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1. Basic Constructions, Definitions, and Notation

Our primary goal is to prove the following theorem.

Theorem. The class of compact orientable 3-manifolds M admitting two bundle structures p1 : M
N1−→ S1

and p2 : M
S1

−→ N2 (with orientable N1 and N2) consists of:

(1) manifolds of type N × S1;

(2) manifolds given by the fiber p : M
T 2

−→ S1 with homomorphism f equal to the Dehn k-turn twisting
along the meridian.

All listed manifolds are different.

Now let us introduce the notation. Given a compact orientable 3-manifold M , suppose there exist two

bundles p1 : M
N1−→ S1 and p2 : M

S1

−→ N2, where N1 and N2 are 2-manifolds. In the whole work we
consider N1 to be orientable. The following statement explains this.

Statement 1. Let M be an orientable 3-manifold. Suppose there exists a bundle p1 : M
N1−→ S1. Then

the 2-manifold N1 is orientable as well.

Proof. Actually, from the definition of a bundle, it follows that M contains a submanifold L ≈ I × N1,
where I is a closed interval. The submanifold L inherits the orientation from M . Thus, its boundary
∂L = ({0} × N1) ∪ ({1} × N1) ≈ N1 t N1 is orientable. Therefore, N1 is orientable. This completes the
proof.

For simplicity, we will consider N2 also orientable. Denote by g1 and g2 the genus of N1 and N2.
The classification of the bundles p1 and p2 is well known (for more precise information, see [3]). Let us
reproduce the main steps.

1.1. Construction of the first bundle. Let us see how to describe the first bundle p1 : M
N1−→ S1.

First of all, we have to know the fiber N1. As was said above, it is orientable. Now, cut a point 0 from

the base. Then the fiber p1 : M\p−1
1 (0)

N1−→ (0, 1) is trivial by the Feldbau lemma (see, e.g., [1]).

Thus, M\p−1
1 (0) ≈ N1 × (0, 1); consequently, M is obtained from N1 × (0, 1) by attaching boundary

components by some homeomorphism f : N1×{0} → N1×{1}. It is easy to see that one can consider the
homeomorphism f up to an isotopy (if, taking a homeomorphism from the same isotopy class, we obtain
an equivalent bundle). Thus, in order to define M , it suffices to know N1 and f .

Later we will also use the linear automorphism f∗ : Ci(M ; Z) → Ci(M ; Z).
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1.2. Construction of the second bundle. Given a bundle p2 : M
S1

−→ N2, it can be defined in
different manners. In the first case, the group S1 acts on M , and the preimages of projection points are
orbits of this action (in the sequel, preimages are called orbits).

The second way is quite analogous to the construction of the first bundle. Delete a disk D from the

base N2. Let us show that the bundle M\p−1
2 (D)

S1−→ N2\D is trivial. The space N2\D is homotopically
equivalent to the wedge of 2g2 circles S1

i . Take a small neighborhood Ri = RN2
(S1

i ) of any of them. Let
us show that the bundle over Ri is trivial.

In general, there can be only two bundles over Ri with fiber S1. Indeed, all such bundles can be obtained
from S1 × I × I by gluing boundary annuli by some homeomorphism g : S1 ×{0}× I → S1 ×{1}× I. In
order to obtain the annulus Ri (but not a Moebius band) at the base, we must require that g obey the
following:

g : S1 × {0} × {0} 7→ S1 × {1} × {0}

and
g : S1 × {0} × {1} 7→ S1 × {1} × {1},

i.e., g connects inner and outer circles of the boundary annulus with the corresponding inner and outer
circles of the other annulus. But only the identity homeomorphism (up to an isotopy) satisfies the
properties described above. Therefore, there are two bundles over Ri. One of them is the projection

p : S1 × S1
i × I

S1

−→ S1
i × I. The second is q : K × I

S1

−→ S1
i × I. Here, K is the Klein bottle. Since M is

orientable, the second bundle is not possible.
Hence the bundle over Ri is trivial. Then the bundle over their union, N2\D, is also trivial. Now M

is split into two trivial bundles: over D and over N2\D.
Therefore, the total bundle can be given by the boundary tori homeomorphism: φ : ∂(N2\D) × S1 →

∂D×S1. In fact, it is well known that all such bundles can be encoded by a single number: deg φ |S1×{0}:

∂(N2\D)×{0} → {0}×S1. We denote it by k. This number also corresponds to the Euler characteristic
class (see [4]). Thus, in order to define M , it suffices to know N2 and k.

2. Computation of the Algebraic Invariants

In this section, we will do all the groundwork that is needed to prove the classification theorem. We
construct algebraic invariants of our bundles and study the construction of M taking these invariants into
account.

2.1. Cellular decomposition of M . All calculations will be based on the cell decomposition of M .
Certainly, we could use a more direct and simple way to calculate the homology groups (e.g., by using
exact sequences), but, in fact, we will use the cell decomposition later.

2.1.1. According to the first bundle p1 : M
N1−→ S1. Consider the standard cellular decomposition of N1.

It consists of a 2-cell A, 2g1 one-dimensional cells a1, . . . , a2g1
, and one 0-cell a0. Denote two cells of S1

by e1 (1-dimensional) and e0 (0-dimensional).
As stated above, M can be defined by N1 and f . Note that we can replace f by a mapping f ′ homotopic

to f ; then M will be replaced by a homotopically equivalent space M ′. But this is not essential for
calculating homotopic invariants. Thus, applying the cellular approximation theorem (see [1]), we can
consider f ′ as a cellular mapping.

This allows us to define the cellular decomposition of M ′. One-dimensional cells are a1 × e0, . . . , a2g1
×

e0, a0 × e1, and 2-cells are A × e0, a1 × e1, . . . , a2g1
× e1.

2.1.2. According to the second bundle p2 : M
S1

−→ N2. Consider a cell decomposition of N2. As in the
case above, denote the cells of this decomposition by B, b1, . . . , b2g2

, b0. Denote the cells of S1 by e1, e0.
Then, analogously to the above, one-dimensional cells of M are b1 × e0, . . . , b2g2

× e0, b0 × e1, and 2-cells
are B × e0, b1 × b1, . . . , b2g2

× e1.
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2.2. Calculation of the homology groups. Let us calculate the homology groups. In the following,
all homologies are considered with coefficients from Z.

Statement 2. Let M be an orientable compact 3-manifold admitting the structure of the bundle p1 :

M
N1−→ S1. Then the homology group H1(M) is isomorphic to Z ⊕ Z

2g1/ Im(Id−f∗); H2(M) ∼= Z ⊕
Ker(Id−f∗).

Proof. Let us write the boundaries of the cells (according to the first cell decomposition). Obviously,
the boundary of each 1-cell equals zero. Moreover, the boundary of a 3-cell is zero as well. Indeed,
∂(A × e1) = ∂A × e1 + A − f∗(A) = A − f∗(A), which equals zero because M is orientable; therefore,
f∗(A) = A.

Now, consider boundaries of 2-cells:

∂(A × e0) = ∂A × e0 = 0

∂(ai × e1) = −e1 + ai + e1 − f∗(ai) = ai − f∗(ai).

Now the statement follows straightforwardly.

Statement 3. Let M be a compact orientable 3-manifold admitting the structure of the bundle p2 : M
S1−→

N2 with orientable N2. If p2 is not trivial (hence k 6= 0), then H1(M) ∼= Z
2g2 ⊕ Z/kZ; H2(M) ∼= Z

2g2,
where k is the same as in Sec. 1.2.

Proof. Let us use the second cellular decomposition. Obviously, boundaries of 1-cells and 3-cells are all
zero. Now let us write the boundaries of 2-cells:

∂(bi × e1) = ∂bi × e1 + bi × ∂e1 = 0;

∂(B × e0) = ∂B + k(b0 × e1) = k(b0 × e1).

The last relation follows from the definition of φ and k (see Sec. 1.2). If k is zero, M is a direct product.
Now, the statement follows straightforwardly.

2.3. Calculation of the intersection form. Now let us construct the “multiplication” in homologies.
It can be represented as follows. For two elements of the homology group, let us choose its representatives
from the chain groups. The result of multiplication is the homology class of the intersection of these
chains.

The definition of right orientation on the intersection will be illustrated in the 2-dimensional case. Let
A = B ∩ C, where B and C are oriented 2-simplices. Then A is 1-dimensional. Set some orientation on
A. This means setting the direction of the basis vector e1. This vector can be uniquely complemented
by vectors e2 ∈ B and e3 ∈ C such that the pairs (e1, e2) and (e1, e3) are positively oriented in B and C,
respectively. If the triple (e1, e2, e3) is positively oriented in M , then the orientation of A was chosen well.
Otherwise, change the orientation of A to the opposite. It is easy to see that the triple will also change
the orientation. Note that we have constructed a skew-symmetric product.

It is easy to verify that if we interchange representatives by homological ones, then the result changes
in the same way. Thus, this product in homologies is well defined.

We have directly constructed the multiplication dual to the “cup product” in cohomologies. Obviously,
for a 3-manifold, the product of a k-homology and an l-homology gives a (k + l− 3)-homology. Thus, the
only interesting thing here is the case k = l = 2. We multiply two 2-homologies and obtain a 1-homology.
More precisely, there exists a mapping

m : H2(M) ∧ H2(M) → H1(M).

We are interested in different properties of m. More precisely, we will study Im(m) and Ker(m). Here,
Ker(m) = {A ∈ H2(M)|∀B ∈ H2(M) : A ∩ B = 0}. We will use the notation A ∩ B instead of m(A; B).

Statement 4. If p2 is not trivial, then Im(m) = Zk.
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Proof. In this statement, we calculate the product using the second bundle construction. It follows
from the proof of Statement 3 that the only possible generators of H2(M) are [bi × e1]. Consider the
following products: for i 6= j, [bi × e1] ∩ [bj × e1] = [bi ∩ bj × e1]. This is equal either to zero or to
±[b0 × e1]. Moreover, [bi × e1] ∩ [bi × e1] = 0 owing to the skew-symmetry of the product. Therefore,
[bi × e1]∩ [bj × e1] = kij [b0 × e1], where kij can be ±1 or 0. Thus, Im(m) lies in the linear hull of [b0 × e1].
From Sec. 1.2, ∂(B × e0) = k(b0 × e1), i.e., k[b0 × e1] = 0. Therefore, Im(m) ⊂ Zk. Finally, there exist i
and j such that bi ∩ bj = e0. Now the statement follows straightforwardly.

Remark. The nontriviality condition of the fiber in the last statement is essential. In the case of trivial
p2, homologies have one more element [B × e0] in the basis, whose intersections with other elements
represent all [bi × e0].

Statement 5. If p2 is not trivial, then Im(m) = Ker(Id−f∗)/ Im(Id−f∗).

Proof. In this statement, we calculate the product using the first bundle construction. Denote
dim Ker(Id−f∗) by n. Let α1, . . . , αn be a basis in Ker(Id−f∗). Then, by Statement 2, we can choose
[A × e0], [α1 × e1], . . . , [αn × e1] as the generators of H2(M). Obviously, [A × e0] ∩ [αi × e1] = [αi × e0].
Thus, the homology class containing αi × e0 lies in Im(m) for each i. Therefore, Im(m) ⊃ Ker(Id−f∗)/
Im(Id−f∗).

Let us show that the case Im(m) 6= Ker(Id−f∗)/ Im(Id−f∗) is impossible. Suppose the contrary. Then
the only new element that can be in Im(m) is [a0 × e1]. But in this case, Im(m) contains Z as a subgroup
(it is generated by [a0 × e1]). This contradicts Statement 4.

Statement 6. If p2 is not trivial, then Ker(m) is an integer lattice in H2(M) = Z
2g2 generated by the

multiples of k, i.e., Ker(m) = kZ
2g2 .

Proof. It is sufficient to consider the second bundle. For each 1-cell bi in N2, there exists the corresponding
cell bj such that bi ∩ bj = b0. According to Statement 3, the basis in H2(M) is [bi × e1]. Take any element
[β] = k1[b1 × e1] + · · ·+ k2g2

[b2g2
× e1] of H2(M). Then [β]∩ [bi × e1] = kj [b0 × e1]. This equals zero iff kj

is divisible by k.

Statement 7. If p2 is not trivial, then Ker(m) is the integer lattice in H2(M) = Z⊕Ker(Id−f∗) generated
by kZ and Ker(Id−f∗) ∩ Im(Id−f∗).

Proof. Here, we use the first bundle construction. Take some element [α] ∈ H2(M). It can be represented
as the linear combination [α] = k0[A × e0] + k1[α1 × e1] + · · · + kn[αn × e1], where αi ∈ Ker(Id−f∗).

We know that [αi × e1]∩ [A× e0] = [αi × e0], and [αi × e1]∩ [αj × e1] can be equal to either ±[a0 × e1]
or zero. Let us show that [αi × e1] ∩ [αj × e1] = 0. Indeed, [αi × e1] ∩ [αj × e1] = ±[a0 × e1] implies that
Im(m) contains the subgroup Z generated by [a0 × e1]. This contradicts Statement 4.

Consider the intersections

[α] ∩ [A × e0] = k1[α1 × e0] + · · · + kn[αn × e0] = [(k1α1 + · · · + knαn) × e0],

[α] ∩ [αi × e0] = k0[αi × e0].

The first intersection is equal to zero iff (k1α1 + · · · + knαn) ∈ Im(Id−f∗). The second intersection is
equal to zero iff k0(αi × e0) ∈ Im(Id−f∗) for all i. Since Ker(Id−f∗)/ Im(Id−f∗) = Zk, it follows that k0

is divisible by k.

3. Classification Theorem

3.1. Specific case N1 ≈ N2. The previous section enables us to cope with the specific case N1 ≈ N2 ≈
N . We prove the analog for the classification theorem. Also, we can classify not only manifolds but the
pairs of bundles p1 and p2.

Statement 8. If a compact orientable 3-manifold M admits the structure of bundles p1 : M
N
−→ S1 and

p2 : M
S1

−→ N , then either N ≈ T 2 or p2 is trivial.
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Proof. From Statement 1, it follows that N is orientable. Therefore, we can apply the statements of the
second section. Suppose p2 is not trivial. Let us combine the conclusions of Statements 4 and 5 with the
following obvious fact of linear algebra:

Ker(Id−f∗)/ Im(Id−f∗) = Zk,

dim Ker(Id−f∗) + dim Im(Id−f∗) = 2g1 = 2g.

Therefore, dim Ker(Id−f∗) ≤ g. From Statements 2 and 3, it follows that H2(M) ∼= Z ⊕ Ker(Id−f∗) ∼=
Z

2g. Hence g ≤ 1.
Consider the case where g = 0 (N ≈ S2) and p2 is not trivial. According to Statement 3, H2(M) = 0.

This contradicts Statement 2 (H2(M) ∼= Z ⊕ Ker(Id−f∗)). Therefore, N ≈ T 2.

Statement 9. For each manifold M that admits the structure of the bundle p2 : M
S1

−→ T 2 with some k,

there exists the bundle p1 : M
T 2

−→ S1.

Proof. As follows from the construction of the first bundle, it suffices to construct the homeomorphism
f . We define it as the Dehn twisting [2] along the meridian on the angle 2kπ. Then the matrix F
corresponding to f∗ is

F =

(

1 k
0 1

)

.

Let us show that the manifold M constructed in such a way admits the structure of the bundle over
the torus with the number k. Define the second bundle by presenting the S1 action orbits. They are
meridians on each torus p−1

1 (t), where t is the parameter on S1. In other words, the projection p2 forgets
one coordinate in each torus.

Theorem 1. The class of compact orientable 3-manifolds M admitting two bundle structures p1 : M
N
−→

S1 and p2 : M
S1

−→ N consists of

(1) manifolds of type N × S1;

(2) manifolds given by the fiber p : M
T 2

−→ S1 with the homomorphism f equal to Dehn k-turn twisting
along the meridian (k 6= 0).

All listed manifolds are different.

Proof. The proof follows from Statements 8 and 9 straightforwardly. In order to prove that all listed
manifolds are different, it is sufficient to consider H1(M).

Let us show that the pairs of bundles constructed in Statement 9 are the only ones possible.

Theorem 2. (1) Suppose that there exist two nontrivial bundles p1 : M
T 2

−→ S1 and p2 : M
S1

−→ T 2. Then
the homeomorphism f of the first bundle is isotopic to the Dehn k-turn twisting along some simple curve
on T 2 (k 6= 0).

(2) The bundles N × S1 N
−→ S1 and N × S1 S1

−→ N are always trivial.

Proof. (1) It is sufficient to show that there exists a coordinate system on the torus where the matrix F
of the linear automorphism f∗ looks like

F =

(

1 k
0 1

)

.

By Dehn–Lickorish theorem (see, e.g., [2]), each homeomorphism f of the torus into itself can be
represented as f = h ◦ f1 ◦ · · · ◦ fn, where h is a homeomorphism isotopic to the identity and fi are Dehn
curlings. Consequently, F can be represented as a product of some matrices of two types:

(

1 ki

0 1

)

or

(

1 0
kj 1

)

.
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Consequently, det F = 1. It follows from Statements 2 and 3 that dim Ker(Id−f∗) = 2g − 1 = 1. Then
one eigenvalue of f∗ is equal to 1. Since det F = 1, the other eigenvalue is also equal to 1. Therefore,
Tr F = 2. The homeomorphism f is not isotopic to the identical; thus F 6= I (where I is the identity
matrix). Therefore, the matrix I − F has rank 1 and can be represented as

F =

(

a b
na nb

)

.

This matrix has an integer eigenvector with coprime coordinates p and q. Consider the non-self-
intersecting curve on the torus homotopic to pα + qβ, where α and β are the meridian and the longitude.
Taking the homology class of this curve as the first basis vector in H1(T

2), we obtain the representation
of F as

F =

(

1 k
0 1

)

.

Since π1(T
2) = H1(T

2), F uniquely determines the homotopy class of f . We know that for 2-manifolds,
the homotopy class of an isomorphism is equal to its isotopy class. Thus, in the described coordinate
system, f is isotopic to the k-turn Dehn twisting along pα + qβ.

(2) For the first bundle p1, consider H2(M) ∼= Z
2g+1 ∼= Z ⊕ Ker(Id−f∗). Thus, Ker(Id−f∗) = H1(N).

Therefore, f is isotopic to the identical isomorphism.
For the second bundle, consider H2(M) ∼= Z

2g+1 ∼= Z
2g ⊕ Zk. Therefore, k = 0, i.e., p2 is trivial.

3.2. Main theorem. Now we are ready to prove the main theorem.

Statement 10. If M admits p1 and p2, then either N2 ≈ T 2 or k ≤ 1.

Proof. From Statements 6 and 7, it follows that Ker(Id−f∗) ∩ Im(Id−f∗) is an integer lattice kZ
2g2−1

in Ker(Id−f∗). But then Ker(Id−f∗)/ Im(Id−f∗) = Z
2g2−1
k . Using Statement 4, we have Zk = Z

2g2−1
k .

This means that either g2 = 1 (and hence N2 ≈ T 2) or k = 1.

The information provided by the homology groups is not sufficient to handle with the exceptional case
k = 1. That is why we will use the following statement (see [5]).

Proposition. The compact orientable 3-manifold M with the above properties admits a structure of the
bundle over S1 iff the order of the fiber in H1(M) is infinite, i.e., o(h) = ∞.

Now let us strengthen Statement 10 a little.

Statement 11. If M admits p1 and p2, then either N2 ≈ T 2 or k = 0 (p2 is trivial).

Proof. Suppose that N2 is homeomorphic neither to T 2 nor to S2. Then we can apply the proposition.
In our notation, h = (b0 × e1) and o(h) = k. Thus, k = 0, i.e., p2 is trivial.

The case N2 ≈ S2 and a nontrivial p2 is not possible (see the proof of Theorem 1).

Theorem 3. The class of compact orientable 3-manifolds M admitting two bundle structures p1 : M
N1−→

S1 and p2 : M
S1

−→ N2 (with orientable N1 and N2) consists of

(1) manifolds of type N × S1;

(2) manifolds given by the fiber p : M
T 2

−→ S1 with the homomorphism f equal to the Dehn k-turn
twisting along the meridian (k 6= 0).

All listed manifolds are different.

Proof. From Statement 11, it follows that this class cannot be wider than listed. Statement 9 shows that
each of the listed manifolds admits the structures of p1 and p2. In order to prove that all listed manifolds
are different, it is sufficient to consider H1(M).
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4. Geometric Approach

Consider the restriction h = H0 = p2|p−1

1
(0). This is a mapping from N1 to N2. If we parametrize the

circle in the base of the first fiber by t, then the mapping p2 can be considered as a homotopy Ht = p2|p−1

1
(t)

of the mapping h. The geometric approach can be useful if we know something about the geometry of the
corresponding bundles. Suppose the following natural condition holds: for some t ∈ S1, the set p−1

1 (t) is
transversal to the action orbits. We will show that in this case the bundle p2 is trivial.

Statement 12. If all action orbits are transversal to p−1
1 (0), then h is a covering.

Proof. This statement follows straightforwardly from the definitions of covering and transversality.

Statement 13. If h is a covering, then the bundle p2 is trivial.

Proof. Since h : N1 → N2 is a covering, we have χ(N1) = nχ(N2), where the number n is integer. Thus,
one of the following conditions holds:

(1) N1 ≈ N2 ≈ T 2;
(2) n > 1 and N2 is any orientable compact 2-manifold except S2 and T 2;
(3) N1 ≈ N2 ≈ N is any orientable manifold except T 2, and n = 1.

From Theorems 1 and 2 it follows that in the last case, the fibers p2 and p2 are trivial. The triviality
of p2 in the second case follows from Theorem 3.

Consider the first case. We have shown that p2 can be considered as a homotopy connecting h with
h ◦ f . If f is not homotopic to the identity (in this case, M ≈ T 2 × S1), then f∗ 6= Id. In this case, there
exists a generator of the torus’ fundamental group that is not mapped into itself. Since h is a covering,
it follows that h∗ is a monomorphism. Thus, mappings h∗ and (h ◦ f)∗ of the fundamental group do not
coincide. But they have to coincide as mappings induced by homotopic mappings. Consequently, f is
homotopic to the identity, and the fiber p2 is trivial.

Now we can show what happens if we do not require the nontriviality of the second bundle.

Statement 14. For each compact two-dimensional orientable manifold N2, except for S2 and T 2, there

exists a nontrivial bundle p1 : N2 × S1 N1−→ S1.

Proof. Consider N2 as the torus with g2 − 1 handles attached symmetrically. Then we can take N1 as

the torus with n(g2 − 1) handles (n > 1). Take a homeomorphism f as the
2π

n
-turn of the torus around

the center (handle i passes into the one with index i + g2 − 1). Then fn = Id. The first bundle is given
by N1 and f . Since f is not homotopic to the identity, it follows that p1 is not trivial.

Identifying the points p, f(p), . . . , fn(p) on N1 we obtain the space homeomorphic to N2. Obviously, the
factorization mapping h : N1 → N2 is the covering. Then the projection p2 can be given as a composition
of two mappings: the first of them is obtained by applying h fiberwise; we obtain M → N2 × S1. The
second is obtained by natural projection of N2 × S1 on N2.
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