn[Ω2]. It was
recently developed in [9–14, 22, 25, 42, 50, 51]. Here this approach is discussed in Sec. 3.

In the results related to continuity the first approach may be treated as a particular case of the second
one. Moreover, the problem of estimating the deviation of λn[Ω2] from λn[Ω1] can be considered as a
particular case of a still more general problem: the problem of comparing the eigenvalues of two self-adjoint
operators acting on two Hilbert spaces.

Namely, given two (unbounded) nonnegative self-adjoint operators H1, H2, with compact resolvents,
acting on two Hilbert spaces H1, H2, one may look for inequalities of the type

λn[H2] ≤ λn[H1] + cnδ(H1, H2) (1)
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where cn ≥ 0 and δ(H1, H2) is a prescribed “measure of vicinity” of H1 and H2. (As usual, the eigenvalues
λn[H] of a nonnegative self-adjoint operatorH with compact resolvent are arranged in nondecreasing order
and repeated according to multiplicity.)

An analysis of the methods used by several authors to prove inequalities of type (1) by using the min-
max principle, has pointed out a common feature which suggested introducing the notion of a transition
operator and the formulation of a general spectral stability theorem in [10, 11]. Roughly speaking, this
theorem claims that the validity of inequality (1) for all n ∈ N is equivalent to the existence of a transition
operator from H1 to H2 (see Sec. 3.1).

This theorem can be applied to domain perturbation problems for operators of the type

(−1)m
∑

|α|=|β|=m

Dα
(
Aαβ(x)Dβu

)
, x ∈ Ω,

subject to homogeneous boundary conditions. Here the coefficients Aαβ satisfy a uniform ellipticity
condition on an open set containing Ω. For fixed coefficients, the eigenvalues λn[Ω] of such operators
depend only on Ω.

In general, such eigenvalues are not stable under domain perturbation. Indeed an arbitrary deformation
of the open set may lead to unexpected effects on the spectrum (see Examples 3.8, 3.9, and 3.10; see
also [19, p. 420], [28]). Thus, in order to guarantee stability results for the eigenvalues, it is necessary to
restrict the class of admissible deformations of the open set.

In Sec. 3, it is stated that, for operators of arbitrary order, stability holds for deformations within a
fixed appropriately chosen family of open sets with continuous boundaries (see Theorems 3.5 and 3.14).
Various estimates for the deviation of eigenvalues are also given. In some cases, it is possible to estimate
the variation of the eigenvalues via the variation of the measure of the open set. The best of such estimates
is established for second-order operators with homogeneous Dirichlet or Neumann boundary conditions.
In this case there exist cn, εn > 0 such that

|λn[Ω1] − λn[Ω2]| ≤ cn|Ω1 � Ω2|
if |Ω1 � Ω2| < εn, for all open sets Ω1, Ω2 belonging to a fixed family of open sets of class C1,1 (see
Theorems 3.12 and 3.18).

Some qualified estimates for |λn[Ω1]−λn[Ω2]| are known also for nonsmooth open sets (see Theorems 3.6
and 3.7, and [22, 25, 50, 51]). In the case of second-order operators and Dirichlet boundary conditions,
the notion of a regular boundary can be replaced by the assumption that a certain Hardy-type inequality
holds. In this case one can prove stability of the eigenvalues and obtain the accompanying estimates (see
Theorem 3.7).

In the case of Neumann boundary conditions a very general upper semicontinuity result holds for
inner transformations of an open set (see Theorem 3.13). Also qualified estimates for the difference of
eigenvalues hold.

In Theorems 3.9 and 3.16 it is stated that in the case of Lipschitz continuous coefficients Aαβ , there
exist cn, εn > 0 such that, for both the Dirichlet and Neumann boundary conditions,

|λn[Ω1] − λn[Ω2]| ≤ cn ε
γ

if (Ω1)ε ⊂ Ω2 ⊂ (Ω1)ε and 0 < ε < εn, for all open sets Ω1, Ω2 belonging to a fixed family of open sets of
class C0,γ .

The case of Robin boundary conditions is discussed in Sec. 3.4. In this case the dependence of the
eigenvalues λn[Ω, h] on Ω and on the function h entering the Robin boundary condition is investigated.
In particular, it may happen that Ω is unchanged and only the function h varies.

If we further restrict the class of admissible deformations of an open set, we can prove higher-order
regularity results for the dependence of the eigenvalues on the domain. Namely, for a given open set Ω
in R

N , one can consider perturbations of Ω in the form of homeomorphic images φ(Ω) by Lipschitz
or locally Lipschitz homeomorphisms of Ω onto φ(Ω). (If required, one may assume that φ belongs to
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some Banach space of transformations continuously embedded in the usual seminormed space of Lipschitz
continuous transformations of Ω into R

N .)
In this way, the eigenvalues λn[φ(Ω)] of an elliptic operator on φ(Ω) can be considered as functions on

the variable φ and one can study their differentiability properties with respect to φ.
For the sake of simplicity, here the analysis is restricted to the Dirichlet and Neumann Laplacian.
It is well known that the maps which take φ to λn[φ(Ω)] are continuous, as is proved in [19]. Actually,

such maps are Lipschitz continuous (see Sec. 4.1 and [20, 35, 37, 38]). Moreover, it is well known that
simple eigenvalues depend real-analytically on φ (cf. [29, 30, 53]).

In the case of multiple eigenvalues the situation is more complicated, since the multiplicity of an
eigenvalue may change when the open set is deformed. In fact, an eigenvalue λn[φ(Ω)] of multiplicity m ≥ 2
can be split into m simple eigenvalues by suitable arbitrarily small perturbations of φ (see Theorem 4.7
and [46–48]). For perturbations φε of φ depending analytically on a scalar parameter ε ∈ R, the eigenvalues
splitting from an eigenvalue λn[φ(Ω)] of multiplicity m can be described by m real-analytic functions in
ε, as stated by the Rellich–Nagy theorem (see Theorem 4.6 and [30, 54, 55]). However, the Rellich–Nagy
theorem does not hold for perturbations depending on two or more parameters (see Example 4.1). In this
case, one can look at the elementary symmetric functions of the eigenvalues which depend real-analytically
on φ (see Theorem 4.5). The real-analyticity of the symmetric functions of the eigenvalues, implies that
the eigenvalues depend analytically on φ, for those transformations φ which preserve the multiplicity of
such eigenvalues (see Sec. 4.2).

In Sec. 4.3, we discuss the structure of the set of those transformations φ which preserve the multi-
plicity of an eigenvalue: such a set is expected to be a manifold of finite codimension in the space of
transformations φ (cf. [2, 18, 36, 40, 43–45, 59]).

Most of the results in Sec. 4, usually stated for smooth domains and smooth transformations, hold
in great generality also for nonsmooth domains Ω and Lipschitz continuous transformations φ. Here we
state such results under minimal assumptions on the open sets Ω. We also consider the problem of the
dependence of the eigenfunctions on the domain. In fact, it is possible to prove Lipschitz continuity
and analyticity results for the dependence on φ of the so-called eigenprojectors, i.e., suitable orthogonal
projectors onto the space generated by eigenfunctions (see Theorems 4.2, 4.4, and 4.5).

2. Preliminaries

2.1. Min-max principle. Let H be a Hilbert space1 with the inner product (·, ·)H and let

H : Dom(H) → H,
where Dom(H) is a dense linear subset of H, be a nonnegative self-adjoint linear operator, briefly a
nonnegative self-adjoint operator on H.

Assume that the operator H has compact resolvent, i.e., for some λ ∈ C the range of H − λI is equal
to H, and the inverse operator (H − λI)−1 : H → H exists and is compact.2 Then all eigenvalues of H
are nonnegative and of finite multiplicity and the spectrum of H is a countable set without finite limit
points and consists of all eigenvalues of H. We assume that the eigenvalues are arranged in nondecreasing
order and repeated according to multiplicity, and that λn[H], n ∈ N, is the nth element of that sequence.
(Note that λn[H] → ∞ as n → ∞.) Here N denotes the set of nonzero natural numbers, while we set
N0 = N ∪ {0}.

Moreover, the eigenvalues λn[H] can be represented by means of the min-max principle which we now
recall (cf. [23, Theorem 4.51]). For a finite-dimensional subspace L of Dom(H) we define

μ(L) := sup
{

(Hf, f)H
(f, f)H

: f ∈ L and f 
= 0
}
. (2.1)

1By a Hilbert space we always mean a separable infinite-dimensional Hilbert space.
2Hence, this holds for any λ in the resolvent set of H.
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We also set
μn[H] := inf {μ(L) : L ⊂ Dom(H) and dimL = n} , (2.2)

for all n ∈ N. (Note that the numbers μn[H] are defined for any operator H : Dom(H) → H.)
Theorem 2.1 (Min-max principle). Let H be a nonnegative self-adjoint linear operator on H with com-
pact resolvent. Then

λn[H] = μn[H], n ∈ N. (2.3)

As is well known, for a given nonnegative self-adjoint linear operatorH on H, there exists the square root
H1/2 of H, a uniquely defined nonnegative self-adjoint linear operator H1/2 : Dom(H1/2) → H such that
Dom(H) ⊂ Dom(H1/2) ⊂ H, and f ∈ Dom(H) if and only if f ∈ Dom(H1/2) and H1/2f ∈ Dom(H1/2),
and such that H1/2H1/2f = Hf for all f ∈ Dom(H). Hence, we have that (Hf, g)H = (H1/2f,H1/2g)H
for all f ∈ Dom(H) and g ∈ Dom(H1/2). (Cf. [23, § 4.3].)

The square root of an operator H provides us with another variational description of the spectrum
of H, which is essentially used in what follows. Namely, for a finite-dimensional subspace L of Dom(H1/2)
we define

μ′(L) := sup

{
(H1/2f,H1/2f)H

(f, f)H
: f ∈ L and f 
= 0

}
. (2.4)

We also set
μ′n[H] := inf

{
μ′(L) : L ⊂ Dom(H1/2) and dimL = n

}
, (2.5)

for all n ∈ N. Then we can state the following well-known result (cf. [23, Theorem 4.5.3]).

Theorem 2.2. Let H be a nonnegative self-adjoint linear operator H on H. Then

μn[H] = μ′n[H], n ∈ N. (2.6)

Corollary 2.1. Let H be a nonnegative self-adjoint linear operator on H with compact resolvent. Then

λn[H] = μ′n[H], n ∈ N. (2.7)

Note that for n = 1 formulae (2.3) and (2.7) take form

λ1[H] = inf
{

(Hf, f)H
(f, f)H

: f ∈ Dom(H) and f 
= 0
}

= inf

{
(H1/2f,H1/2f)H

(f, f)H
: f ∈ Dom(H1/2) and f 
= 0

}
. (2.8)

If λ1[H] > 0, then (2.8) implies that

λ1[H] = ‖H−1‖−1
H→H = ‖H−1/2‖−2

H→H.

2.2. Uniformly elliptic operators. Let Ω be an open set in R
N . We recall what is meant by a

nonnegative self-adjoint uniformly elliptic operator associated with the formal differential operator

Lu = (−1)m
∑

|α|=|β|=m

Dα
(
Aαβ(x)Dβu

)
, x ∈ Ω, (2.9)

with homogeneous Dirichlet or Neumann boundary conditions.
For all m ∈ N, we denote by Wm,2(Ω) the Sobolev space of all those complex-valued functions in L2(Ω)

whose weak derivatives of order m are in L2(Ω), endowed with the norm

‖u‖W m,2(Ω) = ‖u‖L2(Ω) +
∑

|α|=m

‖Dαu‖L2(Ω) ,
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where Dαu =
∂α1+···+αNu

∂xα1
1 . . . ∂xαN

N

is the weak derivative of u of order α on Ω and |α| = α1 + · · · + αN , for all

multi-indices α = (α1, . . . , αN ) ∈ N
N
0 . We denote by Wm,2

0 (Ω) the closure in Wm,2(Ω) of the space of all
infinitely continuously differentiable functions with compact support in Ω.

For all |α| = |β| = m, let Aαβ be bounded measurable real-valued functions on Ω satisfying Aαβ = Aβα

and the uniform ellipticity condition
∑

|α|=|β|=m

Aαβ(x)ξαξβ ≥ θ|ξ|2, (2.10)

for all x ∈ Ω and ξ = (ξα)|α|=m, where |ξ| denotes the euclidean modulus of ξ and θ > 0 is independent
of x and ξ.

Let V (Ω) be a closed subspace of Wm,2(Ω) containing Wm,2
0 (Ω). Then we consider the following eigen-

value problem ∫

Ω

∑

|α|=|β|=m

AαβD
αuDβvdx = λ

∫

Ω

uvdx, (2.11)

for all functions v ∈ V (Ω), in the unknowns u ∈ V (Ω), u 
∼ 0 on Ω (the eigenfunctions) and λ ∈ C (the
eigenvalues), which is the weak formulation of an eigenvalue problem for operator (2.9) subject to suitable
homogeneous boundary conditions.

The choice of V (Ω) corresponds to the choice of the boundary conditions. As usual, we speak about ho-
mogeneous Dirichlet boundary conditions when V (Ω) = Wm,2

0 (Ω) and homogeneous Neumann boundary
conditions when V (Ω) = Wm,2(Ω).

We recall the following well-known result (cf. [23, Theorem 4.4.2]).

Theorem 2.3. Let m ∈ N and Ω be an open set in R
N such that the embedding V (Ω) ⊂ L2(Ω) is compact.

Let θ > 0 and, for all (α, β) ∈ N
N
0 ×N

N
0 such that |α| = |β| = m, let Aαβ be bounded measurable real-valued

functions defined on Ω, satisfying Aαβ = Aβα and condition (2.10).
Then there exists a nonnegative self-adjoint linear operator HV on L2(Ω) with compact resolvent such

that Dom(H1/2
V ) = V (Ω) and

(
H

1/2
V u,H

1/2
V v

)

L2(Ω)
=

∫

Ω

∑

|α|=|β|=m

AαβD
αuDβ v̄dx, (2.12)

for all u, v ∈ V (Ω). If λ is an eigenvalue of HV and u is a corresponding eigenfunction, then Eq. (2.11)
is satisfied for all v ∈ V (Ω) and vice versa.

In the sequel, when speaking about a nonnegative self-adjoint uniformly elliptic operator on Ω with
homogeneous Dirichlet or Neumann boundary conditions, we always mean the operator HV : Dom(HV ) →
L2(Ω) introduced in this theorem with V (Ω) = Wm,2

0 (Ω), and V (Ω) = Wm,2(Ω), respectively. (Recall
that u ∈ Dom(HV ) if and only if u ∈ V (Ω) and H

1/2
V u ∈ V (Ω).) In particular, if Lu = −Δu we speak

about the Dirichlet Laplacian and the Neumann Laplacian on Ω, respectively.
We recall that for any open set Ω in R

N of finite measure the embedding Wm,2
0 (Ω) ⊂ L2(Ω) is compact.

Moreover, if Ω is bounded and has a continuous boundary then the embedding Wm,2(Ω) ⊂ L2(Ω) is also
compact (cf. [49, Theorem 1.4, p. 17], [8, Theorem 8, p. 169]).

2.3. Classes of open sets. For all E ⊂ R
N and ρ > 0 we set Eρ = {x ∈ E : dist(x, ∂E) > ρ} ; then

we recall the following definition.
Let ρ > 0, s, s′ ∈ N, s′ ≤ s, and let {Vj}s

j=1 be a family of bounded open cuboids and {rj}s
j=1 be

a family of rotations. We say that a bounded open set Ω in R
N has a continuous boundary with the

parameters ρ, s, s′, {Vj}s
j=1, {rj}s

j=1, briefly Ω is of class C(ρ, s, s′, {Vj}s
j=1, {rj}s

j=1) if
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(i) Ω ⊂
s⋃

j=1
(Vj)ρ and (Vj)ρ ∩ Ω 
= ∅ for all j = 1, . . . , s;

(ii) Vj ∩ ∂Ω 
= ∅ for all j = 1, . . . s′, and Vj ⊂ Ωρ for all s′ < j ≤ s;
(iii) there exist real numbers ajl, bjl with ajl < bjl for all j = 1, . . . , s, l = 1, . . . , N such that

rj(Vj) = {x ∈ R
N : ajl < xl < bjl, for all l = 1, . . . ., N},

for all j = 1, . . . , s, and

rj(Ω ∩ Vj) = {x ∈ R
N : ajN < xN < gj(x̄), x̄ ∈Wj},

for all j = 1, . . . , s′, where x = (x̄, xN ), x̄ = (x1, . . . , xN−1), Wj = {x̄ ∈ R
N−1 : ajl<xl<bjl, for

all l = 1, . . . , N − 1} and gj is a uniformly continuous function on Wj ; moreover

ajN + ρ ≤ gj(x̄) ≤ bjN − ρ,

for all j = 1, . . . , s′, x̄ ∈Wj .

Let ω : [0,∞[→ [0,∞[ be a continuous increasing function such that ω(0) = 0 and such that

inf
0≤a≤1
0<b≤1

ω(a+ b) − ω(a)
b

> 0.

We say that a bounded open set having a continuous boundary with the parameters ρ, s, s′, {Vj}s
j=1,

{rj}s
j=1, is of class C0,ω(·)(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1) where M > 0 if all the functions gj satisfy the

condition
|gj(x̄) − gj(ȳ)| ≤Mω(|x̄− ȳ|),

for all x̄, ȳ ∈Wj .

Let 0 < γ ≤ 1 and ω(a) = aγ for all a ≥ 0. In this case, if Ω is of class C0,ω(·)(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1),
then Ω has a Hölder continuous boundary and we say that Ω is of class C0,γ(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1)

or Lip (γ,M, ρ, s, s′, {Vj}s
j=1, {rj}s

j=1).
Furthermore, we say that a bounded open set in R

N is of class C1,γ(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1) if all
the functions gj are differentiable and satisfy the condition

∣∣∣∣
∂gj

∂xi
(x̄)

∣∣∣∣ ≤M and
∣∣∣∣
∂gj

∂xi
(x̄) − ∂gj

∂xi
(ȳ)

∣∣∣∣ ≤M |x̄− ȳ|γ ,
for all x̄, ȳ ∈Wj , i = 1, . . . , N − 1.

Finally, if l ∈ N, then we say that Ω is of class C l(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1) if all the functions gj

satisfy
sup

1≤|α|≤l
sup

x̄∈Wj

|Dαgj(x̄)| ≤M.

We also say that Ω is of class C0,ω(·), C0,γ etc. if it is of class C0,ω(·)(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1),
C0,γ(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1) etc. for some parameters M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1.
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3. Comparison of the Eigenvalues of Close Nonnegative Self-Adjoint Operators

3.1. Transition operators. General spectral stability theorem.

3.1.1. Transition operators. Let H1, H2 be two nonempty families of Hilbert spaces and, for all H1 ∈ H1,
H2 ∈ H2, let H1 = H1(H1), H2 = H2(H2) be nonnegative self-adjoint linear operators with compact
resolvents on H1, H2, respectively.

We aim at comparing the eigenvalues λn[H1] and λn[H2], n ∈ N, of the operators H1, H2, respectively.
Let ϕn[H1], ϕn[H2] be the corresponding eigenvectors, and we always assume that they are chosen in such
a way that the sets {ϕn[H1]}n∈N and {ϕn[H2]}n∈N are orthonormal. Let Ln[H1] be the linear span of

{ϕ1[H1], . . . , ϕn[H1]}, L[H1] =
∞⋃

n=1
Ln[H1]. Let Ln[H2], L[H2] be defined similarly.

By Theorem 2.1 and Corollary 2.1, in order to compare the eigenvalues λn[H1] and λn[H2] one can
compare the corresponding variational quantities μn[H1] and μn[H2] or μ′n[H1] and μ′n[H2]. However, it
seems more convenient to deal with μ′n[H1] and μ′n[H2].

The following definition given in [10, 11] is aimed at describing in general terms the vicinity of the
operators H1 and H2 required to ensure the vicinity of the eigenvalues λn[H1] and λn[H2].

Definition 3.1. Let H1, H2 be two nonempty families of Hilbert spaces and B1 = {H1(H1) : H1 ∈ H1},
B2 = {H2(H2) : H2 ∈ H2}, where H1(H1) and H2(H2) are nonnegative self-adjoint linear operators on
H1, H2 respectively, with compact resolvents.

Moreover, let δ : B1 ×B2 → [0,∞) (a measure of vicinity of H1 ∈ B1 and H2 ∈ B2), 0 ≤ amn, bmn <∞,
0 < δ′mn, δ

′′
mn ≤ ∞, for all m,n ∈ N.

Given H1 ∈ B1 and H2 ∈ B2, we say that a linear operator T12 : L[H1] → Dom(H1/2
2 ) is a transition

operator from H1 to H2 with the measure of vicinity δ and parameters amn, bmn, δ
′
mn, and δ′′mn (briefly,

a transition operator from H1 to H2), if the following conditions are satisfied:
(i) (T12ϕn[H1], T12ϕn[H1])H2 ≥ 1 − annδ(H1, H2), n ∈ N, if δ(H1, H2) < δ′nn,
(ii) |(T12ϕm[H1], T12ϕn[H1])H2 | ≤ amnδ(H1, H2), m, n ∈ N, m 
= n, if δ(H1, H2) < δ′mn,

(iii) (H1/2
2 T12ϕn[H1], H

1/2
2 T12ϕn[H1])H2 ≤ λn[H1] + bnnδ(H1, H2), n ∈ N, if δ(H1, H2) < δ′′nn,

(iv) |(H1/2
2 T12ϕm[H1], H

1/2
2 T12ϕn[H1])H2 | ≤ bmnδ(H1, H2), m, n ∈ N, m 
= n, if δ(H1, H2) < δ′′mn.

3.1.2. A general spectral stability theorem. The following general result has been stated in [10] and
proved in [11].

Theorem 3.1. Let B1, B2, and δ be as in Definition 3.1. Assume that for each n ∈ N sup
H1∈B1

λn[H1] <∞.

Then the following statements are equivalent:
(s1) for each n ∈ N there exist 0 ≤ cn <∞ and 0 < εn ≤ ∞ such that the inequality

λn[H2] ≤ λn[H1] + cnδ(H1, H2) (3.1)

holds for all H1 ∈ B1 and H2 ∈ B2 satisfying δ(H1, H2) < εn;
(s2) for each m,n ∈ N there exist 0 ≤ amn, bmn < ∞, 0 < δ′mn, δ

′′
mn ≤ ∞ such that for each H1 ∈ B1,

H2 ∈ B2 there exists a transition operator T12 from H1 to H2 with the measure of vicinity δ and
the parameters amn, bmn, δ

′
mn, δ

′′
mn.

Moreover, if statement (s2) holds, then inequality (3.1) holds for all H1 ∈ B1 and H2 ∈ B2 satisfying
δ(H1, H2) < εn with

cn = 2(anλn[H1] + bn) and εn = min{δ′n, δ′′n, (2an)−1}, (3.2)

where

an =
( n∑

k,l=1

a2
kl

)1/2

, bn =
( n∑

k,l=1

b2kl

)1/2

, δ′n = min
k,l≤n

δ′kl, δ′′n = min
k,l≤n

δ′′kl. (3.3)
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By this theorem the problem of proving inequalities of type (3.1) is reduced to the problem of finding
an appropriate transition operator.

3.1.3. Comments. Next we make a number of comments which may be useful for applications of this
theorem.

(1) The transition operators T12 are not required to be defined on the whole space Dom(H1/2
1 ) and are

not required to be bounded from L[H1] to H2 in any sense.
(2) If T12 : L[H1] → Dom(H2), then one can avoid using the square root of H2, since in this case

conditions (iii) and (iv) in Definition 3.1 are equivalent to
(v) (H2T12ϕn[H1], T12ϕn[H1])H2 ≤ λn[H1] + bnnδ(H1, H2), n ∈ N,
(vi) |(H2T12ϕn[H1], T12ϕn[H1])H2 | ≤ bmnδ(H1, H2), m, n ∈ N, m 
= n.

However, the condition T12 : L[H1] → Dom(H1/2
2 ) gives more flexibility in constructing opera-

tors T12, since Dom(H1/2
2 ) ⊃ Dom(H2). Moreover, sometimes it is easier to describe the domain

of H1/2 rather than the domain of H.
(3) If δ′n = ∞ or δ′′n = ∞ or an = 0, then in (3.2) the appropriate term in min{δ′n, δ′′n, (2an)−1} should

be omitted. In particular, if (s2) holds and δ′n = δ′′n = ∞, an = 0, then εn = ∞ and inequality (3.1)
is satisfied without any restrictions on δ(H1, H2).

(4) If (s2) holds with amn = bmn = 0 for all m,n ∈ N, then λn[H2] ≤ λn[H1].
(5) If H1 = {H1}, H2 = {H2}, B1 = {H1}, B2 = {H2}, where H1 and H2 are fixed Hilbert spaces, then,

in fact, amn, bmn depend on both H1 and H2, and further information on amn and bmn is required
to ensure that the summand cnδ(H1, H2) in (3.1), with cn defined by (3.2), is small.

(6) If H1 = {H1}, where H1 is a fixed Hilbert space, H2 is an infinite family of Hilbert spaces,
B1 = {H1}, B2 = {H2(H2) : H2 ∈ H2}, then amn, bmn depend on the operator H1 and the family
of operators B2 (but not on a particular operator in B2). Thus, the summand cnδ(H1, H2) in (3.1),
with cn defined by (3.2), may be arbitrarily small if H2 ∈ B2 is sufficiently close to H1 in the sense
that the measure of vicinity δ(H1, H2) of H1 and H2 is sufficiently small.

(7) Assume that H1 = H2, B1 = B2 = B, and the measure of vicinity δ is symmetric. Moreover, assume
that statement (s2) holds. Then Theorem 3.1 implies the two-sided estimate

|λn[H1] − λn[H2]| ≤ 2cnδ(H1, H2) (3.4)

for all n ∈ N if δ(H1, H2) < εn. Moreover, if for all n ∈ N, Λn = sup
H∈B

λn[H] <∞, then (3.4) implies

that
|λn[H1] − λn[H2]| ≤ 2c̃nδ(H1, H2), (3.5)

where c̃n = 2(anΛn + bn), which is a uniform estimate for H1, H2 ∈ B. In this case 2c̃nδ(H1, H2)
may be arbitrarily small if H1, H2 ∈ B and δ(H1, H2) is sufficiently small.

(8) In general, inequality (3.1) gives an estimate above for λn[H2] for any fixed n. However, if

a =

⎛

⎝
∞∑

k,l=1

a2
kl

⎞

⎠
1/2

, b =

⎛

⎝
∞∑

k,l=1

b2kl

⎞

⎠
1/2

<∞, δ′ = inf
n∈N

δ′n, δ′′ = inf
n∈N

δ′′n > 0,

then inequality (3.1) with cn, εn as in (3.2) implies the following estimates above for the whole of
the spectrum of H2. If amn = 0 for all m,n ∈ N, then

sup
n∈N

(λn[H2] − λn[H1]) ≤ 2bδ(H1, H2)

if δ(H1, H2) < min{δ′, δ′′}. Otherwise, assume that n0 ∈ N is such that λn0 [H1] > 0. Then

sup
n≥n0

λn[H2]
λn[H1]

≤ 1 + 2
(
a+

b

λn0 [H1]

)
δ(H1, H2)

if δ(H1, H2) < min{δ′, δ′′, (2a)−1}.
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(9) Let n̄ ∈ N. If for n̄ = 1 inequalities (i) and (iii) in Definition 3.1 and for n̄ > 1 inequalities (i)–(iv)
in Definition 3.1 are satisfied only for all m,n ≤ n̄, then statement (s1) with n ≤ n̄ is equivalent to
statement (s2) with m,n ≤ n̄. In this case T12 : Ln̄[H1] → Dom(H1/2

2 ).
(10) Let, for all n ∈ N, δn : B1 × B2 → [0,∞[. If in Definition 3.1 one replaces δ(H1, H2) by δn(H1, H2)

in (i), (iii) and by max{δm(H1, H2), δn(H1, H2)} in (ii) and (iv), then statement (s2) implies in-
equality (3.1), where δ(H1, H2) is replaced by max

1≤m≤n
δm(H1, H2) and max

1≤m≤n
δm(H1, H2)<εn.

(11) The proof of the necessity in Theorem 3.1 is quite simple. Indeed, if we define T12 by setting
T12ϕn[H1] = ϕn[H2], n ∈ N, and we extend this definition to L[H1] by linearity, then conditions (i)
and (ii) of Definition 3.1 are satisfied with amn = 0 and δ′mn = ∞, and conditions (iii), (iv) are
satisfied with bnn = cn, δ

′′
nn = εn and bmn = 0, δ′′mn = ∞ if m 
= n.

Thus, in a sense, the so-defined transition operator T12 is the best possible one. However,
it makes no sense to use it for proving inequalities of type (3.1) because its definition requires too
much information: one should know all eigenvectors ϕn[H1], ϕn[H2], hence, all eigenvalues λn[H1],
λn[H2]. Therefore, one should look for transition operators which, on the one hand, can be defined
without using ϕn[H1], ϕn[H2], but, on the other hand, are as close to the above transition operator
as possible. This can be done in the following way.

Assume that T12 : Dom(H1/2
1 ) → Dom(H1/2

2 ) is linear and for all f, g ∈ Dom(H1/2
1 ) such that

f⊥g and H
1/2
1 f⊥H1/2

1 g in H1 there exist 0 ≤ a(f, g), b(f, g) < ∞ and 0 < δ′(f, g), δ′′(f, g) ≤ ∞
such that:

(i′) (T12f, T12f)H2 ≥ (f, f)H1 − a(f, f)δ(H1, H2) if δ(H1, H2) < δ′(f, f),
(ii′) |(T12f, T12g)H2 | ≤ a(f, g)δ(H1, H2) if δ(H1, H2) < δ′(f, g),
(iii′) (H1/2

2 T12f,H
1/2
2 T12f)H2 ≤ (H1/2

1 f,H
1/2
1 f)H1 + b(f, f)δ(H1, H2) if δ(H1, H2) < δ′′(f, f),

(iv′) |(H1/2
2 T12f,H

1/2
2 T12g)H2 | ≤ b(f, g)δ(H1, H2) if δ(H1, H2) < δ′′(f, g).

Then T12 is a transition operator in the sense of Definition 3.1 with amn = a(ϕm[H1], ϕn[H1]),
bmn = b(ϕm[H1], ϕn[H1]), etc. The assumptions above are stronger than those in Definition 3.1,
but the advantage is that they do not involve the eigenvalues λn[H1] and eigenvectors ϕn[H1].

The idea of application of Theorem 3.1 is the use of various transition operators T12 satisfying
conditions (i′)–(iv′), which allows obtaining inequalities (i)–(iv) and hence inequality (3.1) by using
only some properties of ϕn[H1] and ϕn[H2].

(12) Conditions (i) and (ii) in Definition 3.1 can be replaced by the following condition: for all functions
f ∈ Ln,1 such that ‖f‖H1 = 1, we have

(T12f, T12f)H2 ≥ 1 − anδ(H1, H2) (3.6)

if δ(H1, H2) < δ′n. Conditions (iii) and (iv) in Definition 3.1 can be replaced by the following
condition: for the same f , we have

(H1/2
2 T12f,H

1/2
2 T12f)H2 ≤ λn[H1] + bnδ(H1, H2) (3.7)

if δ(H1, H2) < δ′′n. Finally, conditions (i)–(iv) in Definition 3.1 can be replaced by conditions
(3.6)–(3.7). In all these cases, the statement of Theorem 3.1 holds, mutatis mutandis.

In particular, if condition (3.6) and conditions (iii) and (iv) of Definition 3.1 are satisfied, then
inequality (3.1) holds with cn and εn defined by (3.2), where now an and δ′n are defined by (3.6)
and bn and δ′′n by (3.3).

Sometimes, it may be convenient to obtain estimate (3.1) in two steps by switching first from H1 to a
suitable H3 and then from H3 to H2, in which case the following statement is helpful.

Lemma 3.1. Let Hk, k = 1, 2, 3, be nonempty families of Hilbert spaces, and Bk = {Hk(Hk) : Hk ∈Hk},
where Hk(Hk) are nonnegative self-adjoint linear operators on Hk with compact resolvents. Let 0≤ amn,
bmn < ∞, 0 < δ′mn, δ

′′
mn ≤ ∞, for all m,n ∈ N, K ≥ 1, δ : (B1 ∪ B3) × (B2 ∪ B3) → [0,∞), and for all
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H1 ∈ B1, H2 ∈ B2, H3 ∈ B3

δ(H1, H3) + δ(H3, H2) ≤ Kδ(H1, H2). (3.8)

Assume that for some H1 ∈ B1, H2 ∈ B2, H3 ∈ B3, T13 and T32 are transition operators from H1 to
H3, H3 to H2, respectively, with the measure of vicinity δ and parameters amn, bmn, δ

′
mn, δ

′′
mn.

Then for all n ∈ N,

λn[H2] ≤ λn[H1] +
3cn
2
Kδ(H1, H2) (3.9)

if δ(H1, H2) <
εn

K
, where cn and εn are defined by (3.2).

For H1 ∈ B1 and H2 ∈ B2, the existence of a transition operator T12 from H1 to H2 does not in general
imply the existence of a transition operator from H2 to H1. For this reason B1 and B2 are often different
families of operators, in which case the argument used to prove inequality (3.4) is not applicable. In this
case the following variant of Lemma 3.1 may be used.

Lemma 3.2. Let Hk, Bk, k = 1, 2, 3, be as in Lemma 3.1, 0 ≤ amn, bmn <∞, 0 < δ′mn, δ
′′
mn ≤ ∞, for all

m,n ∈ N, K ≥ 1. Let δ : B × B → [0,∞), where B = B1 ∪ B2 ∪ B3, are symmetric and satisfy (3.8).
Assume that for some H1 ∈ B1, H2 ∈ B2, H3 ∈ B3, T12, T23, T31 are transition operators from H1 to

H2, H2 to H3, H3 to H1, respectively, with the measure of vicinity δ and parameters amn, bmn, δ
′
mn, δ

′′
mn.

Then for all n ∈ N

|λn[H1] − λn[H2]| ≤ 3Kcnδ(H1, H2) (3.10)

if δ(H1, H2) <
εn

K
, where cn and εn are defined by (3.2).

In the sequel, we shall always consider the case in which

H1 =
{
L2(Ω1), Ω1 ∈ A1

}
, H2 =

{
L2(Ω2), Ω2 ∈ A2

}
, (3.11)

where A1 and A2 are nonempty families of open sets in Ω1 and Ω2 in R
N . We shall also write H1(Ω1) for

H1(L2(Ω1)), Ω1 ∈ A1, and H2(Ω2) for H2(L2(Ω2)), Ω2 ∈ A2.

3.1.4. Examples of transition operators. Proofs of most of the spectral stability results which will be
later formulated are based on Theorem 3.1 and the above comments. Before discussing them, we first
consider some examples which give an idea what kind of transition operators could be used.

Example 3.1. Let Ω1 ⊂ Ω2 be nonempty open sets in R
N , A1 = {Ω1} , A2 = {Ω2} . Let H1 be

the Dirichlet Laplacian on Ω1, H2 be the Dirichlet Laplacian on Ω2, and δ(H1, H2) = 0. In this case
Dom

(
H

1/2
1

)
= W 1,2

0 (Ω1) and Dom
(
H

1/2
2

)
= W 1,2

0 (Ω2). Assume that the embedding W 1,2
0 (Ω2) ⊂ L2(Ω2) is

compact, hence, also the embedding W 1,2
0 (Ω1) ⊂ L2(Ω1) is compact. Then both H1 and H2 have compact

resolvents. Let T12 be the extension-by-zero operator defined by

(T12f)(x) =
{
f(x), x ∈ Ω1,
0, x ∈ Ω2 \ Ω1,

for all f ∈ L2(Ω1). It is well known that T12 : W 1,2
0 (Ω1) →W 1,2

0 (Ω2),∇T12f = T12∇f for all f ∈W 1,2
0 (Ω1),

and, by Theorem 2.3,

(H1/2
k f,H

1/2
k g)L2(Ωk) = (∇f,∇g)L2(Ωk).

Thus, T12 is a transition operator from H1 to H2 with the measure of vicinity δ = 0 and parameters
amn = bmn = 0 and δ′mn = δ′′mn = ∞ for all m,n ∈ N; hence, λn[H2] ≤ λn[H1]. This is how that
well-known inequality (cf. [19, Ch. 6, Sec. 2.1]) follows by applying Theorem 3.1.
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Example 3.2. Let (α1, β1) ⊂ (α2, β2), β2 − α2 < ∞, A1 = {(α1, β1)} , A2 = {(α2, β2)} . Let Hk be
the one-dimensional Neumann Laplacians on (αk, βk), k = 1, 2, and δ = 0. In this case Dom

(
H

1/2
k

)
=

W 1,2(αk, βk). Define

(T12f)(x) =

⎧
⎨

⎩

f(α1), x ∈ (α2, α1),
f(x), x ∈ (α1, β1),
f(β1), x ∈ (β1, β2),

for all f ∈ W 1,2(α1, β1), where f(α1) and f(β1) are the traces of f at the points α1, β1, respectively. It
is well known that T12 : W 1,2(α1, β1) →W 1,2(α2, β2) and, by Theorem 2.3,

(H1/2
k f,H

1/2
k g)L2(αk,βk) = (f ′, g′)L2(αk,βk).

This implies that T12 satisfies condition (3.6) with an = 0 and δ′n = ∞ and conditions (iii) and (iv) of
Definition 3.1 with bmn = 0 and δ′′mn = ∞. Hence, by Theorem 3.1 and Comment (12) in Sec. 3.1.3,
λn,2 ≤ λn,1 for all n ∈ N. We note that this inequality, which is obvious if one applies explicit formulas
for λn[H1] and λn[H2], follows without using any formulas for λn[H1], λn[H2], ϕn[H1], or ϕn[H2].

In the same way the monotonicity of the eigenvalues is proved for a more general case when (Hku)(x) =
−(p(x)u′(x))′, x ∈ (αk, βk), where p is a fixed bounded real-valued function such that infx∈(α2,β2) p(x) > 0.
Note that for arbitrary p there are no explicit formulas for λn[Hk].

Example 3.3. Let Ω1 be a nonempty open set in R
N , where N ≥ 2, A1 = {Ω1}, A2 = {ηΩ1}0<η<1, and

H1, H2 be the Dirichlet Laplacians on Ω1, Ω2 ∈ A2, respectively. It is well known that if Ω2 = ηΩ1 ∈ A2,
then λn,2 = η−2λn,1 for all n ∈ N. However, it is interesting to see which result is produced by applying
Theorem 3.1 to this case. To do so, for all Ω2 = ηΩ1 ∈ A2, we set δ(H1, H2) = 1 − ηN and

(T12f)(y) = f (y/η) , y ∈ Ω2,

for all f ∈ W 1,2
0 (Ω1). One can verify that T12 is a transition operator from H1 to H2 and λn[H2] ≤

η−2λn[H1](1 + 2N(1 − η)) if 2−N < η < 1, which is “close” to the equality λn,2 = η−2λn,1 if Ω2 is close
to Ω1, i.e., η is close to 1.

Example 3.4. Let Ω1 be an open set in R
N and Φ(Ω1) be the family of all bi-Lipschitz transformations φ :

Ω1 → R
N , i.e., both φ and φ(−1) satisfy the Lipschitz condition. Let A1= {Ω1} , A2= {φ(Ω1) : φ ∈ Φ(Ω1)}

and H1, H2 be the Dirichlet or Neumann Laplacians on Ω1, Ω2 ∈ A2, respectively. The proofs of the
majority of the results in Sec. 4 are based on studying the properties of the transition operator defined
by

T12f = f ◦ φ(−1)
12 ,

for all f ∈W 1,2
0 (Ω1), f ∈W 1,2(Ω1), respectively, where φ12 ∈ Φ(Ω1) is such that φ12(Ω1) = Ω2.

Example 3.5. Let Ω1 be a domain in R
N of class C2. Recall that

(Ω1)ε = {x ∈ Ω1 : d(x, ∂Ω1) > ε}
for all ε > 0. Let A1 = {Ω1}, A2 = {Ω2 : (Ω1)ε ⊂ Ω2 ⊂ Ω1}, and H1, H2 be the Dirichlet Laplacians on
Ω1, Ω2 ∈ A2, respectively. Following [25], we set

μ(x) =

⎧
⎨

⎩

0, if 0 < d(x, ∂Ω1) ≤ ε,
(d(x, ∂Ω1) − ε)/ε, if ε < d(x, ∂Ω1) ≤ 2ε,
1, if 2ε < d(x, ∂Ω1),

for all x ∈ Ω1 and we define
(T12f)(x) = μ(x)f(x), x ∈ Ω2,

for all f ∈W 1,2(Ω1).
In the proof of a spectral stability result in [25] (see comments in Sec. 3.2) in fact it was established

that T12 is transition operator from H1 to H2 with the measure of vicinity δ(H1, H2) = ε.
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Example 3.6. Assume that Ω1 is an open set in R
N of class C0,γ(M, ρ, s, {Vj}s

j=1, {rj}s
j=1), where

0 < γ ≤ 1 and ε > 0. Let A1 = {Ω1} ,
A2 =

{
Ω2 : (Ω1)ε ⊂ Ω2 ⊂ Ω1, Ω2 is of class C0,γ(M,ρ, s, {Vj}s

j=1, {rj}s
j=1)

}
,

and A3 = {Ω3 = φε(Ω1)} , with

φε(x) = x−Bεγ
s∑

j=1

ξjψj(x),

where ξj = r
(−1)
j (eN ), eN = (0, . . . , 0, 1), {ψj}s

j=1 is a standard partition of unity associated with the
covering {Vj}s

j=1, and a constant B > 0 is sufficiently large to ensure that Ω3 = φε(Ω1) ⊂ (Ω1)ε.
Let Hk be the Neumann Laplacians on Ωk ∈ Ak, k = 1, 2, 3, and the measure of vicinity δ be defined

by δ ≡ εγ .
The proof of a spectral stability result in [9] (see Theorem 3.16) was in fact based on Lemma 3.2 with

the following transition operators:
the transition operator T12 from H1 to H2 is the restriction operator from Ω1 to Ω2, i.e.

T12f = f
∣∣
Ω2
, f ∈ Dom(H1/2

1 ) = W 1,2(Ω1);

the transition operator T23 from H2 to H3 is again the restriction operator, now from Ω2 to Ω3, i.e.

T23f = f
∣∣
Ω3
, f ∈ Dom(H1/2

2 ) = W 1,2(Ω2);

the transition operator T31 from H3 to H1 is a composition operator defined by

T31f = f ◦ φε, f ∈ Dom(H1/2
3 ) = W 1,2(Ω3).

Similar transition operators have been used in [14] for investigating the spectral stability of the Robin
Laplacian (see Sec. 3.4).

Example 3.7. A proof of the continuity of the eigenvalues of the uniformly elliptic differential operator
of order m with homogeneous Dirichlet boundary conditions (see Theorem 3.3 below) may be based on
considering the transition operators defined as follows.

Let n̄ ∈ N, ε > 0, us ∈ C∞
0 (Ω1), for s = 1, . . . , n̄, be such that

‖ϕs[H1] − us‖W m,2(Ω1) < ε.

Moreover, let G be a bounded open set satisfying the condition
n̄⋃

s=1
suppus ⊂ G ⊂ Ω1. For all Ω2 such

that G ⊂ Ω2 ⊂ Ω1, we set

T12ϕs[H1] = us, s = 1, . . . , n̄,

and extend T12 by linearity to Ln̄[H1] (see also Comment 9 in Sec. 3.1.3).

3.2. Uniformly elliptic operators with homogeneous Dirichlet boundary conditions. In this
section, we consider nonnegative self-adjoint uniformly elliptic operators associated with the formal dif-
ferential operators (2.9) on open sets Ω in R

N with homogeneous Dirichlet boundary conditions (see
Sec. 2.2). Moreover, we assume that the coefficients Aαβ are fixed and defined on an open set containing
the open sets Ω under consideration. Hence, the eigenvalues depend only on Ω.

Therefore, we shall simply write H[Ω], λn[Ω], ϕn[Ω], L[Ω] instead of HV , λn[HV ], ϕn[HV ], L[HV ],
respectively, where V (Ω) = Wm,2

0 (Ω).
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3.2.1. Continuity of eigenvalues. For the sake of completeness, we start with stating explicitly the mono-
tonicity result discussed in Example 3.1 for the case of the Dirichlet Laplacian.

Theorem 3.2. Let m ∈ N, θ > 0, and Ω1 be a nonempty open set in R
N such that the embedding

Wm,2
0 (Ω1) ⊂ L2(Ω1) is compact. Assume that the coefficients Aαβ are defined on Ω1 and are as in

Theorem 2.3.
Then, for all n ∈ N and for all nonempty open sets Ω2 ⊂ Ω1,

λn[Ω1] ≤ λn[Ω2]. (3.12)

Remark 3.1. This theorem implies lower semicontinuity of the eigenvalues if Ω2 ⊂ Ω1 and Ω2 ap-
proaches Ω1 in whatever sense, in particular, if |Ω2 \ Ω1| → 0; however, this is a too weak assumption
to claim continuity of the eigenvalues because the continuity under this assumption would imply that
λn[Ω2] = λn[Ω1] for all Ω2 ⊂ Ω1 satisfying |Ω1 \ Ω2| = 0, which is not the case. Moreover, whatever
cn, εn > 0 are, the “reverse” inequality

λn[Ω2] ≤ cnλn[Ω1],

for all Ω2 ⊂ Ω1 satisfying |Ω2 \ Ω1| < εn, does not hold, as the following example shows.

Example 3.8. Let N = 1, Ωk =
k⋃

r=1

]π(r − 1)
k

,
πr

k

[
, k ∈ N. Consider the one-dimensional Dirichlet

Laplacian on Ωk. Then

λn[Ωk] =
(
k
(
1 +

[n− 1
k

]))2
, n ∈ N,

where
[n− 1

k

]
denotes the integer part of

n− 1
k

. So, for k ≥ 2, Ωk ⊂ Ω1, |Ω1 \Ωk| = 0, and for all n ∈ N,

lim
k→∞

λn[Ωk] = ∞. (3.13)

If Ω2 ⊂ Ω1 and Ω2 approaches Ω1 in a stronger sense, then continuity of the eigenvalues can hold as
the following theorem shows.

Theorem 3.3. Let the assumptions of Theorem 3.2 be satisfied. Let Ωk be open sets contained in Ω1 for
all k ∈ N, k ≥ 2, such that

Ωk ⊂ Ωk+1,
∞⋃

k=2

Ωk = Ω1. (3.14)

Then
lim

k→∞
λn[Ωk] = λn[Ω1]. (3.15)

If Ω2 ⊃ Ω1 and Ω2 approaches Ω1 then more assumptions are required to ensure continuity of the
eigenvalues.

Theorem 3.4. Let nonempty bounded open sets Ωk in R
N be such that

Ωk ⊃ Ωk+1, k ≥ 2,
∞⋂

k=2

Ωk = Ω1.

Assume that the coefficients Aαβ are defined on Ω2 and are as in Theorem 2.3.
Moreover, assume that for every open set G ⊃ Ω1 there exists a number kG such that Ωk ⊂ G for all

k > kG and that
∞⋂

k=2

Wm,2
0 (Ωk) = Wm,2

0 (Ω1). (3.16)

Then equality (3.15) holds.
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For Theorems 3.3, 3.4 see [3, 4]. In [3] it is also shown that the stability condition (3.16) is essential
for the validity of (3.15).

Given an open set Ω1 in R
N with continuous boundary, we first consider perturbations Ω2 of Ω1

satisfying the condition
(Ω1)ε ⊂ Ω2 ⊂ (Ω1)ε (3.17)

for ε > 0 sufficiently small, where (Ω1)ε =
{
x ∈ R

N : dist(x,Ω) < ε
}
.

Theorem 3.5. Let M > 0, ρ, s, s′, {Vj}s
j=1, {rj}s

j=1, and ω be as in Sec. 2.3. Let m ∈ N, θ > 0. For all
(α, β) ∈ N

N
0 × N

N
0 such that |α| = |β| = m, let Aαβ be Lipschitz continuous real-valued functions defined

on
s⋃

j=1
Vj satisfying Aαβ = Aβα and condition (2.10) for all x ∈

s⋃
j=1

Vj .

Then there exists a continuous increasing function f of [0,∞[ to itself such that f(0) = 0 and for all
n ∈ N there exist cn, εn > 0, such that

|λn[Ω1] − λn[Ω2]| ≤ cnf(ε), (3.18)

for all ε ∈ ]0, εn[ and all open sets Ω1, Ω2 in R
N of class C0,ω(·)(M,ρ, s, s′, {Vj}s

j=1 , {rj}s
j=1), satisfy-

ing (3.17).

Theorem 3.5 has been proved in [13].

3.2.2. Estimates for stability of eigenvalues. In this section we focus our attention on second-order
operators; thus we consider only the case m = 1.

Under some additional assumptions on Ω1 it is possible to obtain qualified estimates for |λn[Ω1]−λn[Ω2]|.
Theorem 3.6. Let Ω1 be a nonempty bounded simply connected open set in R

2.
Then for each n ∈ N there exist cn, εn > 0 such that, for the Dirichlet Laplacians,

λn[Ω1] ≤ λn[Ω2] ≤ λn[Ω1] + cnε
1/2 (3.19)

for all ε ∈ ]0, εn[ and for all open sets Ω2 satisfying

(Ω1)ε ⊂ Ω2 ⊂ Ω1. (3.20)

This result was proved for n = 1 in [51] and, by a different method, for all n ∈ N in [22, 25].

Theorem 3.7. Let Ω1 be a nonempty bounded domain (i.e., a nonempty connected open set) in R
N such

that for some c, a ≥ 0 the following Hardy-type inequality is satisfied:
∫

Ω1

|f(x)|2
d(x)2

dx ≤ c2
∫

Ω1

|∇f(x)|2dx+ a

∫

Ω1

|f(x)|2dx (3.21)

for all f ∈W 1,2
0 (Ω1), where d(x) = dist(x, ∂Ω1).

Then for each n ∈ N there exist cn, εn > 0 such that, for the Dirichlet Laplacians,

λn[Ω1] ≤ λn[Ω2] ≤ λn[Ω1] + cnε
2/c (3.22)

for all ε ∈ ]0, εn[ and for all open sets Ω2 satisfying (3.20).

Remark 3.2. If Ω1 is a bounded simply connected open set in R
2, then inequality (3.21) holds with c = 4

and a = 0 (see [1], [21, Theorem 1.5.10]). Hence, Theorem 3.7 implies Theorem 3.6. If Ω is a bounded
convex open set in R

N , then inequality (3.21) holds with c = 2 and a = 0 (cf. [24])). Moreover, if Ω1 is
of class C2, then inequality (3.21) holds with c = 2 and some 0 ≤ a <∞ (see [6]). Hence in the last two
cases the exponent 2/c in (3.22) is equal to 1, which is the sharp exponent.
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Theorem 3.8. Let Ω1 be a bounded domain in R
N of class C2, 0 < θ < θ1 <∞.

Then for each n ∈ N there exist cn, εn > 0 such that for all second-order uniformly elliptic operators
with bounded measurable real-valued coefficients and with ellipticity constants θ and θ1 the inequality

λn[Ω1] ≤ λn[Ω2] ≤ λn[Ω1] + cnε
√

θ/θ1 (3.23)

holds for all ε ∈ ]0, εn[ and for all open sets Ω2 satisfying (3.20).

This statement was proved in [25], where it was also conjectured that the exponent
√
θ/θ1 is sharp. In

the next theorem it is stated, in particular, that under stronger assumptions on the coefficients aij it is

possible to obtain estimate (3.23) with ε replacing ε
√

θ/θ1 .

Theorem 3.9. Let M,ρ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3, and 0 < γ ≤ 1. Assume that the
coefficients Aαβ are as in Theorem 3.5.

Then for each n ∈ N there exist cn, εn > 0 such that

|λn[Ω1] − λn[Ω2]| ≤ cnε
γ (3.24)

for all ε ∈ ]0, εn[ and all open sets Ω1, Ω2 in R
N of class C0,γ(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1) satisfy-

ing (3.17).

Theorem 3.10. Let M,ρ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3, and θ > 0, 2 < p ≤ ∞. Let Ω1 be
an open set in R

N of class C0,1(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1).
Assume that the coefficients Aαβ are defined on Ω1 and are as in Theorem 2.3 and that

ϕn[Ω1] ∈W 1,p(Ω1), (3.25)

for all n ∈ N.
Then for each n ∈ N there exist cn, εn > 0 such that

λn[Ω1] ≤ λn[Ω2] ≤ λn[Ω1] + cn|Ω1 \ Ω2|1−2/p (3.26)

for all open sets Ω2 ⊂ Ω1 of class C0,1(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1) satisfying |Ω1 \ Ω2| < εn.

Remark 3.3. If Ω1 is of class C1,γ(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1) and the coefficients Aαβ are of class
C0,γ(Ω1) for some 0 < γ ≤ 1, then one can choose p = ∞ in (3.25), and thus the sharp exponent
1 − 2/p = 1 in (3.26).

Under still stronger assumptions on Ω1, Ω2 it is possible to obtain estimates above for |λn[Ω1] − λn[Ω2]|
via the measure of the symmetric difference |Ω1 � Ω2|.
Theorem 3.11. Let M,ρ, s, s′, {Vj}s

j=1, and {rj}s
j=1 be as in Sec. 2.3 and θ > 0, 2 < p ≤ ∞. Assume

that the coefficients Aαβ are bounded measurable functions defined on
s⋃

j=1
Vj satisfying Aαβ = Aβα and

condition (2.10) for all x ∈
s⋃

j=1
Vj .

Moreover, assume that A is a nonempty family of open sets of class C0,1(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1)
such that

sup
Ω∈A

‖ϕn[Ω]‖W 1,p(Ω) <∞ (3.27)

for all n ∈ N.
Then for each n ∈ N there exist cn, εn > 0 such that

|λn[Ω1] − λn[Ω2]| ≤ cn|Ω1 � Ω2|1−2/p (3.28)

for all Ω1,Ω2 ∈ A satisfying |Ω1 � Ω2| < εn.
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Theorem 3.12. Let M,ρ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3, and θ > 0. Assume that the
coefficients Aαβ are as in Theorem 3.5.

Then for each n ∈ N there exist cn, εn > 0 such that

|λn[Ω1] − λn[Ω2]| ≤ cn|Ω1 � Ω2|, (3.29)

for all open sets Ω1, Ω2 in R
N of class C1,1(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1) satisfying |Ω1 � Ω2| < εn.

Theorems 3.9–3.12 have been proved in [12].

3.3. Uniformly elliptic operators with homogeneous Neumann boundary conditions. In this
section, we consider nonnegative self-adjoint uniformly elliptic operators associated with the formal dif-
ferential operators (2.9) on open sets Ω in R

N with homogeneous Neumann boundary conditions (see
Sec. 2.2). Moreover, we assume that the coefficients Aαβ are fixed and defined on an open set con-
taining the open sets Ω under consideration. Hence, the eigenvalues depend only on Ω. Therefore, we
shall simply write H[Ω], λn[Ω], ϕn[Ω], L[Ω] instead of HV , λn[HV ], ϕn[HV ], L[HV ], respectively, where
V (Ω) = Wm,2(Ω).

3.3.1. Continuity of eigenvalues. We start with the following semicontinuity result, which is a kind of
replacement of the monotonicity property stated in Theorem 3.2.

Theorem 3.13. Let m ∈ N, θ > 0 and Ω1 be a fixed nonempty open set in R
N such that the embedding

Wm,2(Ω1) ⊂ L2(Ω1) is compact.
Assume that the coefficients Aαβ are defined on Ω1 and are as in Theorem 2.3.
Then for each n ∈ N and for each ε > 0 there exists σ > 0 such that for all nonempty open sets Ω2 ⊂ Ω1

such that the embedding Wm,2(Ω2) ⊂ L2(Ω2) is compact and |Ω1 \ Ω2| < σ, we have

λn[Ω2] ≤ λn[Ω1] + ε.

Remark 3.4. This theorem, proved in [11], states upper semicontinuity of the eigenvalues when Ω2 ⊂ Ω1

and |Ω1 \ Ω2| → 0. In general, there is no continuity.
If Wm,2(Ωk) ⊂ L2(Ωk) are compact, k ∈ N, Ωk ⊂ Ω1 for k ≥ 2 and

lim
k→∞

|Ω1 \ Ωk| = 0, (3.30)

then, by Theorem 3.13, for all n ∈ N

lim sup
k→∞

λn[Ωk] ≤ λn[Ω1].

If there are no further assumptions on Ωk, then, whatever is cn > 0, the “reverse” inequality

λn[Ω1] ≤ cn lim sup
k→∞

λn[Ωk] (3.31)

cannot hold even for the Neumann Laplacian as the following example shows.

Example 3.9. Let N = 1, Ωk =
k⋃

r=1

]π(r − 1)
k

,
πr

k

[
, k ∈ N, as in Example 3.8. Consider the one-dimen-

sional Neumann Laplacian on Ωk. Then

λn[Ωk] =
(
k
[n− 1

k

])2
, n ∈ N.

So, for k ≥ 2, Ωk ⊂ Ω1, equality (3.30) holds and for n > 1

λn[Ω1] > 0, lim
k→∞

λn[Ωk] = 0. (3.32)

In this example, condition (3.14) is not satisfied, but even this stronger condition does not guarantee
the validity of inequality (3.31), as the following example in the spirit of [19, p. 420] shows.

1432



Example 3.10. Let N = 2, Ω1 =]0, 1[×]0, 1[, and for k ∈ N, k ≥ 2, Ωk = Ωk,1 ∪ Ωk,2 ∪ Ωk,3, where

Ωk,1 = ]0, 1[ × ]0, 1 − 2−k[,

Ωk,2 = ]2−1 − 2−4k, 2−1 + 2−4k[ × [1 − 2−k, 1 − 3 · 2−k−2],

Ωk,3 = ]0, 1[ × ]1 − 3 · 2−k−2, 1 − 2−k−1[.

Consider the one-dimensional Neumann Laplacians on Ωk. Then condition (3.14) is satisfied, λ2[Ω1] > 0,
and limk→∞ λ2[Ωk] = 0. (This means that the Cheeger constants of Ωk (see [15, 17]) tend to 0 as k tends
to ∞, otherwise one would have lim inf

k→∞
λ2[Ωk] > 0.)

However, if Ω1 and Ω2 have continuous boundaries and there is some control over the parameters
describing Ω1 and Ω2, it is possible to prove stability of eigenvalues for all m,n ∈ N.

Then we have the following uniform continuity result.

Theorem 3.14. Let M > 0, ρ, s, s′, {Vj}s
j=1, {rj}s

j=1, and ω be as Sec. 2.3. Let m ∈ N, θ > 0. Assume
that the coefficients Aαβ satisfy the assumptions of Theorem 3.5.

Then there exists a continuous increasing function f of [0,∞[ to itself such that f(0) = 0 and for all
n ∈ N there exist cn, εn > 0, such that inequality (3.18) holds for all ε ∈ ]0, εn[ and all open sets Ω1, Ω2

in R
N of class C0,ω(·)(M,ρ, s, s′, {Vj}s

j=1 , {rj}s
j=1), satisfying (3.17).

Theorem 3.14 has been proved in [13].

3.3.2. Estimates for stability of eigenvalues. In this section, we focus our attention on second-order
operators; thus we consider only the case m = 1.

Under some assumptions on the eigenfunctions ϕn[Ω1] it is possible to obtain qualified estimates for
λn[Ω1] − λn[Ω2].

Theorem 3.15. Let θ > 0, 2 < p ≤ ∞, and Ω1 be a fixed nonempty open set in R
N such that the

embedding W 1,2(Ω1) ⊂ L2(Ω1) is compact.
Assume that the coefficients Aαβ are defined on Ω1 and are as in Theorem 2.3. Moreover, assume that

ϕn[Ω1] ∈ Lp(Ω1)

for all n ∈ N. Then for each n ∈ N there exist cn, εn > 0 such that

λn[Ω2] ≤ λn[Ω1] + cn|Ω1 \ Ω2|1−2/p

for all nonempty open sets Ω2 ⊂ Ω1 such that the embedding W 1,2(Ω2) ⊂ L2(Ω2) is compact and
|Ω1\Ω2| < εn.

Theorem 3.16. Let M,ρ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3, and 0 < γ ≤ 1. Assume that the
coefficients Aαβ are as in Theorem 3.14.

Then for each n ∈ N there exist cn, εn > 0 such that inequality (3.24) holds for all ε ∈ ]0, εn[ and all
open sets Ω1, Ω2 in R

N of class C0,γ(M,ρ, s, s′, {Vj}s
j=1, {rj}s

j=1), satisfying (3.17).

For Ω2 ⊂ Ω1 Theorem 3.16 has been proved in [9].
Under still stronger assumptions on Ω1, Ω2 it is possible to obtain estimates above for |λn[Ω1] − λn[Ω2]|

via the measure of the symmetric difference |Ω1 � Ω2|.
Theorem 3.17. Let M,ρ, s, s′, {Vj}s

j=1, and {rj}s
j=1 be as in Sec. 2.3 and θ > 0, 2 < p ≤ ∞. Assume

that the coefficients Aαβ are as in Theorem 3.11.
Moreover, assume that A is a nonempty family of open sets of class C0,1(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1)

such that inequality (3.27) is satisfied for all n ∈ N.
Then for each n ∈ N there exist cn, εn > 0 such that inequality (3.28) is satisfied for all Ω1,Ω2 ∈ A

satisfying |Ω1 � Ω2| < εn.
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Theorem 3.18. Let M,ρ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as Sec. 2.3, and θ > 0. Assume that the coeffi-
cients Aαβ are as in Theorem 3.12.

Then for each n ∈ N there exist cn, εn > 0 such that inequality (3.29) is satisfied for all open sets Ω1

and Ω2 in R
N of class C1,1(M,ρ, s, s′, {Vj}s

j=1, {rj}s
j=1) satisfying |Ω1 � Ω2| < εn.

Theorems 3.15, 3.17, and 3.18 have been proved in [11].

Remark 3.5. In Theorems 3.10, 3.11, 3.15, and 3.17 the stability inequalities for the eigenvalues depend
on the summability and differentiability properties of the eigenfunctions. We refer to [11, 26, 27, 31, 42,
50, 51, 61], where various estimates of such type have been proved.

3.4. Robin Laplacian. In this section, we study the stability properties of the spectrum of the Laplace
operator with Robin boundary conditions defined on domains Ω of class C0,1. Here we understand that a
domain is an open connected subset of R

N . We consider a nonnegative measurable function h on ∂Ω and
the quadratic form on L2(Ω) defined by

QΩ,h[f ] =

{ ∫

Ω

|∇f |2 dx+
∫

∂Ω

h|tr f |2 dσ if f ∈W 1,2(Ω),

+∞ if f ∈ L2(Ω) \W 1,2(Ω),

where dσ denotes the usual surface measure on ∂Ω, and tr f denotes the trace on ∂Ω of the function f of
the Sobolev spaceW 1,2(Ω). The Robin Laplacian in Ω, corresponding to h, is defined to be the nonnegative
self-adjoint operator HΩ,h acting in L2(Ω), and associated to the quadratic form QΩ,h. We consider the
eigenvalue problem

HΩ,h[u] = λu. (3.33)

We note that the classical formulation of problem (3.33) in a domain with a smooth boundary is

−Δu = λu in Ω,
∂u

∂ν
+ hu = 0 on ∂Ω,

where ν is the exterior unit normal to ∂Ω.
We are interested in understanding what happens with the eigenvalues of problem (3.33) if we perturb

Ω and h. More precisely, we consider Ω1, h1 and Ω2, h2 as Ω, h above, with Ω2 ⊂ Ω1, and we establish a
two-sided estimate for the eigenvalues of (3.33) corresponding to Ω1, h1 via those corresponding to Ω2, h2.
For h = 0, one obtains the Neumann problem, which has already been discussed in Sec. 3.3.

Compared with the Neumann problem, the main distinction is that for the domains Ω1 and Ω2 under
consideration, the estimates for the Neumann problem depend only on appropriate vicinity characteristics
of Ω1 and Ω2, whereas in the case of the Robin Laplacian the estimates also depend on appropriate
characteristics of vicinity of the boundaries ∂Ω1 and ∂Ω2 and of h1, h2.

Next we introduce formally the Robin Laplacian by means of the following theorem.

Theorem 3.19. Let Ω be a bounded domain in R
N of class C0,1. Let h be a nonnegative function, with

h ∈ LN−1(∂Ω) for N ≥ 3, h ∈ Lp(∂Ω) for some p > 1 for N = 2. Then there exists a nonnegative
self-adjoint linear operator HΩ,h in L2(Ω) with compact resolvent such that Dom(H1/2

Ω,h) = W 1,2(Ω) and

(
H

1/2
Ω,hu,H

1/2
Ω,hv

)

L2(Ω)
=

∫

Ω

∇u∇v̄ dx+
∫

∂Ω

h(tru)(trv̄) dσ (3.34)

for all u, v ∈W 1,2(Ω).

The eigenvalues and the eigenfunctions of HΩ,h depend only on Ω and h. Thus, we shall simply write
λn[Ω, h], ϕn[Ω, h] instead of λn[HΩ,h], ϕn[HΩ,h], respectively.

We now introduce the characteristics of vicinity for ∂Ω1, ∂Ω2 and h1, h2.
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Definition 3.2. Let M, δ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3. Let Ω1, Ω2 be bounded domains

of R
N of class C0,1

(
M, δ, s, s′, {Vj}s

j=1, {rj}s
j=1

)
, with corresponding families of functions {g1,j}s′

j=1,

{g2,j}s′
j=1 as in condition (iii) of Sec. 2.3. Let h1 ∈ L1(∂Ω1), h2 ∈ L1(∂Ω2). Then we set

G(∂Ω1, ∂Ω2) ≡
s′∑

j=1

∫

Wj

∣∣∣∣ |∇g1,j(x)| − |∇g2,j(x)|
∣∣∣∣ dx,

L(h1, h2) ≡
s′∑

j=1

∫

Wj

∣∣h1 ◦ rt
j(x, g1,j(x)) − h2 ◦ rt

j(x, g2,j(x))
∣∣ dx.

If instead we assume that h1 ∈ L∞(∂Ω1), h2 ∈ L∞(∂Ω2), then we set

a(h1, h2) ≡ max
{
‖h1‖L∞(∂Ω1), ‖h2‖L∞(∂Ω2), ‖h1‖2

L∞(∂Ω1), ‖h2‖2
L∞(∂Ω2)

}
.

We note that there exist k1, k2 > 0 such that

k1‖h1 − h2‖L1(∂Ω) ≤ L(h1, h2) ≤ k2‖h1 − h2‖L1(∂Ω), (3.35)

for all Ω ≡ Ω1 = Ω2 as in Definition 3.2 and h1, h2 ∈ L1(∂Ω).
Now we are ready to give a bound from above to λn[Ω2, h2] in terms of λn[Ω1, h1] and of our charac-

teristics of vicinity. Then we state the following.

Theorem 3.20. Let M, δ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3. Then for each n ∈ N there exist
cn > 0, εn > 0 such that

λn[Ω2, h2] ≤ λn[Ω1, h1] + cn

[
|Ω1 \ Ω2| + a(h1, h2) (|Ω1 \ Ω2| +G(∂Ω1, ∂Ω2)) + L(h1, h2)

]
, (3.36)

for all bounded domains Ω1, Ω2 of R
N which are of class C0,1

(
M, δ, s, s′, {Vj}s

j=1, {rj}s
j=1

)
and satisfy

Ω2 ⊂ Ω1, |Ω1 \ Ω2| < εn, (3.37)

and for all nonnegative h1 ∈ L∞(∂Ω1), h2 ∈ L∞(∂Ω2).

In case Ω ≡ Ω1 = Ω2, one could apply Theorem 3.20, and by interchanging the roles of h1 and h2 and
by inequality (3.35) one could obtain an estimate from above and below for λn[Ω, h2] in terms of λn[Ω, h1]
and of ‖h1 −h2‖L1(∂Ω) for all nonnegative h1, h2 ∈ L∞(∂Ω). However, arguing directly, we can obtain the
following slightly sharper statement.

Theorem 3.21. Let M, δ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3. Then for each n ∈ N there exists
cn > 0 such that

λn[Ω, h1] − cn‖h1 − h2‖L1(∂Ω) ≤ λn[Ω, h2] ≤ λn[Ω, h1] + cn‖h1 − h2‖L1(∂Ω), (3.38)

for all bounded domains Ω of R
N of class C0,1

(
M, δ, s, s′, {Vj}s

j=1, {rj}s
j=1

)
and for all nonnegative h1

and h2 as in Theorem 3.19.

Now by means of an estimate from below of λn[Ω2, h2] in terms of λn[Ω1, h1], which requires stronger
assumptions of regularity on the boundary of Ω1, we can obtain the following two-sided estimate.

Theorem 3.22. Let M, δ, s, s′, {Vj}s
j=1, and {rj}s

j=1 be as in Sec. 2.3. Let α > 0, 0 < γ ≤ 1. Then for
each n ∈ N, there exist cn > 0, εn > 0 such that

λn[Ω1, h1] − cnε
γ ≤ λn[Ω2, h2] ≤ λn[Ω1, h1] + cnε, (3.39)
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for all ε ∈ ]0, εn[ for all bounded domains Ω1 of R
N of class C1,γ (M, δ, s, s′, {Vj}s

j=1, {rj}s
j=1

)
, for all

nonnegative h1 ∈ L∞(∂Ω1) such that ‖h1‖L∞(∂Ω1) ≤ α and

sup
{ |h1(x) − h1(y)|

|x− y|γ : x, y ∈ ∂Ω, x 
= y

}
< α,

and for all bounded domains Ω2 of R
N of class C0,1

(
M, δ, s, s′, {Vj}s

j=1, {rj}s
j=1

)
satisfying

(Ω1)ε ⊂ Ω2 ⊂ Ω1, G(∂Ω1, ∂Ω2) < ε,

and for all nonnegative h2 ∈ L∞(∂Ω2) satisfying

‖h2‖L∞(∂Ω2) < α

and
L(h1, h2) < ε.

The results of this section were obtained in [14].

3.5. Neumann-type operators. In this section, we derive some statements from the general The-
orem 3.1, aimed at applications to some general classes of operators containing nonnegative uniformly
elliptic linear differential operators with homogeneous Neumann boundary conditions, hence, generalizing
some results of Sec. 3.3. All results of this section were obtained in [11].

3.5.1. Upper semicontinuity of the eigenvalues. Given nonempty open sets Ω1 and Ω2 in R
N , let R1 and

R2 be the restriction operators to Ω1 and Ω2, respectively.
We shall assume that H1, H2 satisfy the monotonicity condition that we now introduce.

Definition 3.3. Let Ωk be nonempty open sets in R
N and Hk be nonnegative self-adjoint linear operators

on L2(Ωk), k = 1, 2. We say that H2 is monotonically controlled by H1 in Ω1∩Ω2 and we write H2 � H1 if

‖H1/2
2 R2f‖L2(Ω1∩Ω2) ≤ ‖H1/2

1 R1f‖L2(Ω1) (3.40)

for all functions f defined on Ω1 ∪ Ω2 and satisfying R1f ∈ Dom(H1/2
1 ) and R2f ∈ Dom(H1/2

2 ).

If Ω2 ⊂ Ω1, then (3.40) takes the form

‖H1/2
2 R2f‖L2(Ω2) ≤ ‖H1/2

1 f‖L2(Ω1) (3.41)

for all f ∈ Dom(H1/2
1 ) satisfying R2f ∈ Dom(H1/2

2 ).
Moreover, if Ω1 = Ω2 then the condition H2 � H1 implies that

(H2f, f)L2(Ω1) ≤ (H1f, f)L2(Ω1) (3.42)

for all f ∈ Dom(H1)∩Dom(H2). (For comparison, recall that H2 ≤ H1 means that Dom(H2) ⊂ Dom(H1)
and that inequality (3.42) is satisfied for all f ∈ Dom(H2).)

As in Sec. 3.3, we start with a semicontinuity result.

Theorem 3.23. Let Ω1 be a nonempty open set in R
N and H1 be a nonnegative self-adjoint linear

operator on L2(Ω1) with compact resolvent.
Moreover, let A2 be a family of nonempty open sets Ω2 contained in Ω1 and, for all Ω2 ∈ A2,

H2 = H2(Ω2) be nonnegative self-adjoint linear operators on L2(Ω2) with compact resolvent such that

H2 � H1 and R2 : L[H1] → Dom(H1/2
2 ). (3.43)

Then for each n ∈ N and for each ε > 0 there exists σ > 0 such that for all nonempty open sets Ω2 ∈ A2

satisfying |Ω1 \ Ω2| < σ we have
λn[H2] ≤ λn[H1] + ε. (3.44)
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3.5.2. Estimates for stability of eigenvalues. In order to obtain a sharper result than in Theorem 3.23,
one needs some information on the eigenfunctions of the operator H1. The following theorem provides an
estimate in terms of |Ω1 \Ω2| under the assumption that the eigenfunctions of H1 are in Lp(Ω1) for some
2 < p ≤ ∞.

Theorem 3.24. Let 2 < p ≤ ∞. Let Ω2 ⊂ Ω1 be nonempty open sets in R
N , and H1, H2 be nonnegative

self-adjoint linear operators on L2(Ω1), L2(Ω2), respectively, with compact resolvents. Assume that, in
addition to (3.43),

L[H1] ⊂ Lp(Ω1).

Then for all n ∈ N

λn[H2] ≤ λn[H1] + cn|Ω1 \ Ω2|1−2/p (3.45)

if |Ω1 \ Ω2| < εn, where

cn = 2λn[H1]
n∑

k=1

‖ϕk[H1]‖2
Lp(Ω1\Ω2), εn =

(
2

n∑

k=1

‖ϕk[H1]‖2
Lp(Ω1\Ω2)

)p/(2−p)

. (3.46)

In Theorems 3.23 and 3.24, we have considered the case of nonempty open sets Ω1, Ω2 in R
N satisfying

Ω2 ⊂ Ω1. Next, we consider general Ω1 and Ω2, in which case some further assumptions on the regularity
of the eigenfunctions will be required.

Definition 3.4. Let 1 ≤ p ≤ ∞. Let Ω be a nonempty open set in R
N . LetH be a nonnegative self-adjoint

linear operator on L2(Ω). We set

Zp(Ω) =
{
f ∈ Dom(H1/2) : ‖f‖Zp(Ω) <∞

}
, (3.47)

where

‖f‖Zp(Ω) =
(
‖f‖2

Lp(Ω) + ‖H1/2f‖2
Lp(Ω)

)1/2
. (3.48)

Note that the space Zp(Ω) depends not only on p and Ω, but also on the operator H.
We recall that, given two nonempty open sets Ω1,Ω2 in R

N (without assuming that one contains the
other one) and given two sets of functions Z(Ω1), Z(Ω2) defined on Ω1, Ω2, respectively, an operator E12

of Z(Ω1) to Z(Ω2) is called an extension operator if, for all f ∈ Z(Ω1), the functions f and E12(f) coincide
in Ω1 ∩ Ω2. If Ω2 ⊂ Ω1, then E12(f) = R2(f) for all f ∈ Z(Ω1).

Theorem 3.25. Let 2 < p ≤ ∞. Let Ω1, Ω2 be nonempty open sets in R
N and H1, H2 be nonnegative

self-adjoint linear operators on L2(Ω1), L2(Ω2), respectively, with compact resolvents.
Assume that

L[H1] ⊂ Zp(Ω1), H2 � H1,

and there exists a bounded linear extension operator

E12 : L[H1] → Zp(Ω2), (3.49)

where L[H1] is endowed with the norm ‖ · ‖Zp(Ω1).
Then for all n ∈ N,

λn[H2] ≤ λn[H1] + cn|Ω1 � Ω2|1−2/p (3.50)

if |Ω1 � Ω2| < εn, where

cn = 2(λn[H1] + ‖E12‖2)
n∑

k=1

‖ϕk[H1]‖2
Zp(Ω1), εn =

(
2

n∑

k=1

‖ϕk[H1]‖2
Zp(Ω1)

)p/(2−p)

, (3.51)

and ‖E12‖ denotes the norm of the operator E12.
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Remark 3.6. If Ω1 ⊂ Ω2, then inequality (3.50) can be replaced by inequality

λn[H2] ≤ λn[H1] + c̃n|Ω2 \ Ω1|1−2/p,

where

c̃n = 2‖E12‖2
n∑

k=1

‖ϕk[H1]‖2
Zp(Ω1),

without any restriction on |Ω2 \ Ω1|.
A two-sided estimate for λn[H2] may be obtained by applying Theorem 3.25 to the pairs Ω1,Ω2 and

Ω2,Ω1. We first introduce the following definition.

Definition 3.5. Let Ωk be nonempty open sets in R
N and Hk be nonnegative self-adjoint linear operators

on L2(Ωk), k = 1, 2. We say that H1 and H2 are compatible in Ω1 ∩ Ω2 if H2 � H1 and H1 � H2.

Theorem 3.26. Let 2 < p ≤ ∞, τ > 0, and, for all n ∈ N, Mn, νn > 0. Let A be a nonempty family of
nonempty open sets in R

N . For all Ω ∈ A, let H(Ω) be nonnegative self-adjoint linear operators on L2(Ω)
with compact resolvents such that for all n ∈ N

λn[H(Ω)] ≤ νn (3.52)

and
‖ϕn[H(Ω)]‖Zp(Ω) ≤Mn. (3.53)

Assume that for each Ω1,Ω2 ∈ A the operators H1 ≡ H(Ω1), H2 ≡ H(Ω2) are compatible in Ω1 ∩ Ω2

and there exists a bounded linear extension operator

E12 : L[H1] → Zp(Ω2) (3.54)

such that ‖E12‖ ≤ τ, where L[H1] is endowed with the norm ‖ · ‖Zp(Ω1).
Then for all n ∈ N

|λn[H1] − λn[H2]| ≤ cn|Ω1 � Ω2|1−2/p (3.55)
for all Ω1,Ω2 ∈ A satisfying |Ω1 � Ω2| < εn, where

cn = 2(νn + τ2)
n∑

k=1

M2
k , εn =

(
2

n∑

k=1

M2
k

)p/(2−p)

. (3.56)

A direct application of Theorem 3.26 may not be easy because it requires a description of the spaces
Zp(Ω). In order to overcome this difficulty, one can modify Definition 3.3 and consider more familiar
function spaces, such as, e.g., Sobolev spaces.

We consider families of normed spacesXq(Ω) of complex-valued functions defined on Ω for all 2 ≤ q≤∞
and for all nonempty open sets Ω in R

N and satisfying the following conditions:
(A) if Ω2 ⊂ Ω1 and f ∈ Xq(Ω1), then R2f ∈ Xq(Ω2) and ‖R2f‖Xq(Ω2) ≤ ‖f‖Xq(Ω1);

(B) if |Ω| <∞, 2 ≤ q < r ≤ ∞, and f ∈ Xr(Ω), then f ∈ Xq(Ω) and ‖f‖Xq(Ω) ≤ |Ω| 1q− 1
r ‖f‖Xr(Ω).

For example, Lebesgue spaces Lq(Ω) and Sobolev spaces Wm,q(Ω) satisfy these conditions.

Theorem 3.27. For all 2 ≤ q ≤ ∞ and for all nonempty open sets Ω in R
N , let Xq(Ω) be normed spaces

satisfying conditions (A), (B).
Let 2 < p ≤ ∞, c > 0. Let Ω1,Ω2 be nonempty open sets in R

N and H1, H2 be nonnegative self-adjoint
linear operators on L2(Ω1), L2(Ω2), respectively, with compact resolvents. Assume that

L[H1] ⊂ Lp(Ω1) ∩ Y (Ω1)

for some normed space Y (Ω1).
Assume that

‖H1/2
2 R2f‖2

L2(Ω2) ≤ ‖H1/2
1 R1f‖2

L2(Ω1) + c‖R21f‖2
X2(Ω2\Ω1) (3.57)
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for all functions f defined on Ω1 ∪ Ω2 such that R1f ∈ Dom(H1/2
1 ), R2f ∈ Dom(H1/2

2 ) and such that the
restriction R21f of f to Ω2 \ Ω1 belongs to X2(Ω2 \ Ω1).

Moreover, assume that there exists a bounded linear extension operator

E12 : L[H1] → Xp(Ω2) ∩ Dom(H1/2
2 ), (3.58)

where L[H1] is endowed with the norm ‖ ·‖Y (Ω1) and the target space is endowed with the norm ‖ ·‖Xp(Ω2).
Then for all n ∈ N

λn[H2] ≤ λn[H1] + cn|Ω1 � Ω2|1−2/p (3.59)
if |Ω1 � Ω2| < εn, where

cn = 2
(
λn[H1]

n∑

k=1

‖ϕk[H1]‖2
Lp(Ω1\Ω2) + c‖E12‖2

n∑

k=1

‖ϕk[H1]‖2
Y (Ω1)

)
, (3.60)

εn =
(

2
n∑

k=1

‖ϕk[H1]‖2
Lp(Ω1\Ω2)

)p/(2−p)

. (3.61)

Theorem 3.28. For all 2 ≤ q ≤ ∞ and for all nonempty open sets Ω in R
N , let Xq(Ω) be normed spaces

satisfying conditions (A), (B).
Let 2 < p ≤ ∞, τ, c > 0, and, for all n ∈ N, Mn, νn > 0. Let A be a nonempty family of nonempty

open sets in R
N . For all Ω ∈ A, let Y (Ω) be normed spaces and H(Ω) be nonnegative self-adjoint linear

operators on L2(Ω) with compact resolvents such that for all n ∈ N inequality (3.52) holds and

‖ϕn[H(Ω)]‖Lp(Ω), ‖ϕn[H(Ω)]‖Y (Ω) ≤Mn. (3.62)

Assume that for each Ω1,Ω2 ∈ A the operators H1 ≡ H(Ω1), H2 ≡ H(Ω2) satisfy condition (3.57) and
that there exists a bounded linear extension operator

E12 : L[H1] → Xp(Ω2) ∩ Dom(H1/2
2 ) (3.63)

such that ‖E12‖ ≤ τ, where L[H1] is endowed with the norm ‖ · ‖Y (Ω1) and the target space is endowed
with the norm ‖ · ‖Xp(Ω2).

Then for all n ∈ N

|λn[H1] − λn[H2]| ≤ cn|Ω1 � Ω2|1−2/p (3.64)
for all Ω1,Ω2 ∈ A satisfying |Ω1 � Ω2| < εn, where

cn = 2(νn + cτ2)
n∑

k=1

M2
k , εn =

(
2

n∑

k=1

M2
k

)p/(2−p)

. (3.65)

4. Stability of Eigenvalues and Eigenfunctions under Domain Transformation

In this section, we consider an approach to domain perturbation problems which is complementary to
that considered in the previous section. Namely, we consider perturbations of a given domain Ω in R

N in
the form of homeomorphic images φ(Ω) by Lipschitz or locally Lipschitz homeomorphisms of Ω onto φ(Ω).
In this case, our perturbation problem can be reduced to a problem for families of self-adjoint operators
depending analytically on a parameter, here φ. As we mentioned in the introduction, it is possible to prove
some stability results under minimal assumptions on the regularity of the open sets under consideration.
To do so we apply some abstract methods developed in [34, 37] concerning families of operators in Hilbert
space with variable scalar product.

In the first part, we present global Lipschitz-type estimates for the dependence of eigenvalues and
eigenfunctions upon variation of the transformation φ, while in the second part, we focus our attention
on analyticity results. For simplicity, the analysis is restricted to the Laplace operator with Dirichlet or
Neumann boundary conditions.
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4.1. Global Lipschitz continuity results. Here we consider deformations of a domain Ω in R
N

obtained by means of locally Lipschitz transformations of Ω into R
N . Namely, we set

Φloc(Ω) =
{
φ ∈ (

L1,∞(Ω)
)N : the continuous representative of φ is injective, ess inf

Ω
|det∇φ| > 0

}
,

where L1,∞(Ω) denotes the space of those functions in L1
loc(Ω) with first-order weak derivatives in L∞(Ω).

If φ ∈ Φloc(Ω), one can prove that:
• the set φ(Ω) is open and φ is a homeomorphism of Ω onto φ(Ω); if Ω has finite measure, then φ(Ω)

has finite measure.
• the map of L2(Ω) to L2(φ(Ω)) which takes u ∈ L2(Ω) to u ◦ φ(−1) is a linear homeomorphism of
L2(Ω) onto L2(φ(Ω)) which restricts a linear homeomorphism of W 1,2(Ω) onto W 1,2(φ(Ω)) and a
linear homeomorphism of W 1,2

0 (Ω) onto W 1,2
0 (φ(Ω)); moreover, the chain rule holds.

• the embedding W 1,2(Ω) ⊂ L2(Ω) (resp. W 1,2
0 (Ω) ⊂ L2(Ω)) is compact if and only if the embedding

W 1,2(φ(Ω)) ⊂ L2(φ(Ω)) (resp. W 1,2
0 (φ(Ω)) ⊂ L2(φ(Ω))) is compact.

We shall consider the eigenvalue problem for the Laplace operator subject to Dirichlet or Neumann
boundary conditions on φ(Ω) and we shall present Lipschitz-type inequalities for the variation of the
eigenvalues and eigenfunctions upon variation of φ.

It is convenient to consider the pseudometrics δ, δ′ on Φloc(Ω) defined by

δ(φ1, φ2) ≡
{
‖ |det∇φ1| − |det∇φ2| ‖L∞(Ω)

+
∥∥ ∣∣(∇φ1)−1(∇φ1)−t|det∇φ1| − (∇φ2)−1(∇φ2)−t|det∇φ2|

∣∣ ∥∥
L∞(Ω)

}
,

δ′(φ1, φ2) ≡ ‖ |∇φ1 −∇φ2| ‖L∞(Ω) , (4.1)

for all φ1, φ2 ∈ Φloc(Ω). Indeed, we shall estimate the variation of the eigenvalues and eigenfunctions of
the Laplacian in terms of such pseudometrics. These estimates have a global nature in the sense that we
put no restrictions on the size of δ(φ1, φ2) or δ′(φ1, φ2).

For a proof to all the statements in this section, we refer to [37, 38].

4.1.1. Dirichlet Laplacian. Let Ω be a domain in R
N such that the embedding W 1,2

0 (Ω) ⊂ L2(Ω) is
compact. Then also the embedding W 1,2

0 (φ(Ω)) ⊂ L2(φ(Ω)) is compact and the Dirichlet Laplacian
on φ(Ω) has a discrete spectrum; as usual, we denote by λn[φ(Ω)] the corresponding eigenvalues.

Here we present global Lipschitz continuity results for the dependence on φ of λn[φ(Ω)] and the corre-
sponding eigenfunctions.

We recall that if the embedding W 1,2
0 (Ω) ⊂ L2(Ω) is compact, then the Poincaré constant

cD[Ω] = sup1/2

⎧
⎪⎨

⎪⎩

∫

Ω

|u|2dx
∫

Ω

|∇u|2dx : u ∈W 1,2
0 (Ω) \ {0}

⎫
⎪⎬

⎪⎭

is finite.
Then we have the following global Lipschitz continuity result (see also [20] for a related result).

Theorem 4.1. Let N ≥ 2. Then there exist two functions Λ, Λ′ of the set ]0,+∞[2×[0,+∞[3 to [0,+∞[
decreasing in each of the first two variables and increasing in each of the last three variables such that
∣∣λ−1

n [φ1(Ω)] − λ−1
n [φ2(Ω)]

∣∣

≤ Λ
(

ess inf
Ω

|det∇φ1| , ess inf
Ω

|det∇φ2| , ‖ |∇φ1| ‖L∞(Ω) , ‖ |∇φ2| ‖L∞(Ω) , cD[Ω]
)
δ(φ1, φ2)

≤ Λ′
(

ess inf
Ω

|det∇φ1| , ess inf
Ω

|det∇φ2| , ‖ |∇φ1| ‖L∞(Ω) , ‖ |∇φ2| ‖L∞(Ω) , cD[Ω]
)
δ′(φ1, φ2), (4.2)
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for all n ∈ N, for all nonempty domains Ω in R
N such that the embedding W 1,2

0 (Ω) ⊂ L2(Ω) is compact,
and for all φ1, φ2 ∈ Φloc(Ω). In particular, the functions Λ and Λ′ depend only on N and the right-hand
side of (4.2) does not depend on n ∈ N.

Remark 4.1. If φ1, φ2 differ by a rigid motion, i.e., φ2 = Rφ1 + c, where R is an N × N orthogonal
matrix and c ∈ R

N , then δ(φ1, φ2) = 0 and, by inequality (4.2), λn[φ1(Ω)] = λn[φ2(Ω)], as expected.

We now consider the dependence of the eigenfunctions of the Dirichlet Laplacian on φ(Ω) upon variation
of φ.

The first difficulty in dealing with eigenfunctions consists in the variation of their domain when φ is
perturbed. This difficulty can be overcome by pulling-back (“transplanting,” see [52]) such eigenfunctions
to Ω. Namely, if ϕ is an eigenfunction defined on φ(Ω), then we can study the variation of ϕ◦φ upon vari-
ation of φ: in this case the domain of ϕ◦φ is fixed. Observe that ϕ ∈W 1,2

0 (φ(Ω)), hence, ϕ ◦ φ ∈W 1,2
0 (Ω);

moreover, W 1,2
0 (φ(Ω)) is naturally endowed with the scalar product defined by

∫

φ(Ω)

∇v1∇v̄2dy, ∀ v1, v2 ∈W 1,2
0 (φ(Ω)),

which we pull back on W 1,2
0 (Ω) to the scalar product defined by

Qφ[u1, u2] =
∫

φ(Ω)

∇(u1 ◦ φ(−1))∇(ū2 ◦ φ(−1))dy (4.3)

for all u1, u2 ∈W 1,2
0 (Ω).

Another difficulty is related to multiple eigenvalues: in this case the choice of a normalized eigenfunction
is not uniquely determined; moreover, the multiplicity may change when φ is perturbed. This difficulty
can be overcome by considering a suitable orthogonal projector onto the linear space generated by a
finite number of eigenfunctions and by studying the variation of such projector upon variation of φ. This
projector is sometimes called “eigenprojector,” see [32].

Namely, we fix a finite set of indexes F ⊂ N and we introduce the set

Φloc,D(Ω, F ) = {φ ∈ Φloc(Ω) : λm[φ(Ω)] /∈ {λn[φ(Ω)] : n ∈ F} , ∀m ∈ N \ F} (4.4)

of those transformations for which the eigenvalues with index in F may coincide but must not be equal
to any of the remaining eigenvalues. If φ ∈ Φloc,D(Ω, F ), we consider the linear space ED[φ, F ] generated
by the set {

u ∈W 1,2
0 (Ω) : −Δ[u ◦ φ(−1)] = λn[φ(Ω)]u ◦ φ(−1), for some n ∈ F

}
.

In other words, ED[φ, F ] is the linear space generated by the φ-pull-back of all the eigenfunctions of
the Dirichlet Laplacian on φ(Ω) corresponding to the eigenvalues with index in F. Then we consider the
orthogonal projector PF,D[φ] ofW 1,2

0 (Ω) onto ED[φ, F ] with respect to the scalar productQφ defined above,
and we formulate a global Lipschitz continuity result for the dependence of PF,D[φ] ∈ L(W 1,2

0 (Ω),W 1,2
0 (Ω))

on φ ∈ Φloc,D(Ω, F ), where L(W 1,2
0 (Ω),W 1,2

0 (Ω)) is endowed with the norm associated with the standard
norm in W 1,2

0 (Ω).
It turns out that our estimate depends also on the real number

dD[φ] = min{|λ−1
n [φ(Ω)] − λ−1

m [φ(Ω)]| : n ∈ F, m ∈ N \ F}. (4.5)

In fact we have the following Lipschitz continuity result.

Theorem 4.2. Let N ≥ 2. Let F be a finite subset of N. Then there exist two functions Γ, Γ′ of the set
]0,+∞[4×[0,+∞[3 to [0,+∞[ decreasing in each of the first four variables and increasing in each of the
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last three variables such that

‖PF,D[φ1] − PF,D[φ2]‖L(W 1,2
0 (Ω),W 1,2

0 (Ω))

≤ Γ
(

ess inf
Ω

|det∇φ1| , ess inf
Ω

|det∇φ2| , dD[φ1], dD[φ2], ‖ |∇φ1| ‖L∞(Ω) , ‖ |∇φ2| ‖L∞(Ω) , cD[Ω]
)
δ(φ1, φ2)

≤ Γ′
(

ess inf
Ω

|det∇φ1| , ess inf
Ω

|det∇φ2| , dD[φ1], dD[φ2],

‖ |∇φ1| ‖L∞(Ω) , ‖ |∇φ2| ‖L∞(Ω) , cD[Ω]
)
δ′(φ1, φ2), (4.6)

for all nonempty domains Ω in R
N such that the embedding W 1,2

0 (Ω) ⊂ L2(Ω) is compact and for all
φ1, φ2 ∈ Φloc,D(Ω, F ).

The idea of the proof of Theorems 4.1 and 4.2 is the following. By passing to the resolvent of the Dirich-
let Laplacian and changing variables, one can prove the existence of a bounded operator Hφ of W 1,2

0 (Ω) to
itself whose eigenvalues coincide with the reciprocals of the eigenvalues of the Dirichlet Laplacian on φ(Ω).
The operator Hφ turns out to be compact and self-adjoint with respect to the scalar product Qφ defined
in (4.3). Thus, inequalities (4.2) can be proved by applying the min-max principle to the operator Hφ

and the scalar product Qφ. Inequalities (4.6) can be deduced by the Riesz formula for the eigenprojectors
(see [55] or [32, III, §6, and pp. 276, 277]). By applying such a formula, we have that

PF,D[φ] = − 1
2πi

∫

γ

(Hφ − ξI)−1 dξ, (4.7)

where I is the identity operator and γ is a suitable closed path in the plane, enclosing a region containing
only the eigenvalues of Hφ with index in F. Then a careful choice of the path γ and a detailed analysis of
the quantities in (4.7) depending on φ yield inequalities (4.6).

4.1.2. Neumann Laplacian. Let Ω be a domain in R
N of finite measure such that the embedding

W 1,2(Ω) ⊂ L2(Ω) is compact. Then φ(Ω) has finite measure, the embedding W 1,2(φ(Ω)) ⊂ L2(φ(Ω)) is
compact, and the Neumann Laplacian on φ(Ω) has a discrete spectrum; as usual, we denote by λn[φ(Ω)]
the corresponding eigenvalues.

We recall that if the embedding W 1,2(Ω) ⊂ L2(Ω) is compact, then the Poincaré constant

cN [Ω] = sup1/2

⎧
⎪⎨

⎪⎩

∫

Ω

|u|2dx
∫

Ω

|∇u|2dx : u ∈W 1,2(Ω) \ {0},
∫

Ω

udx = 0

⎫
⎪⎬

⎪⎭

is finite.

Theorem 4.3. Let N ≥ 2. Then there exist two functions Λ, Λ′ of the set ]0,+∞[2×[0,+∞[3 to [0,+∞[
decreasing in each of the first two variables and increasing in each of the last three variables such that
inequalities (4.2) (with cN [Ω] replacing cD[Ω]) hold for all n ≥ 2 and all nonempty domains Ω in R

N of
finite measure such that the embedding W 1,2(Ω) ⊂ L2(Ω) is compact.

As far as the eigenfunctions are concerned, we proceed as for the Dirichlet Laplacian. We observe
that the eigenfunctions of the Neumann Laplacian on φ(Ω) belong to W 1,2(φ(Ω)) and that W 1,2(φ(Ω)) is
naturally endowed with the scalar product defined by

∫

φ(Ω)

(v1v̄2 + ∇v1∇v̄2)dy, ∀ v1, v2 ∈W 1,2(φ(Ω)),
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which we pull back on W 1,2(Ω) to the scalar product defined by

Q̂φ[u1, u2] =
∫

φ(Ω)

u1 ◦ φ(−1)ū2 ◦ φ(−1)dy +Qφ[u1, u2], ∀ u1, u2 ∈W 1,2(Ω).

If F is a finite subset of N, we consider the set Φloc,N (Ω, F ) defined in the same way as in (4.4), and, for
all φ ∈ Φloc,N (Ω, F ), we consider the orthogonal projector PF,N [φ] of W 1,2(Ω) onto EN [φ, F ] with respect
to the scalar product Q̂φ, where EN [φ, F ] is the space generated by the set of those u ∈ W 1,2(Ω) such
that u ◦ φ(−1) is an eigenfunction of the Neumann Laplacian on φ(Ω) corresponding to λn[φ(Ω)] for some
n ∈ F.

Then we have the following theorem where dN [φ] is defined in the same way as in (4.5).

Theorem 4.4. Let N ≥ 2. Let F be a finite subset of N \ {1}. Then there exist two functions Γ, Γ′ of the
set ]0,+∞[4×[0,+∞[3 to [0,+∞[ decreasing in each of the first four variables and increasing in each of
the last three variables such that

‖PF,N [φ1] − PF,N [φ2]‖L(W 1,2(Ω),W 1,2(Ω))

≤ Γ
[
ess inf

Ω
|det∇φ1| , ess inf

Ω
|det∇φ2| , dN [φ1], dN [φ2], ‖ |∇φ1| ‖L∞(Ω) , ‖ |∇φ2| ‖L∞(Ω) , cN [Ω]

]
δ(φ1, φ2)

≤ Γ′
[
ess inf

Ω
|det∇φ1| , ess inf

Ω
|det∇φ2| , dN [φ1], dN [φ2], ‖ |∇φ1| ‖L∞(Ω) , ‖ |∇φ2| ‖L∞(Ω) , cN [Ω]

]
δ′(φ1, φ2)

for all nonempty domains of finite measure Ω in R
N such that the embedding W 1,2(Ω) ⊂ L2(Ω) is compact

and for all φ1, φ2 ∈ Φloc,N (Ω, F ).

4.2. Analyticity results. We now consider perturbations of a domain Ω in R
N of the form φ(Ω),

where φ is a bi-Lipschitz homeomorphism of Ω onto φ(Ω). Namely, we set

Φ(Ω) =

⎧
⎨

⎩φ ∈ (Lip(Ω))N : inf
x,y∈Ω
x 	=y

|φ(x) − φ(y)|
|x− y| > 0

⎫
⎬

⎭ , (4.8)

where Lip(Ω) is the space of all Lipschitz continuous real-valued functions in Ω. We assume that Lip(Ω) is
endowed with some norm which renders Lip(Ω) a Banach space continuously embedded in the complete
seminormed space (Lip(Ω), | · |1), where |f |1 denotes the Lipschitz constant of a function f ∈ Lip(Ω).

One can prove that:
• the set Φ(Ω) is open in (Lip(Ω))N and Φ(Ω) ⊂ Φloc(Ω);
• if φ ∈ Φ(Ω), then φ(−1) ∈ Φ(φ(Ω)).

In the sequel, we shall present some analyticity results for the dependence of the eigenvalues and
eigenfunctions of the Dirichlet and Neumann Laplacian on φ(Ω) upon variation of φ.

For a proof of all the statements in this section, we refer to [34, 41].

4.2.1. Dirichlet Laplacian. As we have already mentioned, it is known that simple eigenvalues depend
analytically on φ. Namely, one can prove that if F = {n} with n ∈ N, then the map which takes
φ ∈ Φ(Ω) ∩ Φloc,D(Ω, F ) to λn[φ(Ω)] is real analytic. In particular, the map which takes φ ∈ Φ(Ω) to
λ1[φ(Ω)] is real analytic since λ1[φ(Ω)] is simple for all φ ∈ Φ(Ω) and accordingly Φ(Ω)∩Φloc,D(Ω, {1}) =
Φ(Ω).

On the contrary, if |F | > 1 the situation is more complicated since the multiplicity of a multiple
eigenvalue may change when the domain is deformed. However, it it turns out that the projector PF,D[φ]
and the symmetric functions of the eigenvalues with index in F depend analytically on φ. In fact we have
the following.
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Theorem 4.5. Let Ω be a domain in R
N such that the embedding W 1,2

0 (Ω) ⊂ L2(Ω) is compact. Let F
be a finite subset of N. Let

ΦD(Ω, F ) = Φ(Ω) ∩ Φloc,D(Ω, F ).

Then the following statements hold.

(i) The set ΦD(Ω, F ) is open in (Lip(Ω))N . The map of the set ΦD(Ω, F ) to L
(
W 1,2

0 (Ω),W 1,2
0 (Ω)

)

which takes φ ∈ ΦD(Ω, F ) to PF,D[φ] is real analytic.
(ii) Let s ∈ {1, . . . , |F |} . The function of ΦD(Ω, F ) to R which takes φ ∈ ΦD(Ω, F ) to

ΛF,s[φ] =
∑

n1,...,ns∈F
n1<···<ns

λn1 [φ(Ω)] · · ·λns [φ(Ω)] (4.9)

is real analytic.

Statement (i) can be proved either by using formula (4.7) or by using the implicit function theorem
applied to a suitable functional equation satisfied by the projector PF,D[φ]. Then it is possible to reduce
our eigenvalue problem to finite dimension by considering the restriction of the operator Hφ to the image
of the projector PF,D[φ] and representing it by means of a matrix whose entries depend analytically
on φ. The symmetric functions of the eigenvalues of Hφ are given up to a sign by the coefficients of the
characteristic equation of such a matrix. Then the validity of statement (ii) easily follows.

As a corollary, we have that multiple eigenvalues depend analytically on the set of those transforma-
tions φ which preserve their multiplicity. Namely, we set

ΘD(Ω, F ) = {φ ∈ ΦD(Ω, F ) : λn[φ(Ω)] have a common value λF [φ(Ω)] ∀n ∈ F} (4.10)

and we observe that the real analytic functions
(( |F |

s

)−1

ΛF,s[·]
)1/s

, s = 1, . . . , |F |,

of ΦD(Ω, F ) to R coincide on ΘD(Ω, F ) with the function which takes φ to λF [φ(Ω)].
Thus, we have the following.

Corollary 4.1. Let the same assumptions of Theorem 4.5 hold. Then the function of ΘD(Ω, F ) to R

which takes φ ∈ ΘD(Ω, F ) to λF [φ(Ω)] is real analytic.

If we consider deformations φ(Ω) for φ ∈ ΦD(Ω, F ) \ ΘD(Ω, F ), then the eigenvalues λn[φ(Ω)] with
index n ∈ F may not be differentiable on φ. This is due to a bifurcation phenomenon which is described
by the well-known Rellich–Nagy theorem concerning the eigenvalues of a family of self-adjoint operators
depending on a scalar parameter. We apply such a theorem to our domain perturbation problem.

It is convenient to set

Υ[φ, v1, v2, λ, ψ] =
∫

φ(Ω)

(∇v1∇v̄2 − λv1v̄2) div
(
ψ ◦ φ(−1)

)
dy

−
∫

φ(Ω)

∇v1

[
∇

(
ψ ◦ φ(−1)

)
+ ∇

(
ψ ◦ φ(−1)

)t
]
∇v̄t

2 dy (4.11)

for all φ ∈ Φ(Ω), ψ ∈ (Lip(Ω))N , v1, v2 ∈W 1,2(φ(Ω)), and λ ∈ R.
Then, by applying the Rellich–Nagy theorem [54, Theorem 1, p. 33] to a suitable matrix representing

the restriction of the operator Hφ to the image of the eigenprojector, we can prove the following (see
also [30]).
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Theorem 4.6. Let Ω be a domain in R
N such that the embedding W 1,2

0 (Ω) ⊂ L2(Ω) is compact. Let
m, n ∈ N and φ̃ ∈ Φ(Ω) be such that λ̃ ≡ λn[φ̃(Ω)] = · · · = λn+m−1[φ̃(Ω)] is an eigenvalue of multiplicity m.

Let I be an open interval in R containing zero and {φε}ε∈I
be a real analytic family in Φ(Ω) with φ0 = φ̃.

Then, possibly shrinking I, there exist m real analytic functions ζ1, . . . , ζm of I to R such that

{λn+h[φε(Ω)] : h = 0, . . . ,m − 1} = {ζ1(ε), . . . , ζm(ε)} . (4.12)

Moreover, the first derivatives in zero of the functions ζ1, . . . , ζm coincide with the eigenvalues of the
matrix (

Υ[φ̃, ϕn+h, ϕn+k, λ̃, φ̇0]
)

h,k=0,...,m−1
, (4.13)

where φ̇0 =
dφε

dε

∣∣∣∣
ε=0

and ϕn, . . . , ϕn+m−1 is any orthonormal basis in L2(φ̃(Ω)) of the eigenspace of λ̃.

Remark 4.2. If ϕn+h ∈W 2,2(φ̃(Ω)) for all h = 0, . . . ,m − 1 and φ̇0 ∈ (L∞(Ω) ∩ Lip (Ω))N , then

Υ[φ̃, ϕn+h, ϕn+k, λ̃, φ̇0] = −
∫

φ̃(Ω)

div
[(∇ϕn+h∇ϕ̄t

n+k

)
φ̇0 ◦ φ̃(−1)

]
dy. (4.14)

By Theorem 4.6, it follows that there exists δ > 0 such that the functions which take ε ∈ I to
λn+h[φε(Ω)] are real analytic in I ∩ [0, δ[ and in I∩] − δ, 0], but not necessarily in an open neighborhood
of zero. For example, if |F | = 2 and matrix (4.13) has two simple eigenvalues then both the functions
ε �→ λn+h[φε(Ω)], h = 0, 1, are not differentiable in zero since their left and right derivatives in zero do
not coincide.

We remark that easily constructed examples in finite dimension show that the Rellich–Nagy theorem
does not hold for families of operators depending on a parameter belonging to a multidimensional vector
space.

Example 4.1. The eigenvalues of the matrix

A(χ1, χ2, χ3) =
(

1 + χ1 + χ3 χ2

χ2 1 − χ1 + χ3

)
(4.15)

are 1 + χ3 ±
√
χ2

1 + χ2
2 for all (χ1, χ2, χ3) ∈ R

3.
The matrix A(0, 0, 0) has only the eigenvalue λ = 1, whose multiplicity is two. Obviously, it is not

possible to rearrange the eigenvalues of matrix (4.15) in order to represent them by means of two analytic
functions of (χ1, χ3, χ3) in a neighborhood of zero. Anyway, it is also clear that the singularity given by
the term

√
χ2

1 + χ2
2 disappears when χ2

1 + χ2
2 = 0. Thus, if we restrict the function A(·) to the χ3-axis,

setting χ1 = χ2 = 0, we have that the matrix A(0, 0, χ3) has only the eigenvalue 1 + χ3, which depends
analytically on χ3. We remark that the χ3-axis is exactly the set of those χ’s such that the eigenvalues of
A(χ1, χ2, χ3) which split the eigenvalue λ = 1 coincide and keep a multiplicity equal to 2 (compare with
Corollary 4.1).

4.2.2. Neumann Laplacian. In the case of the Neumann Laplacian Theorems 4.5 and 4.6 and Corol-
lary 4.1 hold without any major changes. Namely, given a domain Ω in R

N of finite measure such that
the embedding W 1,2(Ω) ⊂ L2(Ω) is compact, then the symmetric functions ΛF,s defined in the same way
as in (4.9) depend real-analytically on φ ∈ ΦN (Ω, F ) = Φ(Ω)∩Φloc,N (Ω, F ). Hence, a multiple eigenvalue
λF [φ(Ω)] depends analytically on the set ΘN [Ω, F ] defined in the same way as in (4.10). Moreover, given
φ̃ ∈ Φ(Ω) such that λ̃ = λn[φ̃(Ω)] = · · · = λn+m−1[φ̃(Ω)] is an eigenvalue of multiplicity m, and a real
analytic family {φε}ε∈I

in Φ(Ω) with φ0 = φ̃, then the eigenvalues λn+h[φε(Ω)] splitting from λ̃ can be
described by real analytic functions as in Theorem 4.6, and the derivatives in zero of such functions can
be computed exactly as in Theorem 4.6; we point out that if the Neumann eigenfunctions ϕn+h belong to
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W 2,2(φ̃(Ω)) and φ̇0 ∈ (L∞(Ω) ∩ Lip(Ω))N , then the corresponding matrix in (4.13) assumes a simplified
form, namely

Υ[φ̃, ϕn+h, ϕn+k, λ̃, φ̇0] =
∫

φ̃(Ω)

div
[(

∇ϕn+h∇ϕ̄t
n+k − λ̃ϕn+hϕ̄n+k

)
φ̇0 ◦ φ̃(−1)

]
dy. (4.16)

4.2.3. An application. We now quickly describe an application of Theorem 4.5 in order to show some
advantages of the approach to domain perturbation problems described in this section.

We recall that the Rayleigh–Krahn–Faber theorem states that the ball minimizes the first eigenvalue
of the Dirichlet Laplacian amongst all the domains in R

N with a prescribed finite measure. Moreover,
there are no other minimizers. A way to prove this second assertion in the class of smooth domains is to
use a domain perturbation argument which exploits some of the results above (cf. [16, 29]).

Let Ω be a bounded smooth domain in R
N . For all φ ∈ Φ(Ω), the measure of φ(Ω) is given by

V[φ] =
∫

Ω

|det∇φ|dx. (4.17)

Observe that the functional V is real analytic. If Ω is a minimizer for the first eigenvalue of the Dirichlet
Laplacian under the volume constraint |Ω| = constant, then the identity map I of Ω to itself is a critical
point for the functional which takes φ ∈ Φ(Ω) to λ1[φ(Ω)] on the level set {φ ∈ Φ(Ω) : V[φ] = |Ω|} of the
functional V. Thus, there exists c ∈ R (a Lagrange multiplier) such that

d|φ=Iλ1[φ(Ω)] = cd|φ=IV[φ].

By Theorems 4.5, 4.6 and Remark 4.2, by applying the divergence theorem to the right hand-side of (4.14)
and differentiating the right-hand side of (4.17), it follows that

∫

∂Ω

∣∣∣∣
∂ϕ1

∂ν

∣∣∣∣
2

φ̇0 · νdσ = c

∫

Ω
φ̇0 · νdσ

for all φ̇0 ∈ (Lip(Ω))N , where ν denotes the exterior unit normal to ∂Ω. Recall that it is possible to choose

ϕ1 > 0 in Ω. It follows that
∂ϕ1

∂ν
is constant. Hence, ϕ1 satisfies the following over-determined system:
⎧
⎪⎨

⎪⎩

−Δu = λu in Ω,
u = 0 on ∂Ω,
∂u

∂ν
is constant on ∂Ω.

(4.18)

Now one can prove that the existence of a positive solution of problem (4.18) implies that Ω is a ball
(for a proof, we refer to [29]). Thus, the ball is the unique critical point with volume constraint of the
first eigenvalue of the Dirichlet Laplacian. It is interesting to observe that, more generally, the ball is a
critical point with volume constraint also for the symmetric functions of the eigenvalues of the Dirichlet
Laplacian, which is equivalent to saying that for a ball Ω the following overdetermined system has a
solution: ⎧

⎪⎪⎨

⎪⎪⎩

−Δuj = λFuj in Ω,
uj = 0 on ∂Ω,
∑
j∈F

∣∣∣∣
∂uj

∂ν

∣∣∣∣
2

is constant on ∂Ω.
(4.19)

Here uj , with j ∈ F, is an orthonormal basis for eigenspace corresponding to the multiple eigenvalue λF .
It would be interesting to classify the open sets Ω for which problem (4.19) has a nontrivial solution
(see [39] for details). Similar results hold also for the Neumann Laplacian.

1446



4.3. Persistence of multiplicity of eigenvalues.

4.3.1. Dirichlet Laplacian. It is well known that the multiplicity of an eigenvalue λn[Ω] of an elliptic
operator is not stable upon perturbation of Ω. In [46], it is proved that for a fixed domain Ω in R

N

of class C3, it is possible to find transformations φ of Ω into R
N , arbitrarily close to the identity in

C3(Ω,RN ), such that all the eigenvalues of the Dirichlet Laplacian on φ(Ω) are simple.

Theorem 4.7. Let Ω be a bounded domain in R
N of class C3.

Then for each ε > 0 there exists φ ∈ Φ(Ω) ∩ (C3(Ω))N such that

sup
0≤|α|≤3

sup
x∈Ω

|Dα(φ(x) − x)| < ε

and such that all the eigenvalues of the Dirichlet Laplacian on φ(Ω) are simple.

For a more general class of elliptic operators, see also [47, 48].
It is clearly of interest to know whether there exist deformations of Ω which preserve the multiplicity

of a multiple eigenvalue and to investigate the structure of such set of transformations (see [2, 18, 40,
43–45, 59]).

The following theorem gives sufficient conditions in order to guarantee that such a set of transformations
is a Banach manifold of finite codimension; see [40, 43–45, 59].

Theorem 4.8. Let Ω be a nonempty connected open subset of R
N such that the embedding W 1,2

0 (Ω) ⊂
L2(Ω) is compact. Let m, n ∈ N, F = {n, n+1, . . . , n+m−1}. Let φ̃ ∈ ΘD(Ω, F ) and ϕn, . . . , ϕn+m−1 be a
real orthonormal basis of the eigenspace of λF [φ̃(Ω)] with respect to the usual scalar product in L2(φ̃(Ω)).
Let ϑ be the dimension of the real vector space of matrices m × m defined by

{(
Υ[φ̃, ϕn+h, ϕn+k, λF [φ̃(Ω)], ψ] − δhkΥ[φ̃, ϕn, ϕn, λF [φ̃(Ω)], ψ]

)

h,k=0,...,m−1
: ψ ∈ (Lip(Ω))N

}
. (4.20)

Then 0 ≤ ϑ ≤ m(m + 1)
2

− 1, and we can choose an open neighborhood Ṽ of φ̃ in Φ(Ω) such that

ΘD(Ω, F ) ∩ Ṽ is contained in a real analytic Banach submanifold of (Lip(Ω))N of codimension ϑ. Fur-

thermore, if ϑ =
m(m + 1)

2
− 1, then we can choose Ṽ so that ΘD(Ω, F ) ∩ Ṽ is a real analytic Banach

submanifold of (Lip(Ω))N of codimension
m(m + 1)

2
− 1, whose tangent space at φ̃ equals the space

{
ψ ∈ (Lip(Ω))N :

(
Υ[φ̃, ϕn+h, ϕn+k, λF [φ̃(Ω)], ψ] − δhkΥ[φ̃, ϕn, ϕn, λF [φ̃(Ω)], ψ]

)

h,k=0,...,m−1
= 0

}
. (4.21)

Remark 4.3. Condition ϑ =
m(m + 1)

2
− 1 corresponds to the so-called “Strong Arnold Hypothesis”

introduced in [18]. See also [2].

Under stronger assumptions on φ̃(Ω), it is possible to gain a better understanding of ϑ. Given an open

set Ω in R
N , we denote by

◦
W 1,1(Ω) the space of those functions u ∈ W 1,1(Ω) such that the extension-

by-zero of u to R
N belongs to W 1,1(RN ). (Recall that W 1,1

0 (Ω) ⊂ ◦
W 1,1(Ω) and that equality holds if Ω is

of class C; see [7] for weaker sufficient conditions ensuring this equality and for necessary and sufficient

conditions on Ω ensuring the equality W 1,p
0 (Ω) =

◦
W 1,p(Ω) for p > N . )

Theorem 4.9. Let the same assumptions of Theorem 4.8 hold. Assume that ∂φ̃(Ω) have zero N -dimen-
sional Lebesgue measure and ϕn+h ∈ W 2,2(φ̃(Ω)) for all h = 0, . . . ,m − 1. Let q denote the canonical

projection of W 1,1(φ̃(Ω)) onto the quotient space W 1,1(φ̃(Ω))/
◦
W 1,1(φ̃(Ω)).
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Then ϑ equals the dimension of the subspace of W 1,1(φ̃(Ω))/
◦
W 1,1(φ̃(Ω)) generated by

{q [Dϕn+hDϕn+k − δhkDϕnDϕn] : h, k = 0, . . . ,m − 1} . (4.22)

Theorem 4.10. Let the same assumptions of Theorem 4.9 hold. Moreover, assume that φ̃(Ω) is of
class C0,1 and that ϕn+h ∈ C1

(
φ̃(Ω)

)
for all h = 0, . . . ,m − 1.

Then ϑ equals the dimension of the subspace of L1(∂φ̃(Ω)) generated by the set
{
∂ϕn+h

∂ν

∂ϕn+k

∂ν
− δhk

∂ϕn

∂ν

∂ϕn

∂ν
: h, k = 0, . . . ,m − 1

}
.

By applying the previous theorem one can compute ϑ as in the following examples from [43, 45].

Example 4.2. Let Ω be a bounded domain in R
N of class C1,1, φ̃ be the identity map in Ω, and m = 2.

Then condition ϑ =
m(m + 1)

2
−1 is satisfied. Hence, the deformations of Ω, which preserve the multiplicity

of an eigenvalue of multiplicity 2, form a manifold of codimension ϑ = 2.

Example 4.3. Let N = 3, Ω be a ball, and φ̃ be the identity map in Ω. Recall that, in this case, for each
odd number m there exists an eigenvalue of the Dirichlet Laplacian on Ω of multiplicity m. In particular,

for all eigenvalues of multiplicity m = 3, condition ϑ =
m(m + 1)

2
−1 is satisfied. Hence, the deformations

of a ball in R
3, which preserve the multiplicity of an eigenvalue of multiplicity 3 of such a ball, form a

manifold of codimension ϑ = 5.

4.3.2. Neumann Laplacian. In the case of the Neumann Laplacian, Theorems 4.8–4.10 hold without
major changes. For the sake of completeness, we formulate the corresponding statements (see [36]).

Theorem 4.11. Let Ω be a nonempty connected open subset of R
N such that the embedding W 1,2(Ω) ⊂

L2(Ω) is compact. Let m, n ∈ N, n ≥ 2, F = {n, n + 1, . . . , n + m − 1}. Let φ̃ ∈ ΘN (Ω, F ) and
ϕn, . . . , ϕn+m−1 be a real orthonormal basis of the eigenspace of λF [φ̃(Ω)] with respect to the usual scalar
product in L2(φ̃(Ω)). Let ϑ be the dimension of the real vector space of matrices m × m defined by

{(
Υ[φ̃, ϕn+h, ϕn+k, λF [φ̃(Ω)], ψ] − δhkΥ[φ̃, ϕn, ϕn, λF [φ̃(Ω)], ψ]

)

h,k=0,...,m−1
: ψ ∈ (Lip(Ω))N

}
. (4.23)

Then 0 ≤ ϑ ≤ m(m + 1)
2

− 1, and we can choose an open neighborhood Ṽ of φ̃ in Φ(Ω) such that

ΘN (Ω, F )∩ Ṽ is contained in a real analytic Banach submanifold of (Lip(Ω))N of codimension ϑ. Further-

more, if ϑ =
m(m + 1)

2
− 1, then we can choose Ṽ so that ΘN (Ω, F ) ∩ Ṽ is a real analytic Banach

submanifold of (Lip(Ω))N of codimension
m(m + 1)

2
− 1, whose tangent space at φ̃ equals the space

{
ψ ∈ (Lip(Ω))N :

(
Υ[φ̃, ϕn+h, ϕn+k, λF [φ̃(Ω)], ψ] − δhkΥ[φ̃, ϕn, ϕn, λF [φ̃(Ω)], ψ]

)

h,k=0,...,m−1
= 0

}
. (4.24)

Theorem 4.12. Let the same assumptions of Theorem 4.11 hold. Assume that ∂φ̃(Ω) have zero N -
dimensional Lebesgue measure and ϕn+h ∈W 2,2(φ̃(Ω)) for all h = 0, . . . ,m − 1.

Then ϑ equals the dimension of the subspace of W 1,1(φ̃(Ω))/
◦
W 1,1(φ̃(Ω)) generated by

{q [Mhk − δhkM00] : h, k = 0, . . . ,m − 1} , (4.25)

where
Mhk ≡ Dϕn+hDϕn+k − λF [φ̃(Ω)]ϕn+hϕn+k (4.26)
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for all h, k = 0, . . . ,m − 1.

Theorem 4.13. Let the same assumptions of Theorem 4.12 hold. Moreover, assume that φ̃(Ω) is of
class C0,1 and that ϕn+h ∈ C1

(
φ̃(Ω)

)
for all h = 0, . . . ,m − 1.

Then ϑ equals the dimension of the subspace of L1(∂φ̃(Ω)) generated by the set

{Mhk − δhkM00 : h, k = 0, . . . ,m − 1} .
Example 4.4. Let N = 2, Ω = ]0, π[×]0, π[, and φ̃ be the identity map in Ω. Then it is well known that
λ2[Ω] = 1 is an eigenvalue of multiplicity 2 and that the corresponding eigenspace is spanned by v1(y1, y2)
= cos y1 and v2(y1, y2) = cos y2 (cf., e.g., [19, Ch. 5, §5,4]). Then, by the previous theorem, condition

ϑ =
m(m + 1)

2
− 1 is satisfied. Hence, the deformations of Ω, which preserve the multiplicity of λ2[Ω],

form a manifold of codimension ϑ = 2.
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