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Abstract The problem of the codirectional Kerr coupler has been considered several times
from different point of view. In the present paper we introduce the interaction between a
two-level atom and the codirectional Kerr nonlinear coupler in terms of su(2) Lie algebra.
Under certain conditions we have adjusted the Kerr coupler and consequently we have man-
aged to handle the problem. The wave function is obtained by using the evolution operator
where the Heisnberg equation of motion is invoked to get the constants of the motion. We
note that the Kerr parameter χ as well as the quantum number j plays the role of control-
ling the atomic inversion behavior. Also the maximum entanglement occurs after a short
period of time when χ = 0. On the other hand for the entropy and the variance squeezing
we observe that there is exchange between the quadrature variances. Furthermore, the vari-
ation in the quantum number j as well as in the parameter χ leads to increase or decrease
in the number of fluctuations. Finally we examined the second order correlation function
where classical and nonclassical phenomena are observed.
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1 Introduction

It is well known that there are three important processes in nonlinear optics, namely,
up-conversion, down-conversion and Kerr-like process. The optical coupler is a device com-
posed of two (or more) waveguides, which are placed close enough to allow exchanging
energy between waveguides via evanescent waves [1]. Recently, this device has attracted
much attention for several reasons. The progress in the optics communication and quantum
computing networks requires data transmission [2–4], and this simple device has potential
applications in all-optical switching [5–7]. Furthermore, it provides electromagnetic fields
with an exceptionally wide range of nonclassical effects. Most importantly this device has
been implemented [8–14] and applied in many experimental approaches, e.g. in picosecond
switching induced by saturable absorption [15], optical multi-mode interference devices
based on self-imaging [16], and photonic bandgap structures in planar nonlinear waveguides
[17]. There are different types of directional couplers [18–20]; symmetric couplers (linear
or nonlinear processes are involved in both the waveguides), asymmetric coupler [21–25]
(at least one of the waveguides possesses different nonlinearity than the others).

It is well known that the directional Kerr non linear coupler has attracted much attention
in the field of quantum optics, as a result of its applications in optics as an intensity depen-
dent routing switch [21, 22]. The Hamiltonian controlling the co-directional Kerr nonlinear
coupler is given as [7, 26]
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where ω1 and ω2 are the frequencies of the first and the second modes with the annihilation
operators â1 and â2, respectively, χ̄ and χi, i = 1, 2 are the coupling constants proportional
to the third order susceptibility χ(3) and responsible for the self-action and cross-action
processes, respectively, and λ is the linear coupling constant between the waveguides.
Note that [
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with Ĵz = 1
2

(
n̂1 − n̂2

)
and consider ω2 = −ω1 = ω

2 , then we cast the Hamiltonian (1) in
the following form:
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where we have taken χ1 = χ2 = χ and χ̄ = −2χ . On the other hand if we inject a two-
level atom within the waveguides, this would lead to change the above Hamiltonian (4) to
the following one:

Ĥ

�
= ωĴz + ω0

2
σ̂z + χĴ 2

z + λ
(
Ĵ−σ̂+ + Ĵ+σ̂−

)
(5)

where (σ̂±) and σ̂z are Pauli operator while ω0 is the energy difference between the atomic
level. Since the model can describe a system of N two-level atom, therefore it would be
interested to refer to the work by the authors of Ref. [27] where they analyzed the evolu-
tion of collective spontaneous emission from an ensemble of N identical two-level atoms
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prepared by absorption of a single photon (termed Dicke state) superradiance. In the next
section we introduce the solution of the wave function governed by (5) by employing the
Heisenberg equations of motion and using the evolution operator to find the wave func-
tion of the system, from which we discuss the atomic inversion in Section 3. In Section 4
we examine the degree of entanglement. This is followed by the entropy squeezing and
the variance squeezing in Sections 5.1 and 5.2. While we devote Section 6 to consider the
correlation function while we give our conclusion in Section 7.

2 The Wave Function

Our main task in this section is to obtain the time-dependent wave function for the
Hamiltonian (5). To do so we first introduce the operations of the operators Ĵ 2 = Ĵ 2

z +
1
2

(
Ĵ−Ĵ+ + Ĵ+Ĵ−

)
and Ĵz on the state |j,m〉 which is the eigenstate of the operators Ĵ±

and Ĵz which satisfy the following relations

ĵ2|j,m〉 = j (j + 1) |j,m〉, ĵz|j,m〉 = m|j,m〉,
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To obtain the constants of motion we use the Heisenberg equations of motion for the
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�

[
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from which we can deduce that the operator,
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2
σ̂z, (8)

where N̂ is a constant of motion.
Therefore, the Hamiltonian (5) can be cast in the following form
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where the operators �̂ and Ĉ are given by
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The quantity δ̂ is the detuning parameter defined by

δ̂ =
(
ω0 − ω − 2χN̂

)
. (11)

It is interesting to point out that the existence of the Kerr parameter χ leads δ̂ to acquire
the constant operator N̂ .

It is easy to show that the operators �̂ and Ĉ commute, and hence each of them commute
with the Hamiltonian Ĥ . This means that the operators �̂ and Ĉ are constants of motion.
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The time evolution operator Û (t) given by Û (t) = exp[−i tĤ /�], can be written in the
form

U(t) = exp[−iĈt] × exp
[
−i�̂t

]
(12)

The exponential operator has form
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Note that the dependence of the detuning parameters on the operator Ĵz is due to the
nonlinear dependence in the Hamiltonian.

Now let us define the atomic coherent state |θ, φ〉 which acquires both excited state |e〉
and ground state |g〉 for the two-level atoms in the following form

|θ, φ〉 = cos(θ/2)|e〉 + sin(θ/2) exp(−iφ)|g〉, (15)

where θ is the coherence angle and φ is the relative phase of the two atomic levels. To reach
the excited state we have to take θ → 0 while to make the wave function describes the
particle in the ground state we have to let θ → π . If we assume that at the time t = 0 the
system is in a pure state, then the wave function may take the form

|ψ(0)〉 = |θ, φ〉 ⊗ |α, β〉 (16)

where
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(17)
which is a coherent state of the su(2) group.

Therefore, if we drop the factor exp
(
−i�̂t

)
which will produce a phase factor and use

(13), after minor calculations the wave function for t > 0 takes the form
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Note that the authors of Ref. [28] managed to find the solution of the wave function
beyond adiabatic approximation. Now we are in a position to write the reduced density
matrix for the field subsystem which is given by ρ̂f (t) = T ratom|ψ(t)〉〈ψ(t)|, such that

ρ̂f (t) = |D(t)〉〈D(t)| + |T (t)〉〈T (t)|, (19)
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where we define
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By employing the reduced density operator given by (19) and using (20), (21), we can
discuss some statistical properties of the present system. This will be done in the next
sections.

3 Atomic Inversion

The atomic inversion describes the difference between the probability of finding the atom
in its upper state |e〉 and lower states |g〉. The phenomenon of collapses and revivals rep-
resents one of the most important nonclassical phenomena in the field of quantum optics.
The observation of this phenomenon occurs during the interaction between the subsystems
within a cavity. Therefore to display the behavior of the atomic inversion we plot Fig. 1 for
the function against the scaled time λt for different values of the involved parameters.

The atomic inversion is obtained as the expectation value of the operator σ̂z thus one uses
(20) and (21) to get

W(t) = 〈σ̂z(t)〉 = 〈D(t)|D(t)〉 − 〈T (t)|T (t)〉 (22)

For example we fixed the value of the parameters α = π/3, β = π/4, φ = 0 and θ = 0.
In Fig. 1a, for χ = 0 and j = 20, we can see a short period of collapse which is followed
by period of revival with oscillations around the zero value. Consequently several quiescent
periods with successive several small periods of partial revivals are observed. An increase
of the value of χ as χ = 0.75, leads the function to show collapse period longer than
the previous case. This is followed by a long period of revival that fluctuates around 0.1,
see Fig. 1b. Also quiescent periods appear before interference takes over A shift upwards
of the curve is displayed which means that more energy is stored in the atomic system. A
period of collapse is seen for the case χ = 0 and j = 60 after the onset of the interaction
which is followed by interfering revival periods. see Fig. 1c. Superstructure phenomenon is
observed by increasing the value of j while the fluctuations are around zero due to taking
χ = 0.

The function shows period of collapse after the onset of the interaction which is followed
by a long period of revival and hence we can also see periods of interfering revivals and the
function fluctuates around 0.1, for the case χ/λ = 0.75 and j = 60, see Fig. 1d. Finally we
would like to point out that, during the collapses periods there are interference between the
patterns and the phenomenon of super structure appear. Furthermore increasing the value of
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ba

dc

Fig. 1 The atomic inversion against the scaled time λt , with fixed parameters α = π
3 , β = π

4 , φ = 0, θ =
0, where (a) χ = 0, j = 20 (b)χ/λ = 0.75, , j = 20 (c) χ = 0, j = 60 (d) χ/λ = 0.75, j = 60

χ/λ tends to shift the curve upwards which means that the energy tends to be stored in the
atomic system.

4 Linear Entropy

We devote this section to discuss the degree of entanglement where we use the reduced
entropy theory to study the dynamical coherence of state [29]. Quantum entropy is most
commonly defined using the von Neumann [30] or Shannon entropy [31]. Meanwhile, it has
shown that the initial entangled state can be deduced from the nonstationary autocorrelation
function which in consistent with the present system [32]. To do so we use the purity as
defined before [33–35]. This is an important physical quantity, related to both information
content and to thermodynamic behavior which is defined by [36]

ζF =
[
1 −

(
〈σz〉2 + 〈σx〉2 + 〈

σy

〉2)]
(23)

It should be noted that, when the state-vector description of each individual system of the
ensemble is possible, a necessary and sufficient condition for the ensemble to be described
in terms of a pure state is that ζF = 0. However, for the case in which ζF < 1, the system
is in a statistical mixture state. We use the same data of the involved parameters as in the
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previous case to plot Fig. 2. For χ = 0 and j = 20 the function displays partial entangle-
ment and also reaches the maximum entanglement at several periods of the time, see Fig. 2a.
When the Kerr parameter coupler takes place, for example χ/λ = 0.75 this leads to rapid
fluctuations with interference between patterns where the superstructure phenomenon gets
pronounced. On the other hand the function shows reduction in its maximum values which
occurs few times, see Fig. 2b. Furthermore the function shows dense oscillations for j = 60
and χ = 0 and its minimum value is decreased compared with the case of j = 20 and
χ = 0, in addition it shows a long period of maximum entanglement. In fact we observe that
its minimum value is reduced below 0.2 during a period after onset of interaction showing
partial entanglement compared with the other two cases, see Fig. 2c. Finally we realize that
when χ/λ = 0.75 and j = 60, the function shows increase in its minimum and decrease
in its maximum and does not reach maximum entanglement during the considered period
of time, with elongation of the periods, see Fig. 2d. Therefore the coupler tends to reduce
entanglement and elongates the periods.

5 Squeezing

The squeezing phenomenon is one of the nonclassical phenomena in the field of quan-
tum optics. There are different kinds of the squeezing that can be used to discuss the

ba

dc

Fig. 2 The linear entropy against the scaled time λt , with fixed parameters α = π
3 , β = π

4 , φ = 0, θ = 0,
where (a) χ = 0, j = 20 (b) χ/λ = 0.75, j = 20 (c) χ = 0, j = 60 (d) χ/λ = 0.75, j = 60
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negativity of the quadrature variances of the system. This depends on which Hamilto-
nian describes the system. For example, the normal and the principle squeezing are used
for system that contains photon operators. Meanwhile the entropy squeezing and variance
squeezing can be used for system that contains atoms. In fact it is possible to transfer
the Einstein–Podolsky–Rosen-type continuous-variable entanglement from the squeezed
light to the mechanical motion of the movable mirrors [37]. Note that stationary entan-
glement of the states of the movable mirrors as strong as that of the input squeezed light
can be obtained for sufficiently large optomechanical cooperativity, achievable in currently
available optomechanical systems.

5.1 Entropy Squeezing

In what follows we discuss the entropy and atomic variable squeezing. This is due to their
importants in the field of quantum optics. For example it was shown that the optomechanical
coupling can lead to squeezing of the nanomechanical motion, which can be inferred from
the measurement of the squeezing of the transmitted microwave field, see for example [38]
and references therein. The authors of this refrence investigated the squeezing properties of
the transmitted microwave field in the presence of the nonlinearity induced by supercon-
ducting qubit (represented by the effective coupling) as well as the nonlinearity due to the
optomechanical coupling. It is well known that the uncertainty relation of the information
entropy can be used as a general criterion for the squeezing of a system. The information
entropy of the operators σ̂k for two-level atom is given by [39, 40]

H 〈σ̂k〉 = −1

2

2∑

i=1

[
1 + (−1)i〈σ̂k〉

]
ln

[
1 + (−1)i〈σ̂k〉

]
(24)

The uncertainty relations of the information entropy can be used as a general criterion
for the squeezing in the entropy. Consequently the entropies of these operators satisfy the
entropy uncertainty relation [41]

H(σx) + H(σy) + H(σz) ≥ 2 ln 2. (25)

Therefore, we have 0 ≤ H(σk) ≤ ln 2, provided we take δH(σα) ≡ exp[H(σα)], the
entropy uncertainty relation becomes

δH(σx)δH(σy)δH(σz) ≥ 4, (26)

The fluctuations in the components σk of a qubit are said to be “squeezed in entropy” if
the information entropy H(σk) satisfies the condition

Ek = δH(σk) − 2
√

δH(σz)
< 0, k ≡ x or y. (27)

For this reason we plot Fig. 3 to examine the entropy squeezing where we have changed
the value of α = 0.05π and χ/λ = 0.25 and the rest of the data as in the previous cases.
For example we consider χ = 0 and j = 20 to plot Fig. 3a where the entropy squeezing
occurs in both quadratures Ex(t) (blue solid curve) and Ey(t) (red dashed curve). Also it is
noted that there is exchange between the quadratures. Irregular fluctuations are observed in
both quadratures when we take χ/λ = 0.25 in addition to reduction in the minimum value
of the squeezing, see Fig. 3b. For χ = 0 and j = 60, we can see exchange between the two
quadratures, as well as regular fluctuations with some interference between the patterns.
Furthermore the minimum value of the first quadrature Ex(t) is decreased but there is an
increase in its maximum values. Similar behavior is seen in the second quadrature Ey(t),
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ba

dc

Fig. 3 The entropy squeezing against the scaled time λt , with fixed parameters α = 0.05π, β = π
4 , φ =

0, θ = 0, where (a) χ = 0, j = 20 (b) χ/λ = 0.25, j = 20 (c) χ = 0, j = 60 (d) χ/λ = 0.25, j = 60

but the minimum value of the squeezing is greater than that of Ex(t), see Fig. 3c. When we
consider χ/λ = 0.25 the quadratures squeezing reduces their minimum and consequently
the amount of the squeezing. In the meantime more repaid fluctuations can be seen in both
quadratures, see Fig. 3d. The effect of the coupler parameter is to deteriorate squeezing in
the entropy.

5.2 Atomic Variable Squeezing

For the quantum mechanical system with two physical observables represented by the Her-
mitian operators Â and B̂ satisfying the commutation relation [Â, B̂] = iĈ, one can write
the Heisenberg uncertainty relation in the form

〈(�Â)2〉〈(�B̂)2〉 ≥ 1

4
|〈Ĉ〉|2, (28)

where 〈(�Â)2〉 = (〈Â2〉 − 〈Â〉2). Consequently, the uncertainty relation for a two-level
atom characterized by the Pauli operators σ̂x, σ̂y and σ̂z, satisfying the commutation relation[
σ̂x, σ̂y

] = 2iσ̂z can also be written as �σ̂x�σ̂y ≥ |〈σ̂z〉|.
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Fluctuations in the component �σ̂α of the atomic dipole is said to be squeezed if V (σ̂α)

satisfies the condition

V (σ̂α) =
(

�σ̂α −
√∣∣〈σ̂z〉

∣∣
)

< 0, α = x or y. (29)

In order to discuss the atomic variable squeezing, we plot Fig. 4 against the scaled time
for different values of j and χ . For instance we examine the case in which j = 20 and
χ = 0, where we observe exchange between squeezing in quadrature variances Vx(t) (blue
solid curve) and Vy(t) (red dashed curve) in addition to small amount of squeezing in both
quadratures, see Fig. 4a. When we increase the value of χ/λ = 0.75 we see rapid fluc-
tuations in both quadrature variances with reduction in the squeezing amount, see Fig. 4b.
More periods of the squeezing with decreasing in the quadratures minimum value when
we consider j = 60 and χ = 0, see Fig. 4c. Different shape is realized in the quadrature
variances for j = 60 and χ = 0.75, where the periods of the squeezing decreased in addi-
tion to rapid fluctuations with heavy interference between the patterns and the phenomenon
of super-structure gets pronounced. The coupler seems to increase the oscillations of the
curves of squeezing, but it leads to deteriorate squeezing.

ba

dc

Fig. 4 The atomic variable squeezing against the scaled time λt , with fixed parameters α = 0.05π, β =
π
4 , φ = 0, θ = 0, where (a) χ = 0, j = 20 (b) χ/λ = 0.75, j = 20 (c) χ = 0, j = 60 (d) χ/λ =
0.75, j = 60
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6 Correlation Function

The examination of the correlation function leads to show whether the system produces
classical or nonclassical behavior, or both of them. This function is called Glauber second
order correlation function [42] and is defined for Su (2) Lie algebra as follows

g(2)(t) =
〈
Ĵ 2+(t)Ĵ 2−(t)

〉

〈Ĵ+(t)Ĵ−(t)〉2
(30)

The system produces sub-Poisonian (nonclassical) behavior if g(2)(t) < 1, and it shows
super-Poisonian if g(2)(t) > 1. However, the system becomes Poisonian for g(2)(t) = 1.

To examine the behavior of the function we plot Fig. 5 using the same data as in previous
sections. For instance we consider the case in which χ = 0 and j = 20, where the function
displays sub-Poisoian as well as super-Poisonian. However the periods of the sub-Poisonian
is longer than the super-Poisonian, in the meantime it shows fluctuations between the values
0.65 and just above 1.2, see Fig. 5a. When the Kerr coupler takes place, i.e. χ/λ = 0.75
the function increases its fluctuations for long period of time, its minimum is just above
0.9, while its maximum is just above 1.1. In the meantime the amplitude of the function
decreases as the time increases after it reaches its maximum, however the sub-Poisnian
behavior washed out, see Fig. 5b. For the case χ = 0 and j = 60 the nonclassical behavior

ba

dc

Fig. 5 The correlation function against the scaled time λt , with fixed parameters α = 0.05π, β = π
4 , φ =

0, θ = 0, where (a) χ = 0, j = 20 (b) χ = 0.75, j = 20 (c) χ = 0, j = 60 (d) χ = 0.75, j = 60
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gets pronounced but lesser than before while the classical observed for short periods of
the time, see Fig. 5c. Finally when we consider the Kerr coupler χ/λ = 0.75 the function
starts to increase its amplitude after the onset of the interaction until to reach its maximum
and then we can observe both nonclassical and classical behavior. Consequently it starts to
decrease its extrema as the time increases and then it shows nonclassical behavior for long
period of the time, see Fig. 5d. Thus we may conclude that increasing the parameter χ and
J amounts to get nonclassical behavior for longer time.

7 Conclusion

In the previous sections of the present communication we have considered the problem of
the interaction between a two-level atom and the co-directional Kerr nonlinear coupler in
terms of su(2) Lie algebra. The wave function is obtained via the evolution operator and
consequently we managed to construct the time-dependent density operator. We employed
this result to discuss the atomic inversion for certain values of χ and the quantum num-
ber j where we found an increasing in the value of both parameter leads to increase the
revival period and storing of the energy in the atomic system. In the meantime the maximum
entanglement is found when χ = 0,while the linear entropy in general is sensitive to the
variation in χ and j . We also examined the entropy and atomic variable squeezing where we
observe that there is exchange between squeezing in the quadrature. Moreover an increase
in the value of the quantum number leads to more fluctuations and consequently we observe
superstructure phenomenon, but an increase in the coupler parameter χ tends to decrease
the amounts of squeezing. For the correlation function the nonclassical phenomenon is pro-
nounced for all the cases we have examined, and increasing χ leads to prolong the periods
of non classicality.
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