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Abstract We study the following problem

—Au = ru+u 2 in £,
—Av = lwz*_l + 2! in €,
u>0,v>0 in €,
u=v=_0 on 0%,

where  is a bounded domain of RN, N > 4, 2* = 2N/(N —2),x € Rand u > 0 and we
obtain existence and nonexistence results, depending on the value of the parameters A and .

Mathematics Subject Classification 35J57 - 35A01 - 35B33 - 35J50

1 Introduction

In the last years, nonlinear elliptic systems have been intensively studied by many authors
and results, also for semiclassical states and in the singularly perturbed settings, have been
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obtained (see, for instance, [2,3,7-9,15,18,20,21,23-27,30] and references therein). This
kind of systems appears if we look for solitary waves of suitable time-dependent nonlinear
Schrodinger systems which arise in many physical problems, especially in nonlinear optics
(see e.g. [1]) and in Hartree—Fock theory (see e.g. [16]).

In this paper we deal with the problem

—Au=ru+ur 2 in €,
—Av = /wz*_l +u-! in €,
. (P)
u>0v>0 in £,
u=v=0 on 0%,

where  is a bounded domain of RN, N > 4, 2* = 2N/(N —2),A € Rand u > 0.

If © = 0, problem P is an N-dimensional variant of the critical problem studied in
[5], where the authors, following the classical approach in the Schrodinger—Poisson or in the
Klein—Gordon—Maxwell systems (see [5] and references therein), use the so-called reduction
method, namely, the second equation has a unique solution for a given u and it is possible
to put it in the first equation, reducing the system to a single nonlocal equation. In [5],
the energy functional has the Mountain Pass geometry and the classical approach due to
Brezis—Nirenberg [10] can be adopted.

However, if © > 0, the reduction argument can be no longer applied since the map
Ho1 RQD>ur>v, € HOl (2), where vy, is a solution to the problem

[—Av = ,u,|v|2**2v + |u|2*71 in €, (1.1

u=20 on 0%,

is not necessarily well-defined. Recall, indeed, that if # % 0 and i > 0, then (1.1) may have
at least two solutions (see [29]) or no solution (see [14,22,32]).
We look for solutions of P as critical points of the C ! -functional J : H} (Q)x Hj () — R

given by
1 A 1
) =~ [ [Vu? == 2 ————7/ Vo
) 2/9' i Z/QM +2(2*—1) Q| !

122 * 1 *_
—7/ i - /|u|2 .
22— 1) Jq > —1Jq

We are interested in nontrivial solutions of P, namely solutions (u, v) € HO1 () x HO1 ()
with both u #% 0 and v # 0. Actually, in this kind of system, one can consider also the
so-called semi-trivial solutions, i.e. solutions (u, 0) with u % 0 or (0, v) with v # 0. We
observe that, for our problem P, in the first case the second equation of P implies that u = 0,
while, in the second case, our system P reduces to the well-known equation

—Av=w¥ 7 u>0 (1.2)

and existence results to (1.2), under topology requirements on €2, have been given, see [6,10].
In particular, we are interested in positive ground states of P, namely solutions that
minimize J on the Nehari manifold

N = {(u, v) € (Hy(Q) x Hy(@)\{(0,0)} | Gu, v) = (0,0)}, (1.3)

where

Gu,v) = (nwn%—Mwn%—/ ul® ', [IVlI3 — mlvli3 —/ |u|? *lv)
Q Q
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Ground states for a critical system 881

and || - ||, stands for the standard norm in L? (£2).
Let
[0,v/6/91 if N =4,
[0, w*] if N=35,
Iy = .
[0, 1] if N =6,
[0, +o0[ if N>7,

where u* > 0 is defined in Theorem 2.10. Our principal aim is to prove the following result.
Theorem 1.1 If u € Iy and A € (0, A1(2)), then problem P has a ground state solution.

Due to the presence of two critical terms in the functional 7, whose sum may change
sign, there are some difficulties in estimation of the Mountain Pass level for which Palais—
Smale sequences are convergent. Therefore the classical approach by Brezis and Nirenberg
in [10], seems to be difficult to adopt. Moreover employing the Nehari manifold technique
for a system of equations like e.g. in [8,11-13,15,21,27,30] one might expect that for any
nontrivial (u, v), there are unique sp, fo > 0 such that J (sou, tov) = max, >0 J (su, tv).
However not all functions can be projected on N due to the sign-changing nonlinearity. Thus,
in order to obtain Theorem 1.1, we proceed as follows. First of all, in Sect. 2, we consider
the limit case (2 = RN and 1 = 0), which, as usual, plays a crucial role in comparison of
the ground state levels and we construct ground states for this last problem by means of the
Aubin-Talenti instantons [4,28]. In Sect. 2.1 we provide results concerning the limiting case
for N = 4, in Sect. 2.2 we consider the remaining cases N > 5. Then, in Sect. 3, we restrict
our considerations to a set .A of admissible pairs (see (3.1)) such that any function in A can
be projected onto N. Next we observe that almost all elements of a Palais—Smale sequence
of J are admissible and can be projected on the appropriate Nehari manifold of the limiting
problem. This enable us to compare the ground state level with the Mountain Pass level of
‘P using Lemma 3.2. Finally we get a nontrivial weak limit of the Palais—Smale sequence, in
which J attains its ground state level. We note that obtaining the positivity of solutions to P
is not straightforward since 7 (u, v) # J (|u|, |v|). Moreover, a standard procedure based on
replacing u and v by the positive parts « and v in the nonlinear terms in 7 does not work
since the obtained functional is not of C!-class. These difficulties are overcome at the end
of Sect. 3 by defining a suitable C!-functional 7, (see (3.6)) and replacing Palais—Smale
sequences by nonnegative ones.

Finally Sect. 4 is devoted to the following nonexistence results, which shows, in a certain
sense, the optimality of the hypotheses in Theorem 1.1. Let

6-N
20N =2 — N\ 2v—D
) L 67 if N=4,5,
UN = N +2 N +2

1 if N=6.

(1.4)

We have
Theorem 1.2 Problem P has no solution provided that one of the following conditions holds:
(1) n>pnandr <0(N =4,5,06);
2) weRandr > A (2);
B) neR, A <0andQ is smooth and starshaped.

In the paper C denotes a generic positive constant which can change from line to line.
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2 The limit problem

First of all, let us recall some well known facts. Let S be the best constant such that

2/2*
S(/ |u|2) 5/ |Vul> forallu € D"2(RY) 2.1)
RN RN

and let us consider the Aubin—Talenti instantons

e (N=2)/2
Us,y(x) = [N(N - 2)] (m) ,

with e > 0,y € RV (see [4,28]). It is well known that the functions U, , € D'*(R") are
solutions of
—Au=u® 2uinR", (2.2)

satisfy

[ 0= [P =5V
R R

and {U,,, € D'2(RY)|, & > 0, y € RV4} consists of all positive solutions of (2.2).
In order to estimate the energy levels of 7, in this section we consider the limit system

—Au = |u|* Buv on RV,
—Av=pu* 2+ u*! on RV, (2.3)
u,v e DL2RN)

where DI2(RY) = {u € L¥ (RY) | |Vu| € L*(R")}, equipped with the norm ([ |V -
|2) 1/2 We look for nontrivial solutions of (2.3) as critical points of the functional
Jo(u, v) 1/|V|2+ 1 IVol?
u,v) = = u _— v
0 2 Jan 202 — 1) Jan
“ % 1 *_
g e e [
2%(2* — 1) JrN 2% — 1 JrN

defined in D2(RY) x DLZRY). In particular, we are interested to ground state solutions
of (2.3) of the form (kUy,y, lU;,y) with k, [ > 0. So we consider

No = {(, v) € (DM2RYN) x DI2RV))\{((0,0)} | Go(u, v) = (0, 0)}

where
Golu.v) = (/ S Tty L T |u|2*71v)
RN RN RN RN RN
and
¢ = {(u. v) € DY2®RN) x DV2@RN)\{(0, 0)} | Ho(u, v) = 0}
where

1 2% * M *
o(u, v) /]RN| u|+2*_1/RN| V| 2*_l/wlul R — RNIvI
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Ground states for a critical system 883

Of course Ny and NV are C!-manifolds since, for all (u, v) € Ny,

Gy (u, v)[u, v] = ((2—2*)/ |Vul?, (2—2*)/ |Vv|2) # (0, 0)
RN RN

and, for all (u, v) € NJ,

’ * 2 2-2 2
Hy(u, v)[u,v] = (2 —-2%) [Vul|” + [Vv]© #£ 0.
RN 2* — 1 RN
Let us define

A:= inf  Jo(u,v) and A" := inf Jo(u, v).

T wweNy (u,v)ENG
Since My C A, then
A < A.

In the next subsections we find ground state for (2.3), we show that A = A’ and we
evaluate exactly the ground state level.

2.1 The limit problem for N = 4

In this subsection focus on the case N = 4.
Lemma 2.1 If0 < p < 2+/3/9, then Ny # 9.
Proof Letu € D"2(R*), u > 0 and m be a strictly positive solution of
m? —m+ n=0
which exists since, by 0 < u < 23 /9, the function
fm)y=m>—m+pu (2.4)
satisfies f(0) = p > 0 and, in the minimum point V373, F(V3/3) = u—24/3/9 < 0.

(L) () (L) e ) )

]
To state a condition that allows to get A’ = A, we need the following technicalities.
Lemma 2.2 The system
kl =1,
ulP+k3 =1 (2.5)
k,1>0

has a solution if and only if i < 2+/3/9. In particular, if 1 < 0 or u = 2+/3/9, then the
solution is unique and, if 0 < pu < 2+/3/9, then system (2.5) has two different solutions.

Proof We argue as in the Proof of Lemma 2.1. Indeed the function f has a unique strictly
positive zero if i < 0 or u = 2+/3/9 and two strictly positive zeros if 0 < p < 2+/3/9.
Then, denoted with /i such zeros, we have that (k, 1) = (v/m, 1 / D) satisfy system (2.5).

O
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884 P. d’ Avenia, J. Mederski

Lemma 2.3 Let k,l > O satisfy

1 4 %
K2+ =12 < K31+ =%
T3kt g

(1) If w =0 then

() If n € (0,4/6/9) then
Rtig—mn {2+ le]l<eilpe
2T 32T | 34— 3

and | |
gl% < —,

2
2t m

where (ki, l;) are the solutions of the system (2.5), k1 < ky and [, < .

(3) If = V6/9 then

1 1 1
Kt -12=— <k>+ =12
2% 3% 3~ *3
@) If u € (V6/9,24/3/9] then
1 1
— < k4 =1
3u 3

Proof Letus fix k, [ > 0 satisfying (2.6) and

~ 272 _ 272
=k & and [ = M
143 + pul?) 493 + pl3

‘We have that

=1
[ e}
+
W —
~
WA
s
~i
+
W T
~I
>

By (2.8) we have that

1 1
B+ - <k2+ =2
TR =TS

So it is sufficient to prove (2.7) for k, D).
We notice that, since the system
k=mi
3k> + 17 = 431 + pl*
Ik>0
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Ground states for a critical system 885

_ 3m? +1 - 3m2 41
F=m &’ [ = &’ (2.10)
dm3 + p dm3 + p

for every m > 0, the curve given by (2.9) (for k, [ > 0), can be parametrized by m using
(2.10). Thus we consider

admits a unique solution

1, Gm*+1)?

k> =
*3 3(dm3 + )

=Y @m), m>0. (2.11)

If u = 0 then the function ¥ has a unique global minimum point (on the positive halfline)
in 1 and ¥ (1) = 4/3.

fo<pu< 4 then the function v admits two critical points m| < my which solve the

equation m> — m + & = 0 and the global minimum m> (on the positive halfline) satisfies

imy) < i = lim ¥,

Moreover, if we take

3m? + 1 [3m? + 1 1
ki == m; m§7=4/m,- and [; := m_;)i: , 1=1,2,
dm; + dm; + p Jm;

we have that (k;, [;) solve system (2.5), k1 < kp, [ < [ and

1
W (ma) = k3 + 513.

If u = @ then, for any m > 0,
. 1
Y(my) = lim y(m) = _—.
m—0+ 3u
If 8 < o < 243 then

, 1
Yim) > lim 3 (m) = s
m}

Before we prove the main results of this section, we show the following preliminary
properties.

Proposition 2.4 Let j1 € [0, /6/9).

(1) If @ = 0, N, does not contain semitrivial couples.
() Ifu € (0,6/9), Ny does not contain semitrivial couples (u, 0) and

A < inf (0, v). (2.12)
0,v)eN}

Proof Statement (1) and the first part of (2) are obvious. So it remains to prove (2.12).

We notice that \j contains couples (0, v) with v € DL2(RY): it is sufficient to take v =
—1/2

n= Uy
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886 P. d’ Avenia, J. Mederski

Let (0, v) € M. We have that

1
Ho(O,v):f/ |Vu|2—ﬁ/ V=0
3 R4 3 R4

1
0.v)==— [ [Vv]?
H0.0 =35 [ 190

and so

Moreover, for every s > 0,

(3s2 + 1),u:|]/2

(t(s)sv, 1(s)v) € N with1(s) := [ 4s3 +

and then

1 @3 D2u
A < To(t()sv, 1(s)) = 12(js+ ) / Vo2,

Thus, passing to the infimum,

352+ 1)?
/< (s:_i)u inf 750, v)
457 + 1 (0,0)eN]

and we conclude observing that, since u € (0, \/5/ 9),

(Bs2+ D2 -
R o T YT

m}

Corollary 2.5 If i € [0,/6/9) and A’ is attained for some (u, v) € N, then u # 0 and
v #0.

Using the notations introduced before we are ready to prove the following results.

Theorem 2.6 If ;1 € (0,~/6/9), then, for every ¢ > 0 and y € R* we have that
(koUg,y, bUg,y) is a ground state solution of (2.3) and

1 1
JokaUs y U ) = A=A’ = Z(k% + g15)52.

Proof Letpn € (0, V6 /9). Since (k3, [2) satisfies the system (2.5), then it can be easily shown
that for every y € R* we have that j(;(szg,y, U y) = 0and so (kaUs,y, U ) € Np.
Hence

A <A< JO(k2U8 y’IZUa w) = 7<k2 + 512)S2
Let {(us, v,)} C N be aminimizing sequence, i.e. such that Jo(u,, v,) — A’. We notice
that we can assume u,, # 0 and v, # 0. Indeed, if (u,, v,) € N, as observed before (see (2)

of Proposition 2.4), v, # 0 and the existence of a subsequence such that u,, = 0 contradicts
(2.12).
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Ground states for a critical system 887

Since

4 V2 4 2 2, 1S ) 4 3 w 4
— < \V4 — \V4 [ 2 —_
S (A4un) +3(/R4vn) _/R4| un|+3/R4| V| 3/R4unv”+3/R4vn
3/4 1/4
4 I 4
( ) ( R4 v") * 3 /11@4 o

[Jg</wuﬁ>”‘T+;[ (L] |
o) T () T sl T

Thus, by (2) of Lemma 2.3 we get

1o 1 4 V2 4 12
— < —
sole= (L) 509

(/ |Vun|12+ /|an|)12
(L) 5 (L)

1
(k§+-§J§)S2

then

Therefore

A+ 0,(1) = Jo(upn, vy) =

%
NN A\

v
Bl

and thus
oY 1oy o
O

Proceeding as in the proof of Theorem 2.6 and applying (1) of Proposition 2.4 and (1) of
Lemma 2.3 we can prove

Theorem 2.7 If i = 0, then, for every ¢ > 0 and y € R*, we have that (Ue,y, Ugy) is a
ground state solution of (2.3) and

jO(UE.yv Ue.y) = A= A/ = —
Moreover we have

Theorem 2.8 If i € [v/6/9,2+/3/9], then for every ¢ > 0 and y € R*, (0, Ug y) isa
ground state solution of (2.3) and

1 1
0, —Usy)=A"=4=—52
T ( Ji “) 12,

Moreover if 1 € (v/6/9,2+/3/9], then any minimizer (u, v) of Jo on N is semitrivial,
ie.u=0.
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888 P. d’ Avenia, J. Mederski

Proof 1t is simple to verify that (0, ﬁUg,y) solves (2.3) and

1 1
0, —Us,y ) =—5%
j‘)( NG “) 2

Thus
’ 1 2
A <A< —8§°.
- T 12

Now we consider a minimizing sequence Let {(u,, v,)} C AN (such that Jo(uy,, v,) —
A’) and we distinguish two cases: if u, # 0 we can proceed as in the proof of Theorem 2.6
getting, by (3) and (4) of Lemma 2.3,

L A2 NG
< — .
3u =S [(/w u") 3 (/]R“ v")

1
Jo(tn, vy) > msz. (2.13)

Thus

If u,, = 0, since (0, v,) € ./\/6 and v,, satisfies (2.1), we obtain
1
ol = =S
nllg m

and so the estimate (2.13) holds too. Thus the first part of the statement is proved.
Finally, suppose by contradiction that there exists a minimizer (u, v) € N of Jp on A
with u # 0. Then v # 0 and similarly as above, by (4) of Lemma 2.3,

1 1 41/2 1 41/2
ET (/) *5(/[[{4”) '
a3 ([) ([ )]s s
=P =g fp 3 \Uai® T T

and we get a contradiction. O

Thus

Finally, by (3) of Lemma 2.3 and Theorem 2.8 we have

Theorem 2.9 If i = «/6/9, then, for everye > Qand y € R*, we have that (k, Ue,y, U y)
is a nontrivial ground state of (2.3).

2.2 The limit problem for N > 5

In this subsection we study the limit problem for a general N > 5. We notice that in the
previous subsection the key points consist of the existence of a zero of the function f in (2.4)
(to prove that Ay is nonempty), the solutions of the system (2.5), the condition (2.6), and the
global minimum of the function v in (2.11). For a general N, the mentioned issues take the
following form

fvm =m*> ' —m¥ 3+, m>o0, (2.14)

@ Springer



Ground states for a critical system 889

KX 3 =1,
Wl k¥ = (2.15)
k,l >0,
1 2* * M *
2 2 2*—1 2
Rt ol s P T (2.16)

and

* _ 2 %
Iy = — & ZbmmFhTE 2.17)

2
@ = DE@m 4 7
If N = 5, the function f5 in (2.14) has the same geometry of the function f in (2.4). Thus
we can repeat the similar arguments used in the Sect. 2.1 and we have
Theorem 2.10 There exists w* € (0, 6/(77)) such that:

e if 1 = 0, then, for every ¢ > 0 and y € R, we have that (Us,y, Us,y) is a ground state
solution of (2.3) and

2
JoWey, Uey) = A=A = 7s5/2;

o ifu € (0, u*), then, foreverye > Qandy € RY, we have that (k2Us,y, Uy, y) is a ground
state solution of (2.3) and

1 3
JokaUe,y, bUe y) = A = A = g(k% + 71%)55/2

where (k;i, l;) are the solutions of the system (2.15), k; < ko and Il < li;
e if ;L = ¥, then, foreverye > 0andy € R>, we have that (k2Ug,y, 12Uy, y) is a nontrivial

ground state of (2.3);
o if € [u”, 6/(7«6ﬁ)], then for every e > O and y € R>, (0, ﬁU&)‘) is a ground state

solution of (2.3) and

1 a3 sp

.,7(] (O’WUS”V) —A —A— 35#3/25 .

Moreover if 1 € (v/6/9,2+/3/9), then any minimizer (u, v) of Jo on N is semitrivial,
ie.u=0.

We notice that, the upper bound on w to obtain that Ny # @ for N = 4,5 is given by
un in (1.4). For N > 6 the geometry of function fy is different and allows us to prove the
following results.

Theorem 2.11 If N = 6 and i € [0, 1] then, for every ¢ > 0 and y € R, we have that
(W1 — Uy, Ugy) is a ground state solution of (2.3) and

1 /3
To/T=Uey. Usy) = A= A' = — (f - u) s3.

6\2

Proof In this case it is easy to prove that, if u € DL2(RY), u > 0, then (/1 — pu, u) € No
and the couple (/1 — w, 1) is the unique solution of the system (2.15). Thus, arguing as in
Lemma 2.3 we can prove that (2.16) implies

1 3
K4+ >Z .
TRl Eg Tk

Hence, similarly as in Theorem 2.6 we conclude. O
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890 P. d’ Avenia, J. Mederski

Theorem 2.12 If N > 7 and ju > O then, for every ¢ > 0 and y € RN, we have that

1 _ 3% . .
(m>¥2Ug y, m?-2U, ) is a ground state solution of (2.3) and

3-2% 1 /(- 1
jO(V;lle—ng,y, I’l_’tﬁus,y) =A=A= N (k + ﬁl?) SN/2

where (%, i) is the unique solution of system (2.15).

Proof Take any u € D"2(RV), u > 0. In this case the function fy in (2.14) is strictly
increasing and satisfies

lim f(m)=—-oco and lim f(m)=+o0.
m—0t m—>+00

Thus it admits a unique nontrivial zero m and then

(L) (L) T

[MH* (/RN |Vu|2) (/RN |u|2")lr_2 ul ey

and system (2.15) has a unique solution

.0y = 72, mr),

As before we can prove that (2.16) implies

2(3-2%)
1 ~ 1 m =2
K+ ——1 >k P = 2* — Dm? + 1
to 2R w1 U ym” + 1)
considering the function ¥ in (2.17) which has a global minimum point at the zero of the
function fy. Hence, arguing as in Theorem 2.6 we conclude. O

3 Positive ground states for P

In this section we investigate the existence of ground states for our problem P and we prove
our main result. First of all we notice that A/, defined in (1.3), is a C!-manifold since

G/ (u, v)[u, v] = (2 = 2°)(IVull3 = Allull3), 2 = 2%)[Vv]3) # (0, 0)
for all (u, v) € N.

Lemma 3.1 If A € (0, A1(2)) and 1 € Iy, then N # .

Proof We proceed as before. Let us take u € HO1 (2), u > 0 and m be a strictly positive
solution of

2
Vullz

21 2.3
m _ hvela

2 2

IVullz — Aflullz

m -0 +u=0, o:=

whose existence can be obtained arguing as in Lemma 2.1 and using thato > 1 for N =4, 5,
as in Theorem 2.11 for N = 6 or as in Theorem 2.12 for N > 7.
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Ground states for a critical system 891

Then

2 2
IVul3 = A3
*
el 3

N 230~y s s .
((me)™2u, (M ° d)F2u)e N, o :=
O

We note that, if N = 4,5, arguing in the same way, we can prove that N' # ¢ for
€ [0, uy], where uy is given by (1.4).
Now, let

B := inf max J(w(t))

wel tel0,1
where I' := {w € C([0, 1], Hol(Q) X HO1 (2))| w(0) = (0,0), J(w(l)) < 0}. We have
Lemma 3.2 IfA > 0and u € Iy, then B < A.

Proof Without loss of generality we can assume that 0 € 2. Then there exists R > 0 such
that BR(0) C Q2. Let x € CO1 (£2) be a nonnegative function such that x = 1 on B (0). For
every ¢ > 0 let us define U, = x U, 0. By [10], see also [31], we have that

IVU:N3 = S¥? + 02, U3 = SV? + oY)
and
U3 > Con () + 0(eN~2) for N > 5,

for some C > 0, where

e“|loge| if N =4,
‘pN()_l it N>S.

Let (k,1) € R%, k,I > 0 such that (kUg,y, LU, y) is a ground state of the limit problem
(2.3). and consider (ug, v,) = (kU,, lU,). We have that

IVuell3 = K2SN2 + 0(N2),  |Vuel3 =128V + 0N,
lveli3e =12 SN2 + 0 (™), / WX o, = KUY 4 oM
Q
and
lucl3 > Co(e) + OV 72).
Then, since (k, [) satisfies

Ly

K> =
+2*—l 2% —

Kl e
1 + —1
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we get
"
2

—  2IVul} - ———— v A
TPy A R sl L

1 A
T (tue, tve) = 5r2||wa||% — Eﬂuugn% +

1 * *
2 2*—1
-5 Qus Ve

1, 2 L o) N-2
< it ((k + ﬁl )S —ACo(e) + 0" ™)

1 2% 2 1 2 N/2 N

*t J(NA = 1Cp(e) + 0(D) — ——t* (NA+ O (V).

Let us denote
A. =NA—ACo(e) + 0(VN2), B, =NA+0(@EY)

and consider

B
e
2*

1 A NJ/2
&
r}ljlgf(r)—N(BéN_z)/N) <A

for ¢ > O sufficiently small. Thus

f@) = %tQ -

‘We have that

B < max J (tug, tvy) < A.
>0

O
Let us consider
N = {(u, v) € (Hy () x Hy (2)\{(0,0)} | H(u,v) = 0}
where
M * 2% *_
H(u,v) = ||Vull3 — Allul3 + > ||Vv||2 1||v||%* —ﬁ/gw Y
and
A= [(u,v)e<H&(sz>xH&(Q))mnvn%IH*/ |u|2"“v>0] 3.1)
Q

the set of admissible pairs. Note that, if A € (0, A;(£2)), we have that N” is a C I_manifold
being, for all (u, v) € N,

1
H'(u, v)[u, v] = (2 - 2%) (IIVullz — Mlul3 a1 IIVvllz) # 0.

Moreover

NCN CA
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and, in view of the Holder inequality and the Sobolev embeddings,
H(u, v) = @, v)[* = Cllu, v)I* (3.2)

for some constant C > 0, where

G, V)P = [ Vull3 = Al + IIVvllz

2%
‘We have

Proposition 3.3 If 1 € (0, 11 (2)) and ju € Iy, then

inf  J(u,v) = inf maxJ(tu,tv) =85 > 0.
(u,v)eN’ (u,v)eA >0

Proof Let (u, v) € A and

1

1 M * 2* 2% 7=
= (19018 = 2t + 51908 ) (g o0+ gy [ :

Observe that (fu, fv) € N’ and so

J(tu,tv) > inf  J(u,v).
(u,v)eN”’

Moreover 7 is the unique strictly positive real number such that

J(tu, tv) = maég J(tu, tv).
>

If (u,v) € N7, thenf = 1 and, since N’ C A, we get

inf  J(u, v)> 1nf maxj(tu tv).
(u,v)eN”’ JW)EA 1

Moreover, since if (u, v) € A, then there is ¢t > 0 such that 7 (tu, tv) < 0,

inf max J(tu, tv) > B.
(u,v)eA t>0

Let now w = (wy, wy) € I'. Since, for ¢ small, H(w(t)) > 0 and
_ _ 2 2% * 2%—1
H(w(1)) =27 (w(1)) N D) (M||w2(1)||2* +2 /Q lwi (D] wz(l)) <0

we have that there exists #; > 0 such that H(w(¢1)) = 0, namely w(t;) € N.
Then

B> inf J(u v).

(u,v)eN’

Finally, note that if 7 (u,, v,) — 0 and (u,,v,) € N’ then | (u,, v,)|| — O which
contradicts the inequality (3.2). Thus

inf  J(u,v) > 0.
(u,v)eN”

m}

We notice that in this last proof we only need that N* # @. Then, if N = 4,5 we can
assume u € [0, uy].
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Remark 3.4 In the study of elliptic problems involving the Mountain Pass geometry, usually
one expects that a Nehari manifold is homeomorphic to the unit sphere (see e.g. [31, Lemma
4.1]). However, due to the sing-changing nonlinearities, this no longer holds in our case, but
we have that the map (u, v) — (fu, tv), where 7 is given by (3), defines a homeomorphism
from A N ST into N7, with S! := {(u, v) € (H} () x H} ()] |(u, v)| = 1}.

Before we prove the main result of this section, we show the following preliminary prop-
erty.

Proposition 3.5 Let A € (0, A1(R2)) and n > 0. If a ground state (u, v) of P exists, then
(u, v) nontrivial.

P’Ol)f Let (u, U) (S N be SuCh that
\7(”71)) 'anf j~

If v = 0, then (J'(u, 0), (u, 0)) = 0 implies u = 0. Now suppose that u = 0. If u = 0,
then we get easily that v = 0. Let . > 0 and then v is a nontrivial solution to

[—Av:u|v|2*2v in ,

v=20 on 0€2.
Observe that
inf{7 (0, w)| w € Hy (D\{0}, Vw3 = plw|3.}
= J0,v) =inf7
<inf{7(0, w)| w € H}(D\{0}. Vw3 = pllwl})
and

inf{7(0, w)| w € Hy (\{0}, IVwl)3 = pllwl3:)

1 . i
= N PEUVwIE w € Hy (@\OL IVwif = wiwl3)

= NG DR inf{[|Vwl|y'| w € Hy (), lw]ax = 1}.

1/2*
v = K v
IVvl3
satisfies ||v||o+ = 1 and

Vo)) = NQ* — HuN=227(0, v) = inf{|[Vw||Y | w € Hi (), w2+ = 1},

Then

which is a contradiction (see [31, Proposition 1.43]). O
Now we are ready to prove the following

Theorem 3.6 If A € (0, X1(2)), i € Ly, then there exists a ground state (u, v) of J such
that

J(w.v)=inf J =inf J = B.
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Proof The functional 7 satisfies the geometrical assumptions of the Mountain Pass Theorem.
Indeed, obviously, 7 (0, 0) = 0. Using the Poincaré and the Sobolev inequalities we have
that

J @, v) = C(IVul3 + VI3 = IVoll3 — [Vl IVol) = @
forsomea > Oand p = ,/[|Vull5 + [ Vv]|3 sufficiently small. Moreoverif (u, v) € H} () x
Hj () satisfies
wllvll3- +2*/Q u* 1o dx > 0,
then

2
t 1
I (tu, 1) = = (nwn% — M3 + ﬁnwn%)

__Z ﬁ||v||2*+/|u|2*—1vdx - —00
2 — 1\ 2+ " T g

as t — —+oo. Then there exists a (PS)g-sequence {(u,, v,)} € HO1 (2) x HO1 () for J
at level B, i.e. a sequence such that 7 (u,, v,) — B and J'(uy, v,) — 0. Since for some
constant C > 0

1,
CUIVunl3 + 1IVUall3) < T (tn, va) — 24T (s ), (1, 00)

< B+ 1+ IV I + 10,12,

we have that the sequence {(u,, v,)} is bounded. Therefore, up to a subsequence, we may
assume that there exists (u, v) € HO1 (R) x HOI(Q) such that

Up = u in Hj (Q), Up = v in Hj (Q),
Juan ¥ 1 = Juf? ! in L2/ =D(Q), v > v, — v[* "2v in L2/@7D (@),
lunl? Bupvy — (u? SBuv in L2/ =D(Q), u, > u in L2(),
Uy, —> u a.e.on £2, v, > U a.e.on 2.

Hence, for every (&, 1) € HOI(Q) X HO1 (€2), we have
UT (Wn, i), (&, M) — (T, v), (&, )]

= ‘/(Vu,, — Vu)Vé — A/ (up —u)é + ! /(an — Vu)Vp
Q Q 2 —1Ja
1

*_ *_ M *_ *_
—2*_1/Q<|un|2 L2 ‘)n—z*_l/gqvnﬁ 2y, — 0¥ 2y

2% -3 2% -3
—/(|un| P uv)é‘ ~o0.
Q

Thus J'(u, v) = 0.
We claim that (u, v) # (0, 0). Indeed, suppose by contradiction that (u, v) = (0, 0) and
SO

uy — 0in L*(). (3.3)

Since J is continuous and 7 (u,, v,) — B > 0, then (u,, v,) cannot converge to (0, 0)
in H(} (R2) x H(} (£2). So, up to a subsequence, we may assume that (u,, v,) # (0,0) and
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|(un, vp)|| = C > 0 and, moreover, that (u,, v,) € A for all n € N. Indeed, if there exists a
subsequence {(un, , Uy, )} of {(u,, v,)} in (HO1 () x HO1 (22)) N A, then

(T Wy V) (g V)Y = 1y, v 112
and, since
<j/(unkv vnk)v (unk; Unk)> — Qask — +o00,

we get a contradiction.
Hence, if we take

—1 2=
tnz[((z*—1)||wn||%+||wn||%> (u||vn||%*+2*/ it |? *lvn) }
Q

and we denote in the same way the functions in Hol (€2) and their extensions in RY putting
the function equal to zero in RN \2, we have that (t,u,, t,v,) € Né and so

<u7(;(tnunv tavn), (thtty, tyvp)) = 0. 349
Moreover, using (3.3),
(j(;(unv V), (Uy, Uy)) = <j/(un7 V), (Un, vy)) +o(1) = o(1). (3.5)

Thus, combining (3.4) and (3.5) we get that t, — 1. Hence, taking into account
Lemma 3.2, Theorems 2.6, 2.7, and 2.9 for N = 5, or corresponding results from Sect. 2.2
for N > 6, we have

B< A=A <limJtup,, tyv,) =B
n
getting a contradiction.

Hence (u, v) # (0,0) and («, v) € N' C N’. Similarly as above, we find 7, — 1 such
that (t,uy,, t,v,) € N’. In view of Proposition 3.3 we get

i}\lffj <Ju,v) < nli)n;oj([nuna[nvn) =B= ljl\lffj < i}\lffj
and we conclude. O

To prove that our solutions are positive, let us write # = u4 + u_, where u and u_ are
respectively the positive and the negative part of u and let us consider the following functional

T4 (1, v) l/|V|2 A/||2+ 1 /|V|2
u,v) = = - = — v
+ 2 )M T2 M T2 Ty Jg
Iz 2+ 1 21
- - 3.6
2*(2*—1)/9”+ 2*—1/9”+ ’ G0

which is of C! class on HO1 () x HO1 (2), with

(T, v), &) =/ vws—x/ us—/ R /VvVn

M 2%—1 1 2%—1
_2*_1/Qv+ n_2*—1/9u+ n.

‘We have
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Lemma 3.7 Suppose that {(u,,, v,)}isa (PS).-sequence for J, withc > 0. Then {(u,, v,)}
is bounded and {((u,)+, (vp)+)} is also a (P S).-sequence for J.

Proof Let {(u,, v,)} be a (PS).-sequence for 7. There exists C > 0 such that

l /
CUIVun 3 + 1Vval3) < T4, va) — 25 (T4 Gt V), G, )

<o+ 14/ IV 2 + 1V, 3

and so {(u,, v,)} is bounded. Moreover

o(1) = (T (tn, vn), ((Un)—, (va)-))

1

= IV @) 15 = M @) -13 + 55— IV )13 = O

> C(IVun)-113 + ||V(vn)_||2),
and then ((u,)—, (va)—) — (0,0) in H} () x H} () and

/(un)i’“l(vn)_ — 0.
Q
Thus
1

T (tn, o) = T (@), Wn)4) = IV @) 13 = Ml @) -13) + mnwmn%

5T /Q ()2 " (o) -

— 0.
Finally, since {(u;)+} is bounded and ((u,,)—, (v,)-) — (0,0) in Hol (R2), then for every
(6,m) € H}(Q) x Hj () we have

I{ ..74,.(“}1: Vp) — j+((un)+ (Wn)4), (€, M)

1 X
‘/ V() VE - x/(un) £+ ﬁ/ V(vn)Nn—/(unﬁ*(vn)fs‘
- Q Q

< CUV - 2MVE N2 + IV @)= 21V 0ll2 + 1V @) 413 721V ) - [12VE 12)
< CUV@) 2 + A+ V@)1 13 DIV @) 1D UIVER + V)32

and then

”»T;.(un» Up) — jj.((“n)—}—’ () — 0.

m}

Proof of Theorem 1.1 As in the proof of Theorem 3.6 we can show that the functional 7
satisfies the geometrical assumptions of the Mountain Pass Theorem. Then there exists a
(P S)p-sequence {(u,, v,)} € Hé () x HO1 () for Jy at level B In view of Lemma 3.7
we may assume that v, = (u,)+ andv, = (v,)+ and {(u,, v,)} is bounded. Note that
T (WUn, vy) = J+(up, v,) and thus we can conclude following the arguments given in proof
of Theorem 3.6, getting a ground state (u, v) of J such that u, v > 0. Finally the Strong
Maximum Principle (see [17, Theorem 8.19]) implies that u, v > 0. ]
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4 Nonexistence result

Proof of (1) of Theorem 1.2 Let (u, v) € HO1 (R2) x HO1 (£2) be a nontrivial solution to P for
A < 0and u > pp. In system P multiply the fist equation by v, the second equation by u
and this leads to

u(uz*’l —u¥ ,uvz**l —av) =0 “4.1)
Q

Considering the function fy in (2.14), we get that u2 ~! — 42 302 + o2~ > 0in Q
for u > un and this is in a contradiction with (4.1). ]

Proof of (2) of Theorem 1.2 Suppose that A > A1(2) and 1 € R. We proceed similarly as in
[10, Remark 1.1] arguing only on the first equation of P. Let (u, v) € HO1 () x HOl () bea
nontrivial solution to P and ¢; the eigenfunction of —A with Dirichlet boundary conditions
corresponding to A1 (€2). Multiplying the first equation of P by ¢; we have

—/ Augp =A/ u(p1+/ uz*_zv(pl.

Q Q Q

—/ Aug; :_/ ulAg ZM(Q)/ up|
Q Q Q

and so if A > A (£2) we reach a contradiction. ]

On the other hand

Proof of (3) of Theorem 1.2 Here we adopt PohoZaev type arguments (see e.g. [19] or [31,
Appendix B] ). Let Q C RY be a star shaped domain and (u, v) € H2(Q) x HX(Q) be
nontrivial solution of P. If we multiply the first equation of P by x - Vu and the second one
by x - Vv we have that

0=((Au+ru+ u2*_2v)(x -Vu)
|Vul?
2

= div[(Vu)(x - Vu)] — |Vu[* —x - V ( ) + % [div(xu?) — Nu?]

] * * *
T l[div(xu2 oy = N Tl = u N x- V)]
Vul2 A 1 . N -2 N
= div [(W)(x Vu) — AL 5xuz + mxbﬂ ‘1v} + ——|Vul* - 7u2
N * 1 *
W — P (x V)
2 — 1 2% — 1

and

0= (Av+pv? 2v+u? Hx- Vo)

2 VoY, » 2* 2 251
=div[(Vv)(x - Vv)]—|Vv| —x~V< > )+2j[div(xv )—Nv ]—I—u T (x-Vv)
Vul? 1 N-=2
| | +ﬁxv2j|+T|Vv|2—

Nit o
2 2%

2*

= div |:(Vv)(x -Vv) —x +ur ! (x - Vv).
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Integrating on 2 and using the boundary conditions on # and v we obtain

1 du|? N -2 N
0=3 [ |Gal xn+ S 09l - S i
2 a0 on 2 2
N . 1 \
- /u2 Ty — /u2 “Tx- V) (4.2)
2 —1 Jg 25— 1 Jg
and
1 av|? N=2 _ o N, o 2
025/39 o | X SVl - = ||v||2*+/Qu T - V), (4.3)

where n is the unit exterior normal to 9€2.
Moreover, multiplying the equations of P respectively by u and by v we get

|WM@=MM@+/u?”v (4.4)
Q
and
IVol3 = wlvl% + /Quz*—lv. 4.5)
Hence, combining (4.2), (4.3), (4.4) and (4.5), we have
1 du|? 1 v |?
—)\||u||%+*/ ‘—“ x-n+7/ Pl xn=0 4.6)
2 IQ on 2(2* — 1) IQ on

Then, if A < 0 we get a contradiction.
If A =0, from (4.6) we have

ou av
— =-—=00n0dR
on  on
and so, using the positivity of # and v and the first equation of P we get a contradiction. O

Acknowledgments We would like to thank Giusi Vaira for her valuable comments concerning the problem
in case N > 6.
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