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Abstract The models with free vector fields are analyzed on the light-front hypersurface. The massive vector
model—Proca model—can be quantized unambiguously within the novel LF procedure, though it leads to
singular terms in x+ coordinate. Also the modified models, where the Lorentz condition and the LC gauge
conditions are explicitly induced by the Lagrange multipliers, are discussed. Possible massless limits are studied
for all cases and modes are classified as either physical or nonphysical. A practical definition of physical modes
by properties of the 1-particle states is proposed.

1 Introduction

There is a strange idea that for the LF quantization of QED and QCD in the LC gauge A− = 0 one needs
to implement additionally the Lorentz condition ∂μAμ = 0, which means two simultaneous gauge fixing
conditions. The outcome of this approach is the Feynman propagator in the momentum representation with
three different terms [1]. We would like to use the novel LF quantization procedure, which has been recently
proposed for scalar field [2], to check this situation for vector gauge fields. Unfortunately it is quite difficult to
study the LC gauge A− = 0 directly, therefore here we make a preliminary analysis with the massive vector
field models.

2 Massive Vector Fields: Proca Theory

We begin our analysis with the Proca model [3], where the Lagrangian density is

LProca = −1

4
BμνB

μν + m2

2
B2, Bμν = ∂μBν − ∂νBμ (1)

and m is the mass of all vector field components. This model can be quantized on the equal-time hypersurface
and the vacuum expectation value of fields at arbitrary points [4] is

〈
0| [Bμ(x), Bν(y)

] |0〉 = i
(
gμν + 1/m2∂μ∂ν

)
Δ(x − y) (2)
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with Δ(x− y) being the Pauli–Villars function for a massive scalar field. We expect that the above commutator
function should appear also in the LF procedure. However the terms with ∂+Δ(x − y) and ∂2+Δ(x − y) have
no limit at the LF hypersurface, as a result of the Lorentz symmetry [5]. Accordingly one cannot define the LF
classical Proca field theory at the LF hypersurface. Thus the canonical LF quantization procedure [6,7], which
is based on the Dirac procedure for constrained systems [8,9], cannot be applied here [10]. Fortunately the
novel LF quantization procedure [2] omits these difficulties and beneath we will implement it without going
into many technical details, which will be presented elsewhere.

We start our analysis with the Proca Lagrangian density (1) rewritten explicitly in the LC coordinates and
components as

L = 1

2
(∂+B− − ∂−B+)2 − 1

4

(
∂i B j − ∂ j Bi

)2 +(∂+Bi − ∂i B+) (∂−Bi − ∂i B−)+m2B+B−− m2

2
B2
i . (3)

It leads directly to the LF canonical conjugated momenta π+ = 0, π− = ∂+B− −∂−B+, π i = ∂−Bi −∂i B−.
Usually one argues that there are two primary constraints π+ ≈ 0 and π i − Bi + ∂i B− ≈ 0, therefore
one needs to take the Dirac procedure [8,9]. However in the novel LF formulation one does not introduce
such classification of constraints and takes all non-vanishing canonical momenta π i and π− for building the
component T++ of the canonical energy–momentum tensor

T++
can = π−∂−B− + π i∂−Bi = π−∂−B− + (∂−Bi − ∂i B−) ∂−Bi . (4)

Before imposing the novel quantization rules, we need to select independent fields in the LF formulation, by
inspecting their equations of motion. The Euler–Lagrange equations which follow from the Lagrangian (3) are
(� +m2)Bμ = ∂μ(∂ · B), where � = ∂μ∂μ = 2∂+∂− − ∂2

i and ∂ · B = ∂μBμ. However these equations can
be equivalently rewritten as (� + m2)Bμ = 0, ∂μBμ = 0, thus all components Bμ satisfy the Klein–Gordon
equation of motion, though only three of them are independent modes due to the Lorentz condition. Seemingly,
B− should be taken as one of them, since its conjugated canonical momentum π− = ∂+B− − ∂−B+, contains
temporal derivative (velocity). However the closer examination of the Euler–Lagrange shows that there are
two constraint equations

(
Δ⊥ − m2) B− = ∂−

(
π− + ∂i Bi

)
, 2∂−B+ = ∂i Bi − π− (5)

Since the partial differential operator (Δ⊥ − m2) is invertible, then B− can be unambiguously determined in
terms of π− and Bi fields. Further for avoiding the non-local terms we may introduce new fields Σ and Ci
by the differential equations (Δ⊥ −m2)Σ = (

π− + ∂i Bi
)

and Ci = Ai − ∂iΣ , respectively. The best choice
of three independent fields is Σ and Ci , which satisfy the Klein–Gordon equations (2∂+∂− − Δ⊥ +m2)Σ =
0, (2∂+∂− − Δ⊥ + m2)Ci = 0. The constraint equations

2∂−B+ = 2∂iCi + (
Δ⊥ + m2)Σ, Bi = Ci + ∂iΣ, B− = ∂−Σ, (6)

express Bμ fields in terms of independent fields Σ and Ci , though for B+ one needs to solve the partial differ-
ential equation.1 Then for new fields we rewrite T++

can as T++
can ≈ (∂−Ci )

2 + m2(∂−Σ)2, where, approximate
equality, symbolized by a squiggly equal sign ≈, means that terms, which are total partial derivatives, have
been omitted. The LF quantization is performed at the arbitrary fixed x+ coordinate, but for the clarity we just
take x+ = 0 and denote x̄ = (x−, x⊥).

We postulate as the quantization rule on the LF hypersurface x+ = 0 the following relations for the
independent fields Ci , Σ

i∂−Ci (x̄) = [
Ci (x̄), P−

]
, i∂−Σ(x̄) = [

Σ(x̄), P−
]
, (7)

where the generator of translation in x− direction is defined as P− = ∫
R3 d3 x̄ T++

can (x̄). These relations can be
identically satisfied provided the following commutators hold at the LF hypersurface

[
Ci (x̄), ∂−C j (ȳ)

] = i

2
δi j δ

3(x̄ − ȳ),
[
Σ(x̄), ∂−Σ(ȳ)

] = i

2m2 δ3(x̄ − ȳ),
[
Ci (x̄), ∂−Σ(ȳ)

] = 0. (8)

1 We will not introduce the inverse operator [∂−]−1, which needs the boundary conditions in ±∞ in x− direction. Instead later
we will solve this equation in the momentum space, which seems to be more physical.
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Next we take the vacuum expectation value of these commutators, with the normalized vacuum state 〈0|0〉 = 1
and further we decompose them into the matrix elements. For achieving this goal we need to introduce
smooth fields Ci [ f ] and Σ[ f ] by smearing with a real-valued test function f (x̄) ∈ S ′(R3), where we write
Ci [ f ] = ∫

R3 d3 x̄ Ci (x̄) f (x̄), Σ[ f ] = ∫
R3 d3 x̄ Σ(x̄) f (x̄).2

Then we introduce another LF assumption, that the smooth operators Ci [ f ] and Σ[ f ] when acting on the
vacuum state |0〉 produce 1-particle states,

Ci [ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄) |k̄, ci 〉, Σ[ f ]|0〉 =

∫

R3
dΓ (k̄) f̃ (k̄) |k̄, σ 〉, dΓ (k̄) = d3k̄

(2π)3

Θ(k+)

2k+ , (9)

where f̃ (k̄) is the Fourier transform of f (x̄), while |k̄, ci 〉 and |k̄, σ 〉 are the 1-particle eigenstates of the kinemat-
ical translation generators P̄μ = (P−, Pi ).3 The calculation directly leads to the non-vanishing matrix elements
〈0|Σ(0)|k̄, σ 〉 = 1/m2 and 〈0|Ci (0)|k̄, c j 〉 = δi j which further allows to determine the non-vanishing inner
products for 1-particle eigenstates of kinematical momenta 〈k̄, σ | p̄, σ 〉 = 1/m2 δΓ (k̄, p̄), 〈k̄, ci | p̄, c j 〉 =
δi jδΓ (k̄, p̄), where δΓ (k̄, p̄) = (2π)32k+δ2(k⊥ − p⊥)δ(k+ − p+).

Then we introduce equations for the quantum field operators in the form identical to the classical
Euler–Lagrange equations, since for a free field model there is no need for the renormalization effects and
counter-terms. We need to express all partial derivatives in terms of commutators with respective transla-
tion generators—for example i∂μCi (x) = [

Ci (x), Pμ

]
. For the second order partial derivatives this leads

to double commutators, which will simplify considerably if it acts on the vacuum state, for example we
have, ∂+∂−Ci (x) = − [[

Ci (x), P−
]
, P+

]
and ∂+∂−Ci (x)|0〉 = −P−P+Ci (x)|0〉, since Pμ|0〉 = 0. Accord-

ingly for the independent smooth dynamical fields Σ[ f ] and Ci [ f ] we obtain the following dynamical LF
Schrödinger equations

(
2P+P− − P2⊥ − m2) Σ[ f ]|0〉 = 0,

(
2P+P− − P2⊥ − m2)Ci [ f ]|0〉 = 0, (10)

which then lead to the eigenvalue equations for the LF Hamiltonian

P+|k̄, σ 〉 = m2 + k2⊥
2k+ |k̄, σ 〉 P+|k̄, ci 〉 = m2 + k2⊥

2k+ |k̄, ci 〉, k+ > 0. (11)

Accordingly the 1-particle states |k̄, σ 〉 and |k̄, ci 〉 are the eigenfunctions (eigenvectors) for all components
of momentum operators Pμ. Then we may proceed analogously with other equations and we obtain the non-
dynamical LF Schrödinger equations

B−[ f ]|0〉 = i P−Σ[ f ]|0〉, Bj [ f ]|0〉 = C j [ f ]|0〉 + i PjΣ[ f ]|0〉, (12a)

P−B+[ f ]|0〉 = PjC j [ f ]|0〉 + i
P2⊥ − m2

2
Σ[ f ]|0〉. (12b)

Equation (12b) can be transformed, using the Klein–Gordon equation in the momentum space (2P+P− −
P2⊥ − m2)B+[ f ] = 0 into a form, which unambiguously allows for a unique solution

(P2⊥ + m2)B+[ f ]|0〉 = 2P+

(

PjC j [ f ]|0〉 + i
P2⊥ − m2

2
Σ[ f ]|0〉

)

. (12c)

All this allows to express Bμ[ f ]|0〉 in its generic form

Bμ[ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄)

∑

a=1,2,3

εaμ(k̄)|k̄, a〉, (13a)

2 These smooth fields are very useful for inferring the commutators (8) from the quantization rules (7).
3 One may derive this assumption from the nonnegative spectrum of P− = P+ operator and the Lorentz symmetry of vacuum

state Pμ|0〉 = 0.
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where we have introduced new 1-particle eigenfunctions of 4-momenta |k̄, 1〉 = |k̄, c1〉, |k̄, 2〉 = |k̄, c2〉 and
|k̄, 3〉 = im|k̄, σ 〉, which have the orthonormal positive inner products 〈 p̄, a|k̄, b〉 = δab δΓ ( p̄, k̄), a, b ∈
{1, 2, 3}. The the polarization vectors εaμ(k̄) have the form of one-column matrix4

ε1
μ(k̄) = 1

k+

⎡

⎢
⎣

k1
0
k+
0

⎤

⎥
⎦ , ε2

μ(k̄) = 1

k+

⎡

⎢
⎣

k2
0
0
k+

⎤

⎥
⎦ , ε3

μ(k̄) = 1

m

⎡

⎢⎢
⎣

k2⊥−m2

2k+
k+
k1
k2

⎤

⎥⎥
⎦ . (14)

Any 1-particle state, which is simultaneously an eigenvector of all Poincare generators Pμ with energy eigen-
value consistent with the Lorentz symmetry and its inner product is positively definite, describes a physical
mode. Otherwise it is a nonphysical mode. Our previous analysis evidently shows that there are three physical
modes in the Proca model quantized at the LF hypersurface. However the polarization vector ε3

μ contains the
overall factor 1/m, thus it has no massless limit m → 0. Therefore we cannot directly move from the massive
Proca fields into the gauge fields, though we have the Lorentz condition ∂μBμ = 0 already for nonzero mass.
For proving the consistency of our result with the usual quantization we may calculate the 2-point Wightman
function (the vacuum expectation value of unordered product of two quantum field operators) for arbitrary
points

〈0|Bμ(x) Bν(y)|0〉 = −
(
gμν + 1

m2 ∂μ∂ν

)∫

R3
dΓ (k̄)e−i k̄·(x̄−ȳ)e−i

m2+k2⊥
2k+ (x+−y+), (15)

which agrees with the commutator function (2) since in the LF momentum representation

Δ(x) = i
∫

R3
dΓ (k̄)

[

eik̄(x̄−ȳ)ei
m2+k2⊥

2k+ (x+−y+) − e−i k̄(x̄−ȳ)e−i
m2+k2⊥

2k+ (x+−y+)

]

. (16)

Thus we have been able to omit all problems which appear in the coordinate space formulation, where terms
singular at x+ = 0 appear.

3 The Modified Proca Model with the Lorentz Condition

Now we introduce a modification to the Proca model by adding the Lorentz condition ∂ · B = 0, by means of
the Lagrange multiplier field Λ, into the Lagrangian density (3). This will slightly change the Euler–Lagrange
equations (� + m2)Bμ = ∂μΛ, ∂μBμ = 0 and the canonical momentum π− = ∂+B− − ∂−B+ + Λ. Also
the equation for a new field is modified (Δ⊥ −m2)Σ = (

π− + ∂i Bi − Λ
)

and the energy–momentum tensor
component is T++ = (∂−Ci )

2 + m2(∂−Σ)2 − 2∂−Σ∂−Λ. Then the independent fields are Ci , Σ, Λ with
dynamical equations (� + m2)Ci = 0, (� + m2)Σ = Λ, �Λ = 0.

Following steps analogous to those from previous section, we find non-vanishing LF commutators for
independent fields

[
Ci (x̄), ∂−C j (ȳ)

] = i

2
δi j δ

3(x̄ − ȳ),
[
Λ(x̄), ∂−Λ(ȳ)

] = − i

2
m2δ3(x̄ − ȳ), (17a)

[
Λ(x̄), ∂−Σ(ȳ)

] = − i

2
δ3(x̄ − ȳ),

[
Σ(x̄), ∂−Λ(ȳ)

] = − i

2
δ3(x̄ − ȳ). (17b)

and the 1-particle states with their non-vanishing inner products

〈k̄, λ| p̄, λ〉 = −m2δΓ (k̄, p̄), 〈k̄, σ | p̄, λ〉 = −δΓ (k̄, p̄), 〈k̄, ci | p̄, c j 〉 = δi jδΓ (k̄, p̄), (18)

The dynamical equations give rise to the dynamical LF Schrödinger equations

2P+k+|k̄, ci 〉 = (k2⊥ + m2)|k̄, ci 〉, 2P+k+|k̄, λ〉 = k2⊥ |k̄, λ〉, 2P+k+|k̄, σ 〉 = (k2⊥ + m2) |k̄, σ 〉 − |k̄, λ〉,
(19)

4 We denote εa+(k̄) in the first row, then εa−(k̄) in the second row, then εa1 (k̄) in the third row and at last εa2 (k̄) in the fourth row.
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which show that the 1-particle state |k̄, σ 〉 is not an eigenfunction of the LF Hamiltonian P+. From non-
dynamical equations B− = ∂−Σ , 2∂−B+ = 2∂iCi + (Δ⊥ + m2)Σ − Λ, Bi = Ci + ∂iΣ , one finds the
non-dynamical Schrödinger equations, which lead to

B−[ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄)(ik+)|k̄, σ 〉, Bi [ f ]|0〉 =

∫

R3
dΓ (k̄) f̃ (k̄)

(|k̄, ci 〉 + iki |k̄, σ 〉) , (20a)

B+[ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄)

(
ki
k+ |k̄, ci 〉 + i

k2⊥ − m2

2k+ |k̄, σ 〉 + i

2k+ |k̄, λ〉
)

. (20b)

We may define new 1-particle states |k̄, 0〉 = i
m |k̄, λ〉, |k̄, 3〉 = im|k̄, σ 〉 − i

m |k̄, λ〉, |k̄, 1〉 = |k̄, c1〉, |k̄, 2〉 =
|k̄, c2〉, which are the eigenstates of the Hamiltonian operator P+, for k+ > 0,

P+|k̄, a〉 = k2⊥ + m2

2k+ |k̄, a〉, P+|k̄, 0〉 = k2⊥
2k+ |k̄, 0〉, (21)

where a ∈ {1, 2, 3}. The non-vanishing inner product for these states 〈 p̄, a|k̄, b〉 = δab δΓ ( p̄, k̄) and
〈 p̄, 0|k̄, 0〉 = −δΓ ( p̄, k̄). Therefore there are 3 physical modes with mass m, described by the 1-particle
states |k̄, a〉 with a ∈ {1, 2, 3} and one unphysical massless mode, described by |k̄, 0〉.

For the case m 
= 0 we find the smooth fields acting on the vacuum state

Bμ[ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄)

∑

a=1,2,3

εaμ(k̄)|k̄, a〉 + 1

m
Pμ

∫

R3
dΓ (k̄) f̃ (k̄)|k̄, 0〉, (22)

where polarization vectors are the same as in the Proca model (14). There is a cancellation of 1/m contributions
between |k̄, 3〉 and |k̄, 0〉 states, which allows for the massless limit m → 0. We denote this limit by Bμ → Aμ

and we find

Aμ[ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄)

∑

a=1,2,3

εaμ(k̄)|k̄, a〉 + Pμ

∫

R3
dΓ (k̄) f̃ (k̄)

1

k⊥
|k̄, 0〉, (23)

where now the 1-particle states are slightly redefined |k̄, 3〉 = i
k⊥ |k̄, λ〉, |k̄, 0〉 = ik⊥|k̄, σ 〉, with the non-

vanishing inner product for them 〈k̄, 0| p̄, 3〉 = 〈k̄, 3| p̄, 0〉 = −δΓ (k̄, p̄). Here we stress that |k̄, 3〉 is the
eigenfunction of the LF Hamiltonian P+, while |k̄, 0〉 is not

P+|k̄, 3〉 = k2⊥
2k+ |k̄, 3〉, P+|k̄, 0〉 = k2⊥

2k+ |k̄, 0〉 − k2⊥
2k+ |k̄, 3〉. (24)

Therefore for the massless limit there are only 2 physical modes described by the 1-particle states |k̄, a〉
with a ∈ {1, 2} and 2 nonphysical modes described by the 1-particle states |k̄, 0〉 and |k̄, 3〉. In Eq. (23) the
polarization vectors are slightly modified, ε1,2

μ remain unchanged as in Eq. (14), while ε3+(k̄) = k⊥
k+ , ε3−(k̄) =

0, ε3
1(k̄) = 0, ε3

2(k̄) = 0.
If one tries to impose the additional restriction for the gauge field potential A− = 0 one evidently removes

the unphysical modes |k̄, 0〉 and |k̄, 3〉.

4 Modified Proca Model with LC Weyl Condition

It is very difficult to perform the LF quantization for the LC gauge B− = 0. Therefore we may check a simpler
possibility by imposing the LC Weyl condition B+ = 0. This gauge has been discussed in [11] within the
DLCQ quantization and in [12] within the continuous formulation. Here we impose B+ = 0 by means of
the Lagrange multiplier field Λ into the Lagrangian density (3). This leads to the Euler–Lagrange equations
which are all dynamical ∂+π− = 0, ∂+B− = π− + ∂i Bi , (2∂+∂− − Δ⊥) Bi = ∂iπ

−, while the canonical
energy–momentum tensor component is T++ = (∂−Bi )2 + π−∂−B−. Following steps analogous to those in
previous sections we find the commutators for independent fields are

[
B−(x̄), π−(ȳ)

] = iδ3(x̄ − ȳ), 2
[
Bi (x̄), ∂−Bj (ȳ)

] = iδi jδ
3(x̄ − ȳ), (25)
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Between the 1-particle states, which appear naturally, the non-vanishing inner products 〈k̄, a−| p̄, π−〉 =
2ik+δΓ (k̄, p̄) and 〈k̄, ai | p̄, a j 〉 = δi jδΓ (k̄, p̄). After the redefinitions of 1-particle states

|k̄, 3〉 = |k̄, a−〉 − 2k+

k2⊥ + m2
k j |k̄, a j 〉, |k̄, j〉 = |k̄, a j 〉 − i

k j
k2⊥ + m2

|k̄, π〉, |k̄, 0〉 = 1

2k+ |k̄, π−〉, (26)

we find that |k̄, i〉 and |k̄, 0〉 are the eigenfunctions of the LF Hamiltonian P+, while |k̄, 3〉 is not. Therefore
there are 2 physical modes described by the 1-particle states |k̄, i〉 with i ∈ {1, 2} and 2 nonphysical modes
described by the 1-particle states |k̄, 3〉 and |k̄, 0〉. Further we find the expression

Bμ[ f ]|0〉 =
∫

R3
dΓ (k̄) f̃ (k̄)

∑

a=0,1,2,3

εaμ(k̄) |k̄, ca〉, (27)

with the polarization vectors given in (28). The massless limit m → 0 can be safely taken and the conclusion
that there are 2 physical modes and 2 nonphysical modes remains unchanged.

When one adds the additional condition on the gauge field ∂μBμ = 0, which in the momentum space takes
the form P+B[ f ]|0〉 = Pi Bi [ f ]|0〉, then one removes the nonphysical modes.

5 Conclusions and Prospects for Further Research

In this paper we have considered the gauge field model, where a mass term is added as a regularization of the
possible infra-red singularities. These massive vector fields can be quantized on the LF hypersurface within
the novel quantization procedure. For the Proca model we have found 3 physical modes, all with mass m. Then
we have introduced additional conditions on the vector fields. The Lorentz condition ∂μBμ = 0 leads to 3
physical modes with mass m and 1 nonphysical massless modes. In the massless limit m → 0, one of physical
mode is no longer described by an eigenvector of the LF Hamiltonian thus we conclude that for massless fields
there are 2 physical and 2 nonphysical modes, as expected. When we introduce the LF Weyl condition B+ = 0,
then the LF quantization leads to 2 physical modes, with mass m and 2 nonphysical modes. This classification
survives the massless limit.

If we add additional conditions then we see that some nonphysical modes needs to be discarded. Usually
nonphysical modes are needed for reaching a smooth behavior of the Feynman propagator. But for a decisive
conclusion one needs to quantize at the LF hypersurface the gauge field system with 2 conditions from the
beginning. This will be analyzed in the nearest future.

Appendix: Notation and Formulas

We use the covariant notation, where the LF longitudinal coordinates are defined as x± = (
x0 ± x3

)
/
√

2 and
the partial derivatives are denoted as ∂± = ∂/∂x±. The Minkowski space–time metric tensor has non-vanishing
components η+− = η−+ = 1, ηi j = −δi j , (i, j) ∈ {1, 2}. The summation over repeated indexes is always
understood.

The massive vector field components, we denote by Bμ = (B+, B−, Bi ) with i ∈ {1, 2}, for keeping it
distinct from the massless vector field, which is commonly described by Aμ.

The polarization vectors for the LF Weyl gauge condition are

ε0
μ(k̄) = iγ

k⊥

⎡

⎢
⎣

0
γ k⊥
k1
k2

⎤

⎥
⎦ ε1

μ(k̄) = 1

k⊥

⎡

⎢⎢⎢
⎣

0
γ k1

0
k⊥
0

⎤

⎥⎥⎥
⎦

ε2
μ(k̄) = 1

k⊥

⎡

⎢⎢⎢
⎣

0
γ k2

0
0
k⊥

⎤

⎥⎥⎥
⎦

ε3
μ(k̄) =

⎡

⎢
⎣

0
1
0
0

⎤

⎥
⎦ (28)

with γ = 2k+k⊥
k2⊥+m2 , where we denote εa+(k̄) in the first row, then εa−(k̄) in the second row, then εa1 (k̄) in the third

row and at last εa2 (k̄) in the fourth row.
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