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                    Abstract
One of the most remarkable social phenomena is the formation of communities in social networks corresponding to families, friendship circles, work teams, etc. Since people usually belong to several different communities at the same time, the induced overlaps result in an extremely complicated web of the communities themselves. Thus, uncovering the intricate community structure of social networks is a non-trivial task with great potential for practical applications, gaining a notable interest in the recent years. The Clique Percolation Method (CPM) is one of the earliest overlapping community finding methods, which was already used in the analysis of several different social networks. In this approach the communities correspond to k-clique percolation clusters, and the general heuristic for setting the parameters of the method is to tune the system just below the critical point of k-clique percolation. However, this rule is based on simple physical principles and its validity was never subject to quantitative analysis. Here we examine the quality of the partitioning in the vicinity of the critical point using recently introduced overlapping modularity measures. According to our results on real social and other networks, the overlapping modularities show a maximum close to the critical point, justifying the original criteria for the optimal parameter settings.
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Appendix
Appendix
Here we show the results for the modularities presented in Figs. 1–3 when the giant percolating community is also included in the calculation. For simplicity we also re-plotted the relative size of the giant component, S
                  
                    G
                  , and the susceptibility, χ, as functions of f for each system.
In Fig. 4 we show the results for the word association network. The three fuzzy modularities, (Q
                  f, Q
                  C and Q
                  S), show an overall decreasing tendency with a strong change in the slope at the critical point for Q
                  C and Q
                  S. In contrast, the partition density D and the two variations for the overlapping modularity by Lázár et al., Q
                  L and \(\widehat{Q}^{L}\) behave similarly to the case shown in Fig. 1c: D and \(\widehat{Q}^{L}\) have prominent maximums in consistency with f
                  
                    c
                  , while Q
                  L shows an increasing tendency as a function of f. 
Fig. 4[image: figure 4]
Results for the word association network at k=3 when including also α
                          
                            G
                           in the evaluation of the modularities. (a) The relative size and relative coverage of α
                          
                            G
                          , as functions of the fraction of removed links, f (same as in Fig. 1a). (b) The susceptibility, χ, as a function of f (same as in Fig. 1b). (c) The different overlapping modularities, each scaled by its maximal value, as functions of f. The Q
                          f, Q
                          C and Q
                          S show a decreasing tendency, with a more steep drop at f
                          
                            c
                           in case of Q
                          C and Q
                          S. The partition density D and the modified modularity by Lázár et al., \(\widehat{Q}^{\mathrm{ov}}\), still have significant maximums at a position consistent with the critical point. The original modularity by Lázár et al., Q
                          ov shows an increasing tendency as a function of f, similarly as in case of Fig. 1c


Full size image


                In Fig. 5 we display the results for the co-authorship network. Here the fuzzy modularities, (Q
                  f, Q
                  C and Q
                  S), show a smoothly and slowly decreasing curve in the entire f range. Similarly to the case of the word association network, the shape of the curves for D, Q
                  L and \(\widehat{Q}^{L}\) are less affected by the inclusion of α
                  
                    G
                   in the calculation: D has a global maximum in the vicinity of f
                  
                    c
                   and Q
                  L shows an almost constant behaviour with a sudden increase for large f. For \(\widehat{Q}^{L}\), the very weak maximum in Fig. 2c has been flattened, however, a steeply decreasing function can still be observed above f
                  
                    c
                  . 
Fig. 5[image: figure 5]
Results for the co-authorship network at k=4. (a) The relative size and relative coverage of α
                          
                            G
                          , as functions of the fraction of removed links, f (same as in Fig. 2a). (b) The susceptibility, χ, as a function of f (same as in Fig. 2b) (c) The different overlapping modularities, each scaled by its maximal value, as functions of f. The fuzzy modularities, Q
                          f, Q
                          C and Q
                          S show a slowly decreasing tendency, while the partition density D has a global maximum relatively close to the critical point. The modularity Q
                          L is more or less constant except for the very large f region where it becomes increasing. In contrast, \(\widehat{Q}^{L}\) is close to 1 below f
                          
                            c
                          , and starts decreasing above


Full size image


                Finally, in Fig. 6 we show the results for the UNICAL network. Again, the fuzzy modularities, (Q
                  f, Q
                  C and Q
                  S), display a smoothly decreasing tendency. However, for Q
                  C and Q
                  S the slope becomes higher close to the critical point, similarly to the case shown in Fig. 4c. The partition density, D, has an overall unimodal shape with smaller fluctuations and a global maximum quite close to the critical point. The Q
                  ov and \(\widehat{Q}^{\mathrm{ov}}\) display no relevant maximum, with \(\widehat{Q}^{\mathrm{ov}}\) actually arriving to a minimum close to f
                  
                    c
                  . The explanation of this effect is yet unresolved and waits for future work. 
Fig. 6[image: figure 6]
Results for the UNICAL network at k=3. (a) The relative size and relative coverage of α
                          
                            G
                          , as functions of the fraction of removed links, f (same as in Fig. 3a). (b) The susceptibility, χ, as a function of f (same as in Fig. 3b). (c) The different overlapping modularities, each scaled by its maximal value, as functions of f. Similarly to Fig. 4c, the fuzzy modularities Q
                          f, Q
                          C and Q
                          S show a decreasing tendency with a steeper drop in Q
                          C and Q
                          S at the critical point. The partition density, D has retained its overall unimodal shape with a global maximum in consistency with f
                          
                            c
                          . The original and modified modularity by Lázár et al. show rather varying curves with no relevant maximum


Full size image
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